METASTABILITY FOR PARABOLIC EQUATIONS WITH DRIFT:
PART 1

HITOSHI ISHIT"* AND PANAGIOTIS E. SOUGANIDIS?

ABSTRACT. We study the exponentially long time behavior of solutions to linear
uniformly parabolic equations which are small perturbations of transport equations
with vector fields having a globally stable (attractive) equilibrium in the domain.
The result is that the solutions converge to a constant, which is either the initial
value at the stable point or the boundary value at the minimum of the associated
quasi-potential. Problems of this type were considered by Freidlin and Wentzell and
Freidlin and Koralov using probabilistic arguments related to the theory of large
deviations. Our approach, which is self-contained, relies entirely on pde arguments
and is flexible to the extent that allows us to study a class of semilinear equations
of similar structure. This note also prepares the ground for the forthcoming Part
IT of this work where we consider general quasilinear problems.

1. INTRODUCTION

In this paper we provide a self-contained analysis, based entirely on pde methods,
of the long time behavior (at scale exp A/¢), as € — 0, of the solution u® = u®(x,t) of
the parabolic equation

(1.1) ui = L.u®  in Q= 2 x (0, 00),
with the initial-boundary condition
(1.2) uf =g on 9,Q = (2 x{0})U (892 x (0,00)),

where (2 is an open subset of R"™ and, for ¢ > 0, x € {2 and ¢ smooth, the elliptic
operator L. is given by

L.¢(z) = etrla(z)D*¢(x)] + b(z) - Do(z).
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Here a(z) = (aij())1<ij<n € S™, the space of n x n symmetric matrices, is positive,
“tr” and “-” denote the trace of square matrices and the inner product in Fuclidean
spaces respectively and the vector field b has some zy € {2 as an asymptotically stable
equilibrium. Exact assumptions are stated below.

Roughly speaking the result states that there exists my > 0 and some z* € 0f?
such that, as € — 0 and locally uniformly in {2,
uf(z,eM%) = g(xo) if X <mg and uf(z,e®) — g(z*) if A > my.

To make precise statements as well as to provide an interpretation of the results
in terms of the metastability properties of random perturbations of some ordinary
differential equations (ode for short), we introduce next the assumptions (A1)-(AG6)
which will hold throughout. In what follows B,(x) is the open ball in R™ centered
at the x with radius r, B, := B,(0) and Lip(X’;)) is the set of Lipshitz continuous
functions defined on X and values in ); when ) = R, we may write Lip(X’). We
assume that:

(A1) (Regularity) a € Lip(R™;S") and b € Lip(R"; R™).

(A2) (Uniform ellipticity) There exists # € (0, 1) such that, for all z € R™,
0I < a(x) <O67'I
(A3) The set §2 is a bounded, open, connected subset of R" with C*-boundary.
We consider the dynamical system generated by the ode
(1.3) X =b(X),

where X denotes the derivative of the function ¢ — X (¢). The solution of (1.3) with
initial condition X (0) = x € R" is denoted by X (¢; ). The assumptions on b are:

(A4) (Global asymptotic stability) For any x € R"  lim;_,o, X (t;2) = 2o and for
any 0 > 0 there exists r > 0 such that, if x € B,.(x), then X (t;z) € Bs(xo)
for all ¢t > 0.

(A5) b(x)-v(x) <0 on 02, where v(z) is the exterior unit normal at x € 012.

To simplify the notation throughout the paper we take zy = 0. For the convenience
of the reader we write this convention as an additional assumption namely

We remark that (A4) and (A6) imply that
b(0) =0 and b#0in R™\ {0},

and that (A5) ensures that (2 (resp. (2) is positively invariant ‘under the flow X :
R x R™ — R™, that is, for all (x,t) € 2 x [0, 00) (resp. (x,t) € £2 x [0, 00)),

X(t;x) € 2 (resp. X(t;7) € 12).
This behavior is depicted in Figure 1 below.
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F1GURE 1. Portrait of the flow generated by the vector field b.

The asymptotic behavior of the u®’s, as ¢ — 0, is closely related to that of the the
stochastic differential equation

(1.4) dX; =b(X{)dt +V2e0(XD)dW,,

which is a random perturbation of (1.3); here (W})er is a standard n-dimensional
Brownian motion and the matrix ¢ € S" is the square root of a, that is, a = ¢ and
o > 0, which, in view of (A1) and (A2), is Lipschitz continuous in R™. As in the case
of (1.3), we write X°(¢;z) for the solution at time t of the solution of (1.4) starting
at t = 0 at x. Finally, P(A) denotes the probability of the event A.

The connection is made in terms of the asymptotic behavior of the first exit time
75 of X¢(t;x) from {2, that is
7o =inf{t >0 : X°(t;2) & 2}.
To formulate the result we consider the Hamilton-Jacobi equation
(1.5) H(z,Du)=0 in {2,
where, for x,p € R",
(1.6) H(z,p) = a(z)p-p+b(z) - p,

its maximal subsolution V' € C({?2) satisfying V(0) = 0, and we set mg = ming, V'
—throughout the paper when we refer to solutions of Hamilton-Jacobi and “viscous”
Hamilton-Jacobi equations we mean viscosity solutions.

For a = I the results of [11, Chap. 4] (see also [9, 10] for a general case) state
roughly that, in probability, for any x € (2 and as ¢ — 0,
(1.7) 75 & e™0/f and X°(t;x) exits from 2 near argmin(V|012),

where

argmin(V1]082) := {x € 02 : V(x) = rra%n V.
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A simple example that gives an idea of what is happening is to take a = I, b(z) =
—x and (2 = B;. In this case u(z) = |z|?/2 obviously satisfies H (z, Du(z)) = |z|* —z-
r = 0 and, indeed, V(z) = |z|?/2. Tt also follows from elementary stochastic calculus
considerations that, for every z € By, X°(t;x) = zexp(—t) + v/ 2¢ fot exp(s — t)dWs.

Given H as in (1.6), let L € C'(R?") be its convex conjugate, that is

L, ) = Ja(r) (€~ b(a)) - (€~ b(a),

where a(z)~! denotes the inverse matrix of a(z).

Following Freidlin-Wentzell [11], we introduce the quasi-potential Vi, on 2 x £2
given by

Vol(z,y) = inf{/TL(X(t),X(t))dt . T >0, X € Lip([0, T); 2),
(1.8) 0

X(0) =z, X(T)= y}

Next we define the function V' and the constant mq by
V(y) :=Va(0,y) and mg = I%}ZHV

Our main theorem is as follows.

Theorem 1. Assume (A1)-(A6) and g € C(£2) . For each e > 0, let u* € C(Q) N
C*1(Q) be the solution of (1.1), (1.2).

(i) Fiz A € (0, mg). For any compact subset K of {2 and o(e) > 0 such that
o(e) <exp(A/e) and lim. 04 o(g) = o0,
(1.9) lim u®(-,t) = g(0)  uniformly on K x [o(c), ).

e—0+
(ii) Assume that g = g(0) on argmin(V'|02). For any compact subset K of £2U
arg min(V]042) and o(e) > 0 such that lim._,o; o(g) = oo,

(1.10) al—i}& u (-, t) = g(0)  uniformly on K x [o(g),00).

(iii) Fiz A € (mg, 00) and assume that g = go on argmin(V'|0£2) for some constant
go- Then, for every compact subset K of 2 U argmin(V|012),
(1.11) lim uf(-,t) = go  uniformly on K x [V,

e—=0+ OO)

The theorem above has been obtained via probabilistic arguments in [11, 9, 10].
We present, in this paper, a proof of the theorem based on entirely pde arguments.

A probabilistic consequence of the above theorem for the general random pertur-
bation (1.4), which may justify (1.7), is stated in the following theorem.

Theorem 2. For any 6 € (0, mg), any compact K C 2 and a neighborhood U,
relative to 012, of argmin(V|0£2),

lir& P(e(mo=0/e < 78 < emoto)/e Xe(r2: ) € U) =1  uniformly for x € K.
e—
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Next we explain heuristically how Theorem 2 follows from Theorem 1. To this end,
recall that the solution v of (1.1), (1.2) is given by u®(x,t) = E g(X®(min(¢, 75); x)),
where [E denotes the expectation. We assume here that Theorem 1 and the above
formula for u® are valid for discontinuous g, something not true in general. Moreover
we remark that below we do not repeat the qualifier that all the limits hold as ¢ — 0.

Fix a small neighborhood U of argmin(V']0(2), relative to 0f2. It follows from
(1.11), with g = 1y, that, for any 6 > 0 and any compact K C {2,

(1.12) E(1y(X*(min(¢, 75);x)) — 1  uniformly on K x [emo+/e o),
and, since obviously
E(1y(X®(min(t,75);2)) = P(t > 15, X°(75;2) € U),

(1.13) P(7¢ < elmotd/e Xe(75:2) € U) — 1 uniformly for x € K.

Similarly (1.9), with g = 140, yields that, for any § € (0, mg) and compact K C (2,
E1p0(X®(min(t, 75);2)) — 0 uniformly for (z,t) € K x [e%/¢, emo=9)/e],
which implies that
P(X®(min(e™ =9/ ) 1) € 2) = P(r5 > ™ =9/5) 1 uniformly for z € K.
The above limit and (1.13) show that, for any ¢ € (0, mg) and compact K C 2,
P(e(mo=0)/e < 78 < emotd/e Xe(75: ) € U) — 1 uniformly for = € K.

We continue with a heuristic description of the steps of the proof of Theorem 1. To
simplify the presentation we write a =~ b to denote that a and b are, in an appropriate
sense, close to each other. For example, for a function f, f(0) ~ a means that f —a
is small in a neighborhood of 0. Moreover, since all the asymptotic statements below
hold for e small, we do not repeat this and f¢(0) ~ a means that, in a “small”
neighborhood of 0 unless otherwise specified, f© — a is uniformly close for small ¢.

The first two steps are the observations that there exists some § > 0 such that,
if g(0) ~ 0, then u°(0,¢) ~ 0 for t < exp(d/e), and, if A > 0 is such that {V <
A} C {g = 0}, then u®(0,t) ~ 0 for t < exp(\/e). Both estimates can be shown by
constructing appropriate barriers to (1.1) using the quasi potential. Then we show
(third step), using again barriers constructed from the quasi potential, that, for each
§ >0, if g ~ 0 on 982, then u(-,t) ~ 0 on 2 x [exp(mg + §) /e, 0).

Next we consider (forth step) the solution v¢ of the stationary (time independent)
version of (1.1), that is the boundary value problem (5.1) and show that, if g ~ 0 on
arg min(V'042), then v*(0) ~ 0.

Since the limits of the u®’s satisfy the transport equation u; +b- Du = 0, it is then
possible to show (step 5), using the properties of the vector field b, that, for each
compact K C {2, there exists Tx > 0 such that, if g(0) ~ 0, then u*(-, Tx) ~ 0.

In step 6 we establish that, for every § € (0,mg) and compact K C (2 there exists
Ty > 0 such that, if g(0) ~ 0, then u®(-,¢) ~ 0 uniformly on K X [Tk, exp(mo—9)/¢),
and in the final (seventh) step we prove that, for every 6 > 0 and compact K C (2,
if g &~ 0 on argmin(V'|04?2), then u®(+,t) =~ 0 on K X [exp(mgy + §)/e,00).



6 HITOSHI ISHIT"* AND PANAGIOTIS E. SOUGANIDIS?

The paper is organized as follows: The first seven sections are devoted to the proofs
of the seven steps outlined above. In Section 2 we discuss the basic properties of the
quasi-potnetial as well (2.2) and construct, for each r > 0, a smooth approximation
w, € C2(02) of V = Vy(0,-) such that H(x, Dw,) < —n in §2\ B, for some n > 0.
This approximation is used in Section 3 to establish steps 1 and 2, that is to prove
in Theorem 8. In Section 4 we show (Proposition 10) that, for A > my, there exists
a semiconcave function W € Lip(£2) such that 0 < ming W < maxz W < X and
H(x,—DW) > n for some > 0, and we prove Theorem 9, which corresponds to
step 3. Steps 4 and 5 are to establish Theorems 11 and 13, which are respectively
main topics of Sections 5 and 6. The proof (steps 6 and 7) of the main theorem,
Theorem 1, is given in Section 7. The proof of Theorem 2 is given in Section 8. In
Section 9 we present a generalization of Theorem 1 to a class of semilinear parabolic
equations. Finally, in the Appendix we present a new existence and uniqueness result
of viscosity solutions for the class of the semilinear equations considered in Section 9.

Notation and terminology. We write Bg(y,s) for the closure of Bgr(y,s). We
denote by a V b and a A b the larger and smaller of a, b € R respectively and, for
a € R, a; :=aV0and a_ := (—a);. Forany f: A — B we write ||f|/c.a for
the sup,c4 |f(2)] and, if B = R, {f < a} (resp. {f < a}) for {z : f(z) < a}
(resp. {z : f(z) < a}). We write USC(U) and LSC(U) for the sets of upper- and
lower-semicontinuous functions defined on U. Let f : A — B, and let {f.}.~0 and
{K.}e~0 be collections of functions f. : A — B and of subsets K. C A. We say that
lim. o4+ fe = f uniformly on K, if lim. oy ||f: — flloo,x. = 0. Finally w; stands for
the modulus of continuity of the uniformly continuous function f.

Throughout the paper subsolutions and supersolutions should be taken to be in
the Crandall-Lions viscosity sense. That is, given an open S C R” and v : S — R"
and F,G : 9 x R x R" x S§", we say that

F(z,u, Du, D*u) < G(x,u, Du, D*v) in S
holds in the (viscosity)
F(z,u(z), Dé(x), D*¢(x)) < G(z, u(z), D(x), D*¢())

subsolution(resp. supersolution) sense, if we have

(resp.

F(z,u(z), Dé(z), D*¢(x)) > G(z,u(x), Dg(x), D*¢(x)))
for all (z,¢) € S x C%(S) such that u — ¢ takes a maximum (resp. minimum ) at
xz. We also use the term “in the (viscosity) subsolution sense” or “in the (viscos-

ity) supersoluton sense” for strict inequalities, reversed inequalities and sequences of
inequalities.

2. THE QUASI-POTENTIAL AND A SMOOTH APPROXIMATION

Here we recall some classical facts about the quasi-potential and then we construct
a smooth approximation, which plays an important role in the rest of the analysis.
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It is well-known from the theory of viscosity solutions ([16, 3, 1, 5]) as well the
weak KAM theory ([7, 8], [17, Prop. 7.2]) that Vi : 2 x {2 — R is given by

(2.1) Vo(z,y) = sup{¢(z) — ¥(y) : ¥ € S(12)},

where S7(2) .= {¢ € C(2) : H(x,— D ¥) <0 in £2}; note that the coercivity of the
Hamiltonian implies that S™(¢2) C Lip({2) and recall that ¢y € S7(£2) if and only if
H(z,—Dvy) <0 ae.

It is obvious from (1.8) that, for all z,y € £ and t > 0, Vg(z,y) >0 and
Vo(x, X(t;z)) = 0. Moreover, letting ¢ — oo, it follows that, for all =z € 0,
Vio(z,0) = 0. It is also easily seen from the definition of Vi, that, for all z,y, z € £2,

Vﬂ(xay) < VQ('%.? Z) + V(Z(Za y)
For any y € 2, let
u(z) == Vop(z,y) and v(x) = Vu(y,x).

It is immediate that v € S~({2) and v is a subsolution of H(z,Dv) < 0 in {2
Finally, in the viscosity sense,

(2.2) H(z,—Du)=0 in 2\{y} and H(z,Dv)=0 in 2\ {y}.

Next we state a technical fact that we need for the construction of the above
mentioned auxiliary function.

Proposition 3. Assume (A1)-(A6). There exists 1» € C(£2\ {0}) such that, for all
r >0,

Y € Lip(2\ B,), b-Dy = —1 a.e. in 2\ {0}, and lim, o9 (xr) = —oc.

Before proving the proposition, we show in the next lemma a localization property
of the flow X(¢;x).

Lemma 1. Assume (A1)-(A6). For any 0 < r < R, there exists T = T(r,R) > 0
such that, for all x € B and t > T, X(t;z) € B,.

Proof. In view of the asymptotic stability of the origin, there exists 6 > 0 such that,
forallz € Bsandt > 0, X(t;x) € B,, while the global asymptotic stability yileds, for
each x € Bp, at, > 0 such that X (tz;x) € Bs. Moreover, the continuous dependence
of the flow with respect the initial value implies that X (¢,;y) € Bs for all y in a
neighborhood of . Finally, using the compactness of By, we find some 7 > 0 such
that, for each z € By, there exists ¢, € [0, T] such that X (f,;z) € Bs. It then follows
that, for all t > ¢,, X(t;x) € B,, and, hence, X(t;z) € B, for all + € By and
t>T. O

We continue with the

Proof of Proposition 5. Fix R > 0 so that 2 C Bg, select f € Lip(R") such that
f>0, f=1on 2and f=0in R"\ Bg, and consider the transport equation

b-Dyy=—f in Bg\ {0}
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Lemma 1 yields that, for each r € (0, R), there exists T'(r, R) > 0 such that, for
allz e R*\ B, and t > T(r, R),
X(—t;x) € R"\ Bg.
Next define ¢ : Bg \ {0} — R by

$la) = — / T X (i),

and note that, if r and T'(r, R) are as above, then, for all x € Br \ B,,

T(r,R)
b(z) = - / F(X(—t;2))d 1.

It follows that v is Lipschitz continuous on any compact subset of By \ {0} and
b-DyY=—f ae in Bg\{0}.

Since b(0) = 0 and b € Lip(R"), there exists L > 0 such that |b(x)| < L|z| for all
x € R™. This implies that, for all t > 0,

|z = [ X ( X (=t;2))| < |X(—t;2)] e,
and, hence, lim,_,o 9 (x) = —o0. O

Next we establish some technical consequences of Proposition 3 which are used
later in the paper.

Corollary 4. Assume (A1)—(A6). For each r > 0 there exist 1, € Lip(£2) and n > 0
such that

H(z,Dy,) < —n a.e. in 2\ B, and H(x,D¢,) <0 a.e. in B,.
Proof. Let ¢ € C(£2\ {0}) be the function constructed in Proposition 3. Fix r > 0

and select R > 0 so that ming, 5 1 > —R, define x, € Lip({2) by
(2) = —R if =0,
Xrk) == max{¢(x), —R}  otherwise,

and observe that
Dy, = Dy a.e. %n 2\ By,
Dy or 0 ae. in B,.

Let A > 0 be a constant to be fixed later, set v, := Ay, and note that, for a.e.
x € 2\ B,, if C > 0 is a Lipschitz bound of x,, then

H(z, DY,) < 071Dy, |* +b(x) - D, < XNOTCX —1).
If A:=6/(2C), then
H(z,Dy,) < —=A\/2 ae.in 2\ B,
and, similarly, it is easy to check that
H(z,Dy,) <0 a.e. in B,N{2.
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Corollary 5. Assume (A1)-(A6). For all y € 2\ {0}, Vqu(0,y) > 0.

Proof. Fix any y € 2\ {0}, choose r > 0 so that y € B, and let 1, € Lip({2) be as
in the proof of Corollary 4, so that

H(z,DY,) <0 a.e. in 2 and ¢,.(0) < ¢,.(x).
Set ¢ := —, and observe that
H(z,—D¢$) <0 ae. in 2 and ¢(0)— ¢(y) > 0.
It follows, in view of (2.1), that
Va(0,y) = ¢(0) — ¢(y) > 0. B

The aim of the rest of this section is to construct a smooth approximation of
V = Vp(0,-) which is a strict subsolution of the above Hamilton-Jacobi equation
away from 0 while it remains a subsolution in the whole domain.

Proposition 6. Assume (A1)—(A6). Let V = V(0,-). For any r > 0 there exist

v, € Lip(£2) and n > 0 such that,
H(z,Dv,) < —n a.e. in 2\B,, H(z,Dv,) <0 a.e. in B, and |[v,—V|oon <7

Proof. Fix r > 0, let 1, € Lip(£2) and n > 0 be as in Corollary 4 and § € (0, 1) a

constant to be fixed later, define v, € Lip(£2) by v, := (1 — )V + 64, and observe
that

H(z,Dv,) < (1=06)H(x,DV)+ dH(x,D¥,) < —nd a.e. in 2\ B,,
H(z,Dv,) <0 ae. in B,
[V —v,| <4l = V| on 02

The claim follows if § > 0 is so small that 0|V — ¢, |lec.0 < 7. O

Theorem 7. Assume (A1l)—(A6). Let V. = Vy(0,-). For any r > 0 there exist
w, € C%(£2) and n € (0,1) such that

H(z,Dw,) < —n in 2\ B,, H(z,Dw,) <1 in B,, and |w, —V|en <.

Proof. Fix r > 0 and let v, € Lip({2) and n > 0 be as in Proposition 6 and § > 0.
In view of the C'-regularity of 92, there exists a C'-diffeomorphism ®; : R® — R"
such that

O5(12) C 2, ||DPs — ||corn < 6 and ®(z) =z for all z € B,.

Let v, 5 := v, o @5, observe that v, 5 € Lip(Us) where Us := (135_1((2), and fix 6 > 0
sufficiently small so that

H(z,Dv,5) < —n/2 ae.in Us\ B,,
H(z, Dv,5) <0 a.e. in B, NUs,
vas — VHOQQ < 2r.
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Next let p be a standard mollifier in R™ with supp p C By, and choose v € (0, r/2)
small enough so that B, (x) C U; for all z € 2. Hence, w := p, * v, 5 is well-defined
in 2, where p.(z) := v "p(y ).

Let L > 0 and {2y be respectively a Lipschitz bound of v, s and the modulus of
continuity of H on {2 x By, fix any x € £2\ By,, note that

—g > H(x — vy, Du.s(x —y)) > H(z, Dv,s(x —y)) —wpu(y) forae yebB,,

and observe that, by Jensen’s inequality,
n
H(x’ Dw(as)) < H(anUT,J(x_y))p'y(y)dySWH('Y) Ty
B’Y
Similarly, we find that, for any x € (2,
Thus, for v > 0 small enough,
H(z,Dw) < —n/3 in z € 2\ Bs,,
H(z,Dw) <1 in x € B;. N2,
|w = V]|s.n < 3r.

The function w has all the properties required for ws, and, since r > 0 is arbitrary,
this completes the proof.

O

3. ASYMPTOTICS IN A SMALLER TIME SCALE

Fix r > 0 and p > 0 and let w, € C%(£2) and n € (0,1) be given by Theorem 7.
For ¢ > 0 and x € {2 set

(3.1) ve(x) :=exp (W) :
and note that

€

L. = v (H(ZU, Duw,) + Etr[aDQwr]) )
€

Select C' > 0 and &y > 0 so that g0C < 7 and, for all x € 2, |tr[a(x)D*w,(7)]| <
C. Tt follows that, for any ¢ € (0, g¢),

v 0 in 2\ B,,
(3.2) L.ov® < - (H(z, Dw,) +eC) < < 98

€

in B,.

Set R, := %HvsHOO’Bmg and, for (z,t) € Q,
(3.3) w(z,t) == v°(x) + Rt.
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It follows that, for any ¢ € (0, &),
(3.4) w; > Law®  in Q.

The main result of this section is about the behavior, as ¢ — 0, of the solution
wt € C(Q)NC*(Q) of (1.1), (1.2) in B, x [0,exp \/e], for A as in the statement
below.

Theorem 8. Assume (A1)-(A6). If A > 0 is such that {V < A} C {g < 0}, then,
for each & > 0, there exists r > 0 such that

: e — : Ae
61_1)%1+(u d)+ =0 uniformly on B, x [0,eV*].

Proof. Choose r > 0 so small that B, C 2, let w,, €y, v* and w® be as above, fix
d > 0 and set U® := u® — ¢ and G := g — J. Since {G < 0} is a neighborhood of
{g < 0}, we may choose v > X such that

{V<apc{G <0}
It follows from the maximum principle that supg, U® < sup,, G and, hence,
Us<M:=|G|lwn on Q.

Fix g > 0 in (3.1) (the definition of v®) so that A < u < 7, and, if needed, select
r > 0 even smaller so that v —r — 1 > 0, which ensures that

v° > exp (%) in {G > 0}.

Taking, if necessary, €9 > 0 even smaller, we may assume that, if 0 < & < g, then

exp (u) oM
19

Hence, for ¢ € (0, &),
v*>M>Gin {G >0} and v*>0>G in {G <0},

and, accordingly, w® > G' = U® on 0,(). Using the maximum principle we get, for
all (z,t) € £2x [0, co0) and € € (0, €p),

(3.5) Uf(x,t) < w'(x,t) = v°(z) + Ret.
Since V € Lip(£2) and V(0) = 0, there exists Cy > 0 such that |w,| < Cor in B,

and, therefore,
Chr —
v° < exp( or ,u) in B,.
€

Next assume that r is even smaller so that g := pu — Cyr > A, which implies that
_ el _ 267

9 £

R

9
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and, for all z € B, and 0 < t < /¢,

_ —fi/e _ (A—p)/e
we(z,t) < e P4 © eMe = o h/e _|_26—
€ €
Hence,
lim U2 =0 uniformly on B, x [0, ¢V/*]. O

e—0+

4. ASYMPTOTICS IN A LARGER TIME SCALE

The main theorem here concerns the behavior of the solutions v* € C(Q)NC?Y(Q)
of

(4.1) u; = L.utin @, v*=0o0n 0,0 and sup ||u]eg < 0.
e>0

We have:

Theorem 9. Assume (Al)—(A6). Fiz A\ > myq and, for € > 0, assume that u® €
C(Q) N C*Y(Q) solves (4.1). Then

Ae
)

lim u* =0  wniformly on 2 x [eM¢, o0).

e—0+

The following proposition is a key observation needed to prove Theorem 9. Its
proof is presented later in the section.

Proposition 10. Let A > mq. There exists W € Lip(§2) and n > 0 such that

(4.2) 0 <minW <maxW < ),
9 2

and, in the viscosity supersolution sense,
(4.3) H(z,—DW) >n in 2 and ntrla(z)D*W(z)] <1 in .
Proof of Theorem 9. Since u® and —uf both solve (4.1), it is enough to show that, for

any A > my,

Ae
)

(4.4) lim v =0 uniformly on 2 x [e"¢, co).

e—0+

Moreover, multiplying the u®’s by a positive constant if necessary, we may assume
that

sup [[u o, < 1.
e>0

Fix A > my, let W € Lip({?2), let n > 0 be as in Proposition 9, set

0 :=minW, and p:=maxW,
o) 002

and, for £ € (0, n*/2),
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and observe, using (4.3), that, in the subsolution sense,

2

—aDva-DvsqLib-DvaZn in {2,
(Ua)Q VE
1
—itr(aD%E) 4+ _aDv* - Dvf < - in £,
ve (v°)? 1
and, consequently,
1> 15
L. > v <_§ +77) > v in (2.
€ n 2¢e

Note also that

e ME < pf <e %% in 0.
Next we fix some v € (0, 7], set, for (z,t) € Q,

we(x,t) =14 e % —°(x) — 21 e H/E g,
€

and observe that
nv*

5 € Y /e € T /e .
w; — Lew :—%e w +L.v 2—2—66 w —1—2—820 in @,
and
we(x,0) > 1 for all z € £,
w(x,t) >1— Qle_”/6 t for all (z,t) € 012 x [0, 00),
£
we(x,t) <1 +e_5/5—21 e et forall (z,t) € 2 x [0, 00).
£

Then for T := % et/ we have
ut <w®  on (2x{0}) U (822 x(0,T)),
and, by the comparison principle,
ut <w® on 2x[0,T),
and, in particular,
uf(z,T) < e  forall ze
Since v € (0, n] is arbitrary, it follows that
uf < e %% on 12 x [(2e/n) e, 20),
from which we conclude that (4.4) holds.

O

The proof of Proposition 10 requires a number of technical facts which we state

and prove first. To this end, we introduce the function U on 2 defined by
(4.5) U(x) = min{Vp(z,y) : y € 002}.

By the coercivity of H and (2.2), the collection {Vi(-,y) : y € 002} is equi-Lipschitz
continuous on {2 and the fucntion U is Lipschitz continuous on 2. It is a standard
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observation in weak KAM theory, the main idea of which goes back to Barron and
Jensen [4] ( see also [2]), that U is a solution of
(4.6) H(z,—DU)=0 in {2
Lemma 2. The function U given by (4.5) is the mazximal subsolution of
H(z,—Du)=0 in {2,

(4.7)

u=20 on 012,

and B
0<U<U0)=mg on {2

Proof. Let u € C(£2) be a subsolution of (4.7). By (2.1), we have
u(z) < Vo(x,y) forall z € 2,y € o,

and, hence,
uw<U on {2

It is obvious that U = 0 on 02, and, therefore, U is a solution of (4.7), Thus, the
above inequality yields the first part of the claim.

Moreover,
U(0) =inf{V,(0,y) : y € 002} = %1})11\/ = my.

Next we recall that V(x,0) = 0 for all x € 2. Hence,
Volr,y) < Vo(z,0) + Vo(0,y) = Vo(0,y) for all y € £2.
Taking infimum over all y € 962, we find U < U(0) on {2, and the proof is now
complete. O
Lemma 3. For each v > 0, there exists a unique solution u € Lip(£2) of
H(z,—Du) =7 in {2,
{u =0 on 0f2.

Proof. Choose M > 0 such that
H(z,p) > forall (z,p) € 2 x (R"\ By).

It is easy to check that f(z) := Mdist(z,0f2) is a supersolution of (4.8). It is also
obvious that 0 is a subsolution of (4.8). Perron’s method now implies that there exists

a solution u € Lip({?2) of (4.8).

Note that H(z,0) = 0 < v for all z € {2 and recall that p — H(z,p) is convex
for any x € (2. Under these conditions, the uniqueness follows from a well known
comparison (see e.g. [1, 3, 13]) which we state below as a separate lemma without
proof.

(4.8)

O

Lemma 4. Let v > 0. Ifu € C(Q2) (resp. v € C(£2)) is a subsolution (resp.
supersolution) of H(x,—Dw) =~y in 2 and u < v on 012, then u < v in §2.
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We continue with

Lemma 5. For each v > 0 let u, € Lip(£2) be the solution of (4.8) and U € Lip({2)
be the fucntion given by (4.5). Then

(4.9) limu, = U uniformly on 2.
¥—0

Proof. Note that, if 0 < 71 < 72, then ., is a subsolutionof (4.8) with v = .
Therefore the comparison yields w.,, < u,, on {2

Observe also that the u,’s, with v € (0, 1), are subsolutions to (4.8) with v =1
and, therefore, the collection {u,},c(0,1) is equi-Lipschitz on 2. Tt follows that there

exists some u € Lip({2) such that

(4.10) lirr(l)uvzu uniformly on £ and u=0 on 9.
Y

We see by the stability of viscosity solutions that u is a solution of (4.7), and,
moreover, by the maximality of U, that U > u on 2. Note also that U is a subsolution
of (4.8) with v > 0. Hence, U < u, on 2 and, therefore, and U < u on §2. Thus we
conclude that u = U on 2 and (4.9) holds. O

We are now in a position to present the

Proof of Proposition 10. Fix v > 0. It follows from Lemma 5 that, if p € (0,7)

is sufficiently small, then the solution u, € Lip({2) of (4.8), with ~ replaced by p,
satisfies

1U = tuplloe.2 <,
and, moreover, 0 < u,(z) < mg + for all z € 0.
For x € §2 set
W(z) := upu(x) + 7,
fix any § > 0 and choose a C'-diffeomorphism ®s : R” — R"™ so that

D5(2) C 2, || DDs — I||sore < 6 and (0) = 0,
Let
W5 =Wo CD(;,

and note that ®;'(2) is an open neighborhood of 2. It follows that, if § > 0 is
sufficiently small, then

H(x,—DW;) > p/2 in ®&;(2) and v < W5 <my+2y on 2.

For a > 0 small, we introduce the inf-convolution W, of Wjs, given, for x € R",
by

) 1 _
Wyae) i= inf{Ws(y) + —|o =yl : y € 3,1 (D)},

which is is semi-concave in ®;'(£2) (see, for example, [3]), that is there exists Cj,
depending on 9§, « such that

max{D*Ws,(z)¢- € : £ € By} < G5 in &51(0)
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holds in the supersolution sense, and, if « > 0 is sufficiently small, then
|Ws = Wsallon <v/2 and H(x,—DW;s,) > u/4 in §2,

where the latter inequality holds in the supersolution sense. It is then easily checked
that W;, satisfies, in the supersolution sense,

tr [aDQWM] < Csntra in (2.

Thus, noting that

v/2 < Wso <mo+3y in 2,
and choosing v > 0 and 7 > 0 so small that mg + 3y < A, nCsal| trallen <1 and
n < u/4, we conclude that W := W;, and n have the required properties. OJ

5. THE STATIONARY PROBLEM

We consider the Dirichlet problem

L.v*=0 in (2,
(5.1)
v =g on 0f2,
for
(5.2) g € C(£2) such that g =0 on argmin(V]912).

The next result is an essential part of a classical observation obtained by Freidlin-
Wentzell [11], Devinatz-Friedman [6], Kamin [14, 15], Perthame [18], etc..

Theorem 11. Assume (A1)—(A6) and (5.2). Then lim. o v°(0) = 0.

Proof. Since the equation is linear, it is enough to show that, for any ¢ > 0, there
exits 7 > 0 such that

lim (v —§); =0 uniformly on B,.
e—0+

The function v* depends on g only through its restriction on 9{2. Hence we may
replace g by a new function g € C(£2) as long as g = g on 02.
Let Z :={x € {2 : V <mg}, note that g =0 on Z N 902, and set
dist(x, Z)
g(x) = (z dist(x, 01?2)
g(x) for z € 042,

it is easily checked that § € C(£2). Moreover it is obvious that § = g on 92 and
g =0 on Z. Thus, by replacing g by g if necessary, we may assume that ¢ =0 on Z.

Now, fix § > 0, note that {z € 2 : g(z) < §} is a neighborhood, relative to £2, of
Z, and choose A > mg so that

{V <A} Cc{g<d}.

Let u® be the solution of (1.1), (1.2), We apply Theorem 8, with g — § in place of
g, to find that there exists r > 0 such that

for x € (2,

Q

lim (u® —20), =0 uniformly on B, x [0, eV*].
e—0+
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Next we set w®(z,t) := v°(x) — u®(z,t) for (z,t) € Q and note that w® = 0 on 9,Q,
and [|w®|[co,q < [[v°]|oo,2 + [[U%][cc,0 < 2|9lsc,-
Applying Theorem 9 to w® we get

lim w® =0 uniformly on £ x [eM®,

00).
e—0+

It is now immediate that

61_1}&(7} () —20)+ =0 uniformly on B,.

We have indeed shown the following:

Theorem 12. Assume (A1)-(A6) and (5.2). For any 6 > 0 there exists v > 0 such
that

lin(l)(vE —90)+ =0  wuniformly on B,.

e—

6. ASYMPTOTIC CONSTANCY

In this section we state precisely the claim that the limit, as ¢ — 0, of (1.1) is the
transport equation u; = b- Du and provide its proof where (A5) plays a critical role.

Theorem 13. Assume (A1)—(A6), let 7(g) > 0 be such that lim._,o 7(¢) = 0o and,

for each e > 0, let u¢ € C(Q)NC*(Q) be a solution of (1.1). Assume that, for some
r >0,

(6.1) 61_1>r(§1+u =0 wuniformly on B, x [0, 7(¢)),

and

sup || | oo, 2x[0, 7()) < 00
e>0

There exists T = T(r) > 0 such that, for any compact subset K of 2 and any 19 > 0,

El_l)%h_u =0 wuniformly on K x [T, 7(g) — 7).

As before we prove a slightly generalized, one-sided version of the above theorem,
which readily yields the claim.

Theorem 14. Assume (A1)-(A6), let T(¢) > 0 be such that lim.o4 7(€) = oo, and,
for each & > 0, consider a solution u® € C(Q) N C*Y(Q) to (1.1). Fizr > 0 so that
B, C 2 and let N be a (possibly empty) open subset of Of2. Assume that

(6.2) h%l+ ul =0 wuniformly on (B, U N) x [0, 7(¢))
E—r

and

(6.3) lim sup [[u%]]so, 2x(0,7(e)) < 00

e—0+
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There exists T = T(r) > 0 such that, for any compact subset K of 2 U N and any
T0 > O,

sl—igl—l— ul. =0 uniformly on K x [T, 7(¢) — 10).

The following lemma plays an important role in the proof of Theorem 14.

Lemma 6. Let u € USC(Q) be a subsolution of uy = b-Du in Q and, for (z,t) € Q,
set X (s) := X(s;x). The function s — u(X(s),t — s) is nondecreasing on [0, t].

Proof. Note that (A5) yields that, for all x € 2, s > 0, X(s;z) € 2. For s € [0, t],
set v(s) := u(X(s),t —s). We show that, in the subsolution sense, v > 0 in (0, ?)
which implies that v is nondecreasing on [0, ¢].

Let ¢ € C'([0, ¢]) and assume that v — ¢ attains a strict maximum at a point
5 € (0, t). For a > 0 consider the map

(,5) = uly,t — 5) — d(s) — aly — X(s)|?
on 2 x [0, t] and let (y,, 54) be a maximum point. It is easy to see that, as o — oo,
(Yo Sa) — (8, X(8)) and |y, — X (s4))]> — 0. Fix a sufficiently large o so that
(Yas Sa) € Q. Noting that ¥(y, s) := u(y,t — s) is a subsolution of —¢s = b- D in
2 x (0, t), we find that
—¢/(50) +20(Ya — X(5a)) - X (5a) < 20b(Ya) - (Yo — X (4)),
from which we get
¢ (sa) = 20(ya — X (54)) - (B(X(54)) = b(ya)) = —2aLlya — X (sa)[*,

where L > 0 is a Lipschitz bound of b. Sending a — oo yields ¢'($) > 0 and the
proof is complete. O

We continue with the

Proof of Theorem 14. We introduce the upper relaxed limit U € USC(Q)) given by
Ux,t):= /\liI(I)1+ sup{us(y,s)1 : (y,8) €Q, ly—z|+]s—t| <A, 0<e <A},
—

and recall the standard observation that U is a subsolution of U, =b- DU in (.

According to Lemma 1, we may choose T' = T'(r) > 0 such that, for all (z,t) €
2 x [T,0), X(s;x) € B,. From Lemma 6 it follows that, for any (z,t) € Q and
se0,t], UX(s;z),t —s) > U(x,t). Hence, for any (z,t) € @ with ¢ > T, we have
X(T;z) € B, and

(6.4) Ulz,t) <UX(T;x),t —T) <0.
Next we show that
(6.5) U=0 on N x (T,00).
Fix (y,s) € N x (T, o0) and, in view of (A5), choose R > 0 so small that
y+ Ab(y) € 2 forall A€ (0, R), s>R+T, and Bg(y)NoN C N.
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Reformulating the last observation in terms of I(y, s) := {(y, s)+A(b(y), —1) : A > 0},
a half-line in R"™! with vertex at (y, s), we have

Br(y,s)Nl(y,s) C 2 x (T, 00),
(6.6) Br(y,s) C R" x (T, co),
Bgr(y,s)N (02 x R) C N x (T, o0).

For any v € (0, 1), we consider the open convex cone C,, in R"*! with vertex at the
origin given by

Cy = JA((b(y),-1) + B,),
A>0
and we set

Cy(y, s) = (y,8) + C.
From (A5) again, we may choose v € (0, 1/2) small enough so that

(6.7) Br(y,s)N Coy(y,s) C 2 x (T, 00),

which strengthens the first inclusion of (6.6). Noting that C., is an open neighborhood
of (b(y),—1), we may also choose p € (0, R) so that

(b(z),—1) C C, forall z € B,(y),
which ensures that

(6.8) (b(z),—1) Cc C, forall (x,t) € B,(y,s).

Define next d, ¢ : R"*' — R by
(e, 1) = dist((z, 1), Oy, 5)) and (o, t) = (a1),

and recall the well-known facts that ¢ € C'Y(R"*1), D¢ € Lip(R"™!) and D¢(x,t) is
in the (negative) dual cone of C,, that is, for all (§,7) € C,, (x,t) € R

D¢(x,t) - (§,7) < 0.
Combining the above remark with (6.8) yields
(6.9) b-D¢ < ¢ in B,(y,s).
Next we compare u® and ¢ on the set
Qy,s) == B,(y,s)NQ,
and note that

0Q(y,s) € (0B,(y,s) N Q) U (B,(y,s) N Q).
In view of (6.7), we may choose A > 0 so that

(C,(y,s) + Bx) NOB,(y,s) C 2 x (T, ).

Set B B
K = (C,(y,s)+ Bx) N0B,(y, s),

which is clearly a compact subset of 2 x (T, c0), and fix any § > 0.
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Note that (6.3) and (6.4) imply that there exist £ > 0 and M > 0 such that, for
all € € (0, &),
(6.10)  Q(y,s) C 2 x (T, 7(¢)) andu® <6 in K and v <M in Q(y,s).
Set A := M /)2, Then, for ¢ € (0, &),
(6.11) ut < M= AN < Agin Q(y,s)N{d > \}.

Since B,(t,s) N OQ is a compact subset of N x (T, o0), in view of (6.2), we may
assume, replacing, if needed, g by a smaller positive number, that, for all € € (0, &),

(6.12) u <4 in B,(t,s)NaQ.

Fix (z,t) € 0Q(y,s) and € € (0, ¢). If (z,t) € 0B,(y,s) N Q = 0B,(y,s) N (2 x
(T, o)) and (z,t) € K, then d(z,t) > A and, by (6.11), u® < A¢. Otherwise, that is,
if (z,t) € 0B,(y,s) NQN K, (6.10) gives u®(x,t) < 4.

Moreover, if (z,t) € B,(y,s) N dQ, then, by (6.12), we have u(x,t) < §, and,
therefore, for all € € (0, &),

u® <04 Ap on 9Q(y,s).

Since, for each t, D¢(-,t) € Lip(R"™), there exists some C' > 0 so that, in the
supersolution sense, trlaD%¢] < C in Q(y,s), Hence, using (6.9), we see that
Y(z,t) =0+ Ap(x,t) + cACt is a supersolution to

% Z st n Q(yv 8)'

Thus, by comparison, we get

ut < in Qy,s),
which yields
Uly,s) <6+ Ag(y,s) =,
and, after letting 6 — 0, U(y, s) = 0. This proves (6.5).
Since we have shown that U = 0 on (£2U N) x (T, 00), it follows that, for any
compact subset K of (2UN) x (T, o0),

61_1%@r vl = 0 uniformly on K.

To complete the proof, let 7" > 0 be as above, fix any 79 > 0, choose g9 > 0 so that
T+ 1 <7(e) forall e € (0, gy), set, for (z,t) € 2 x [0, T+ 79] and € € (0, &),

v¥(x,t) i=sup{u(z,t+s) : 0<s<7(e) =T — 79}
and _
Uz, t):= )\li)r(r)lJr sup{v (y,s) : (y,s) € 2 x [0, Ty + 7o),
ly —z|+|s —t| <A, 0<e <A},

and note that, for any 0 < & < g, v° is a subsolution to v§ = L.v® in 2 x (0, T+ 79).
It follows, as above, that U =0 in 2 x [T, T+ 1) and U =0 in N x (T, T +19).
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Let K be a compact subset of 2UN. Then K x [T+ 79/3, T+ 270/3] is a compact
subset of N x (T, T + 79) and, thus,

lir(1]r1+ vS =0 uniformly on K x [T+ 79/3, T + 279/3],
e—

which yields

1i1%q+ufr =0 uniformly on K x [T'+ 70/3, 7(¢) — 10/3].
E—

The proof is now complete. 0J
We close the section with the following generalization of Theorem 11.

Theorem 15. Under the hypotheses of Theorem 11, if K is a compact subset of
2 Uarg min(V]092), then lim._,o+ v* = 0 uniformly on K.

Proof. Fix a compact K C 2 U argmin(V]0f2) and § > 0. Theorem 14 applied to
uf(x,t) == v(z) — 0 with N = {y € 992 : g(y) < ¢}, gives lim. o (v — )4 =
0 uniformly on K, and, hence, lim._,o v5 = 0 uniformly on K. Similarly,

lim. ,o4y v* =0 uniformly on K. [

7. THE PROOF OF THE MAIN THEOREM

We are now ready to prove the main theorem. Note that, in view of the linearity
of pde (1.1), it is enough to show that the following holds.
Theorem 16. Let u® € C(Q) N C*1(Q) be the solution of (1.1), (1.2) and fix § > 0.
(i) There exists T =T(0,g) > 0 such that, for any X\ € (0, mg) and any compact
subset K of {2,

(7.1) lim (u® —g(0) —0), =0 wuniformly on K x [T, eMe].
e—0+

(ii) Assume that g = g(0) on argmin(V'|02). There exists T = T(0,g) > 0 such
that, for any compact subset K of 2 U argmin(V|012),

(7.2) lim (u® —g(0) —0), =0 wuniformly on K x [T, 00).
e—04+
(iii) Assume that g = go on argmin(V'|0f2) for some go € R. Then, for any

A € (myg, 00) and any compact subset K of £2 U argmin(V'|0§2),

(7.3) lm (v —go—6), =0 uniformly on K x [V*,

00).
e—=0+

Proof. We begin with (i). Fix any A € (0, mo) and 6 > 0, recall that V' (0) = 0 and
V > 0in 2\ {0}, choose a v = v(d,g) > 0 so that
{V<vtc{g—g(0)-d <0},
and recall that Theorem 8 yields some r = r(v) > 0 such that
lim (uf — g(0) — &)y =0 uniformly on B, x [0, ¢"/9].
e—0+
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Next we use Theorem 14 to select T'= T'(r) > 0 such that, for any compact subset
K of 2 and 75 > 0,

li%lJr(uE —g(0) =6); =0 uniformly on K x [T, ev/e —7o).
E—r

Fix p € (A, mg). The above convergence, for K = {V < u}, ensures that there
exists g9 > 0 such that, for all € € (0, &),

u (-, T) —g(0) =20 <0 on {V < pu},
that is, for all € € (0, &),
{V <} c{u(-,T) —g(0) — 20 < 0}.

94

FIGURE 2. The inclusion between two sublevel sets of V.
Noting that {V < u} is a neighborhood of {V < A}, we may select G € C(£2) so
that
G=0in {V<A}, G>0 on £, and maxg—g(0) =20 <G in {V > u},
o

and observe that, for all € € (0, &),
u (-, T) —g(0) =26 <G on 2 and {V <)} C{G<0}.
Let U° € C(Q) N C*'(Q) be the solution of (1.1) with initial-boundary condition
U® =G on 0,Q. The maximum principle implies that, for all (z,t) € Q,
u*(x, T +t) — g(0) — 20 < U(x,1),

while, in view of Theorem 8 and Theorem 14, there exist m = 71(§,G) > 0 and
T, = Ti(r1) > 0 respectively such that, for any compact K C {2,

lim (U® —6), = 0 uniformly on B,, x [0, "],

e—0+
and
li%1+(U5 —9)y =0 uniformly on K X [T7, RYE 7,
e—
and, hence,

liI(l)rlJr(u6 —g(0) —30); =0 uniformly on K x [T + Ty, V9],
e—
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and the proof of (i) is complete.
Next we prove (iii). Fix any A > mg and § > 0 and let v° € Lip(£2) be the solution
of
Low*=0 in £ and ¢° =g on 0.
Theorem 12 yields r = r(d) > 0 such that

El_lg:_ (v°—go—0); =0 uniformly on B,.

Set N = {x € 92 : g(x) < go + 0} and note that
lim (v — go —0)+ =0 uniformly on B, UN.
e—0+

Hence, by Theorem 14, for any compact subset K of 2 U N,

lim (v —gg—0); = uniformly on K.
e—0+

Let w® : Q — R be given by w® := u® —v°, and note that w® =0 on 9 x [0, c0).
Then Theorem 9 yields

lim w® =0 uniformly on £ x [e

Ae
e—0+ ’

00),
and we may conclude that, for any compact subset K of 2 U N,

Ae
)

lim (v — go —d); =0 uniformly on K x [e¢, 00),

e—0+
which completes the proof of (iii).
To prove (ii) fix any 6 > 0, and, as in the proof of (i), choose r = r(d,g) > 0 and
~v > 0 such that

lim (uf — g(0) — &)y =0 uniformly on B, x [0, ¢"/9].
e—0+

Moreover, as in the proof of (iii), set N = {x € 942 : g(z) — g(0) — J < 0} and use
Theorem 14 to find T'= T'(d,g) > 0 such that, for any compact subset K of 2 U N,

lim (u°(-,T) — ¢g(0) =)+ =0  uniformly on K.

e—0+

We choose now A > mg such that {V < A} € 2 U N. It follows that there exists
g0 > 0 such that, if € € (0, g¢), then
u (-, T)—¢g(0) =20 <0 on {V <A}
Fix a 1 € (mo, M) and select G € C(£2) as in proof of (iii) so that
G=0in {V<u}, G>0 on 2, and G > mﬁax(ug(-,T) —g(0)=29) in {V > A}

Let U® € C(Q) N C*Y(Q) be the solution of (1.1) with U = G on 9,Q. It follows
from the maximum principle that u®(z,t+7T)—g(0)—2§ < U(x,t) for all (z,t) € Q,
and {V < u} € {G <0}. Combining Theorem 8 and Theorem 14, as in the proof of
(i), we deduce that there exists Ty = T1(0, G) > 0 such that, for any compact subset
K of QUN,

lim (U¢ —6); =0 uniformly on K x [T}, e/¢ —T.

e—0+
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Note that arg min(V'|02) C {V < p} and, hence, G = 0 = G(0) on arg min(V'|0£2).
Using assertion (iii), we see that, for any compact subset K of {2 U arg min(V'|042),

. e _ . /e
61_1>I£1+(U 0)+ =0 uniformly on K X [e"¢, 00).

Combining these two observations, we conclude that, for any compact subset K of
2 Uargmin(V]0£2),
lim (u® — ¢(0) —30)4 =0 uniformly on K x [T+ T}, 00);

e—0+

and the proof is complete. O

8. THE PROOF OF THEOREM 2
We note that there exists a family {{25}sc(0,1) of bounded, open, connected subsets
of R™ with C*'-boundary such that
Rc25c2 and b-vs <0 on 92,

where 22 := {z € R" : dist(z,2) < d} and vs(x) denotes the exterior unit normal
of 0825 at * € 9§2. Indeed let p € C'(R") be a defining function of (2, that is,
2 ={zx € R": p(xr) < 0} and Dp # 0if p = 0; its existence is guaranteed
by the assumed regularity of the boundary of (2. We may assume moreover that
limyg| 00 p(2) = 00.

For each § € (0, 1), we choose v € (0, ¢) small enough and set 25 = {z € R" :
p(x) < v}. Then {25 is a bounded, open, connected subset of R™. Furthermore, we
have 2 C 25 C 2° and b-vs < 0 on 9.

Recall that if we write S~ (W) for the set of all subsolutions ¢ € C(W) of H(x, Do(z)) =
0 in W, then

V(y) =sup{o(y) — ¢(0) : ¢ € S™(2)} forall ye .
For each § € (0, 1), we set
Vs(y) = sup{d(y) — #(0) : 6 € S™(25)} forall y e s
and ms = minggp, Vs.
Proposition 17. For any ¢ € (0, 1), ms > mg. Furthermore, lims_,o, ms = my.
Proof. Since V5 € S~({25) implies that V5 € S~({2), we have
(8.1) Vs(y) < V(y) forall ye€ .
Fix m € (0, mg) and set
. min{V, m} in {2,
0T {m in 25\ 2.

Noting that u = m is a solution of H(z, Du) = 0 in 25 and that m <V on 052, we
see that v is a subsolution of H(z, Dv) = 0 in (2, and, hence, in (25. It follows from
the maximality of Vs, that Vs > v on {25, and, hence,

(8.2) ms > my.
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Fix any x > 0, choose a function ¢ € C*(§2') so that ((xg) < mg + & for some point
xo € argmin(V|042) and ¢ > V on 02, and R > 0 so that
H>1 on 2'x (R"\ Bg) and |D¢| <R on '

We may assume by relabeling the family {{25}sc(0,1) if needed that

inf{|Dp(x)| - z€ |J 2\ 02} >0,
0€(0,1)
and we choose A > 0 so that
Ainf{|Dp(x)| : x€ |J 2\ 02} >2R.
6€(0,1)

Fix any ¢ € (0, 1) and recall that 25 = {x € R" : p(x) < 7} for some v € (0, 9).
For each p € (0, ) we select a C''-function 6 : [0, v) — [0, c0) so that 6(r) = Ar for
re |0, u,d >Ain [0, v) and lim,_,,_ 6(r) = oo.

Set w:=( +6opon 2\ 2 and observe that w € C*(£2s \ 2),

|Dw| > 6'(p)|Dp| — |D¢| >2R—R >R on 2\ (2,
and, hence, H(z, Dw) > 0 on 25\ 2. Furthermore, we have V5 <V < w on 92 and
lim o, 5,00, w(x) = co.

We use next the fact that Vj is a subsolution of H(z, DVs) = 0 in (25, to conclude
that Vs < win 25\ £2. Indeed, otherwise Vs —w attains a positive maximum at a point
§ € {25\ {2 since we have either (V5 — w)(x) < 0 or limg,\ osy—e(Vs — w)(y) = —o0
for all z € 0(£25\ £2), and obtain H (&, Dw(§)) < 0, which is a contradiction. Sending
i — v in the inequality Vs < (460 o pin 25\ 2, we find that Vs < (+ Apin 25\ 12,
which implies that ms < mingg; ¢ + A9, and, hence, limsup;_,q, ms < mg + x. Since
r > 0 is arbitrary, we thus get limsups_,, ms < mg, which, together with (8.2),
implies that lims_,oy ms = my. O

Theorem 18. Assume (A1)—(A6). For any § € (0, mg) and compact K C (2, there
exists €9 > 0 such that if ¢ € (0, o), then, for all (x,t) € K x [¢%/¢, e(mo=0)/e],

P(ri > t, X°(t;x) € Bs) > 1 —0.
Proof. Select g € C(£2) so that

g(0)=1 and ¢g<1p, on £,

and fix § € (0, mg) and a compact K C (2. Theorem 1 implies that there exists
g0 > 0 such that, if ¢ € (0, g9), then

d/e
9

o(mo=d)/e].

lu® =1/ <é on K x[e
The observation that, for any (z,t) € K x [e%/¢, e(™=9)/¢] and € € (0, &),
1-6 <u(z,t) =Eg(X°(tATLx) <Elp (X (tAT;2))
=P(X(t \N7;;2) € Bs) =P(1; > t, X°(t;x) € Bs)
completes the proof. ([l
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Lemma 7. Assume (A1)-(A6). Let 6 > 0 and K C {2 compact. There exists g > 0
such that, for all x € K and ¢ € (0, &),

P(75 < emotdl/ey > 1 6,

Proof. Let {{25}sc0,1) and {ms}se(0,1) be as before, and, for a fixed § > 0, we may

assume that ms < mg + 6. We also choose g € C(ﬁ(;) so that g < 19,0 on (25 and
g =1 on 025 and consider the solution U of

U =LU® in Q5:= s x (0, 00),
{UE =g on O0pQs.
Theorem 1 gives some gy > 0 such that, if € € (0, &¢), then
Us>1—0 in K x [emF9/E o).

Fix z € K and € € (0, g9) and observe that, if 79¢ denotes the first exit time of
X¢(+; ) from (25,

1—6 < Us(x, ety = | g(X5(72¢ A elmt/e 2)) < E 155\9()(6(75’5 A e(motd)/e. 1)
= IP’(X‘E(TQZS’5 A e(m°+5)/‘€; x) € Qs \ 2) <P(7i < e(m0+5)/5),
and the proof is now complete. U

Proof of Theorem 2. Let W be an open relative to £2 neighborhood of arg min(V'|92)

such that WM C W, choose g € C(£2) so that g = 1 on arg min(V[9£2) and g < 15
and let u® be the solution of

ui + H(x,Du®) =0 in Q,
{UE =g on 0,Q.
Let T(g) := em*9/% and t(e) := e(™0=9)/¢. Theorem 1 gives some &y > 0 such that
(8.3) u*(x,T(e))>1—0 forall (z,6) € K x (0, ),
while, in view of Theorem 18 and Lemma 7, we may assume that
(8.4) Pte) <1 <T(e)) >1—06 forall (z,¢e) € K x (0, ).
Fix any (z,¢) € K x (0, €¢) and observe that
u (z,T(e)) <Eg(X(T(e)A1552)) SELH(XS(T(e) ATy ))
=P(X*(T(e) A75:2) € W)
<P(r; <T(e), X°(15;2) e W)+ P(15 > T(e))
<P(te) <7: <Tl(e), X(1o;2) € W)+ P(r; < t(e) or 77 >T(e)).
Combining the above with (8.3) and (8.4) yields

)
P(t(e) <715 <Tl(e), X(15;2) e W) >1—-25 forall (z,e) € K x(0,609). O
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9. A SEMILINEAR PARABOLIC EQUATION

For f. € (2 x R x R") we consider here the semilinear parabolic equation
(9.1) uy = Lou® + fo(x,u®, Du®) in Q.
In addition to (A1)—(A6), throughout this section we assume that
(AT) for each € > 0 there exists M (g) > 0 such that, for all (z,u,p) € 2 x R x R",

| fe(z,u, p)| < M(e)|p|, el—if&M(E) =0, and u— f.(z,u,p) is nonincreasing;

note that it is immediate from (A7) that, for all (z,u) € 2 x R, f.(z,u,0) = 0.
In what follows, for ¢ € C*(£2), we set

Lep:= Lo+ fo(x,0,D¢) and LI¢:= L.p+ M(e)|Dg),

and remark that any subsolution u® of (9.1) is also a subsolution of u = £LIu® in Q.

It is possible to deal with (9.1) with the nonlinear term f. which depends further
on the second derivatives in = of u®, but, to make the presentation simple and to
avoid technicalities, we restrict ourselves here to study the semilinear pde (9.1).

Theorem 19. Assume (A1)-(A7). The assertions of Theorem 1 hold for the solution
ut € C(Q) N C?YQ) of (9.1) satisfying, for g € C(R2), the initial-boundary value
condition (1.2).

It is not clear to the authors whether the initial-boundary value problem (9.1),
(1.2) has a classical solution in C'(Q) N C*'(Q). It is, hence, worthwhile stating an
existence and uniqueness result for viscosity solutions of (9.1), (1.2). For this we may
replace (A1) by the weaker assumption:

(Alw) a is Hélder continuous on {2 with exponent v > 1/2 and b is continuous on {2.
We have:

Theorem 20. Assume (Alw), (A2), (A3), (A6) and (AT). Then there exists a unique

viscosity solution u® € C(Q) of (9.1), (1.2).

We present the proof of Theorem 20, which is rather long and technical, in the
Appendix. Here we continue with Theorem 19, which actually holds also for viscosity
solutions of (9.1), (1.2). Indeed we have:

Theorem 21. Assume (A1)-(A7) and g € C(£2). The assertions of Theorem 19 hold

for the (viscosity) solution u® € C(Q) of (9.1), (1.2).

In view of the facts that, for any € > 0, — f.(x, —u, —p) satisfies condition (A7) if
fe does and, if u* € C(Q) is a solution of (9.1) then v® := —u® is a solution of

vy = Lo — fo(z, —0v°, —D,v°)  in @,
Theorem 20 is an easy consequence of the following version of Theorem 16.

Theorem 22. Assume (A1)-(A7) and g € C(§2). For each e > 0, let u* € C(Q) be
a subsolution of (9.1), (1.2). Fiz 6 > 0.
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(i) There exists T =T(d,g) > 0 such that, for any X\ € (0, my) and any compact
subset K of {2,

lim (u® — g(0) —6)

e—0+

(ii) Assume that g = g(0) on argmin(V'|02). There exists T = T(0,g) > 0 such
that, for any compact subset K of 2 U argmin(V'|012),

+ =0 uniformly on K x [T, e’\/a].

El_l)lélJr (u® —g(0) =6), =0 wuniformly on K x [T, c0).

(iii) Assume that g = go on argmin(V|02) for some gy € R. Then, for any
A € (mg, 00) and any compact subset K of {2 U argmin(V'|012),

Ae
Y

lim (u® —go—9), =0 wniformly on K x [e¢, c0).

e—0+

The proof of Theorem 22 parallels that of Theorem 16. Instead of giving the full
detailed proof, we indicate here its major differences from that of Theorem 16.

Choose r, W,., u, n and C' as those at the beginning of Section 3, let v° € C?(£2)
be the function defined by (3.1) and observe that

£(2, 0%, Dov®) < M(e)| Dov®| < %M(e)|DWT|

and
€

Lo® < — (H(z, DW,) +=C + M(0)||DW, [l.).
Select €9 > 0 so that, for all € € (0, &),
eC' + M(g)‘|DWr||oo,Q < 7,

and observe that, for any ¢ € (0, &),

0 in 2\ B,,

in B,.
€
Then w® € C?(Q) defined by w®(x,t) := v°(z) + R.t, with R. := (2/&)[|t°| 0.5,
satisfies w; > L.w® in Q.

The next assertion (Theorem 23) is similar to Theorem 8. Its proof follows by
a straightforward adaptation of the proof of Theorem 8 with the above choice of
function w®.

Theorem 23. Assume (A1)—(AT). For each e > 0 let u® € USC(Q) be a subsolution
of (9.1), (1.2) and let A > 0 be such that {V < A} C {g < 0}. For any § > 0 there
exists v > 0 such that

lim (uf —8); =0  wniformly on B, x [0, €],
e—0+

Theorem 9 can be reformulated for subsolutions of (9.1) as follows.
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Theorem 24. Assume (A1)—(A7). Fiz A\ > mq and, for each e > 0, let u¢ € USC(Q
be a subsolution of (9.1). Assume thatu® <0 on 02x[0, 00) and sup..g ||[u°]| 5
0o. Then

A e
Y

lim S =0  uniformly on 2 x [e*, 00).

e—0+
Let W, n, 0, p and v° be as in the proof Theorem 9. We deduce, following the
arguments in the proof of Theorem 9, that, in the subsolution sense,

£

Lof > %( — - M(5)||DW||OO,Q) in 0.
n
Fix g9 > 0 so that, for all € € (0, &),
St M(E)|DW oo, 02 < g, and, hence, L.0° > 772U in (2,
n 5

define w*® € Lip(Q) as in the proof of Theorem 9, that is, for v € (0, 7], set
w(x,t) =14 e % —°(x) — 21 e HE L,
£

and then follow the proof of Theorem 9 with w® as above to conclude.
A review of the proof of Theorem 14 shows that, with a minor modification of the

function 1, the assertion of Theorem 14 holds true for subsolutions u* € USC(Q) of
(9.1). To prove the first claim of Theorem 22, we just need to follow the proof of part
(i) of Theorem 16, with Theorem 8 replaced by Theorem 23 and with Theorem 14

replaced by the corresponding assertion for subsolutions u® € USC(Q) of (9.1).

Now we discuss a version of Theorem 12 for subsolutions of
{ﬁeva =0 in £,

(9.2)
=g on 0f2,

with g € C(£2). The existence and uniqueness of a solution in C(§2) of (9.2) follow
similarly to the case of Theorem 19.

Following the proof of Theorem 11 we obtain:

Theorem 25. Assume (A1)—(A7). For each € > 0 let v° € USC(Q) be a subsolution
of (9.2). Assume that g < go on argmin(V'|0S2) for some constant go. Then, for any
0 > 0, there exists r > 0 such that

lim (v°" —go—0). =0  uniformly on B,.
e—0+

When following the proof of Theorem 11, it is necessary to replace G and u®

respectively by G := g — go — ¢ and the solution u® € C(Q) of
(9.3) u; = LIu® in Q withu®=h on §,Q,

where h € C(£2) is chosen as in the proof of Theorem 11 with the present choice of G.
Once it is shown that w® := v® — u° is a subsolution of (9.3), the rest of the argument
goes exactly as in the proof of Theorem 11. Thus, the following lemma completes the
proof of Theorem 25.
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Lemma 8. Fize > 0. Ifv € USC(Q) and u € LSC(Q) are respectively a subsolution
and a supersolution of (9.3), then w := v — u is a subsolution of (9.3).

Proof. Let ¢ € C?(Q) and (2,%) € Q be such that w — ¢ achieves a strict maximum
at (2,%). We need to show that ¢, < LF¢ at (,1).

We argue by contradiction and thus assume that this inequality does not hold. In
this case we may choose 7 > 0 so that Q, := B,(2) x (t —r,t +7) C Q and

¢ > Lo in Q. :=B.(2) x (t—r, t+7).

It is easily seen that v — ¢ is a subsolution of (9.3) in @,. Moreover, there is a
comparison between v — ¢ and u (see the comparison principle at the beginning of
the proof of Theorem 20 below), that is, we have

mex(v —u — ¢) < max(v —u — ¢),

T P

which is a contradiction since w—¢ = v—u—¢ has a strict maximum at (#,1) € Q,. O

The proof of part (iii), (ii) of Theorem 22 follows as that of part (iii), (ii) of Theorem
16 once v° is chosen as the solution of

Lrv®=0 in 2 with ©v°=g(x) on 99,

and Theorems 12, 14, 9 and 8 are replaced by those for subsolutions of (9.1) and
(9.2).

10. APPENDIX: THE WELL POSEDNESS OF THE SEMILINEAR PROBLEM

We begin with the comparison principle which is a special parabolic version of (i)
of Theorem III.1 in [12] and, hence, we omit its proof. A useful comment here is
that the proof of (i) of Theorem III.1 in [12] works even when the constant Cg in the
assumption (3.2) there replaced by Cr(1 + |p|?), for some v € (0, 1).

Lemma 9. If v € USC(Q) and w € LSC(Q) are, respectively, a subsolution and a
supersolution of (9.1) and v < w on 0,Q, then u < w in Q.

For the existence of the solutions we will need the following lemma; its proof is
postponed for later.

Lemma 10. There exists a constant Ao > 0 such that, for all y € 02 and X\ €
(0, Xo), ¥y + Av(y) € R\ 2. Moreover, if 6(\) := minyeqp dist(y + Av(y), 2), then
limy 04 6(A)/A = 1.

Outline of the proof of Theorem 20. The uniqueness follows from Lemma 9, while the
existence of a solution follows from Perron’s method provided we construct appropri-
ate subsolutions and supersolutions of (9.1) in Q.

To this end, let Ay € (0,1) and 6 : (0, A\g) — (0, Ag) be as in Lemma 10. For each
y € 02 and X € (0, \g) set z :=y+ Av(y) and, for @« = () > 0 to be fixed later,

)
define uy,, v, € C*(£2) by

(=27 =3()?)

up(x) == up(x;y,\) = and  oy(z) == vp(x;y, ) =1 — up(x),
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and observe that, if d := diam(£2), then for all z € {2,
AN <|z—2z <d+1.
Next we estimate L.vy, from above to find
Loop(z) < up(z){e (2atra(z) —4a’a(z)(z — 2) - (x — 2)) + 2aM ()|z — 2|
+ 200 — 2| [Blloe0}
< aup(z){e (2n07" — 4a85(N)%) + 2(d + 1)(M () + [|bl|lso,2) }-
Fix A > 0 and o = a(\) > 0 so that
e (2n0~" — 40A) + 2(d + 1) (M(€) + [|b]lc,2) =0 and ad(A)* = A,
note that, with this choice,

(10.1) L.ov, <0 on 2,

and observe that
up(y) —1—exp( ( )) =1—exp (—A ()\2/6()\)2—1)),
vp(z) > 1 —exp (—a (6(A ()\)2)) =0 forall z €8,

and, for any x € 2\ Bsy(y),
vp(z) > 1—exp(—a((lz—y|—ly—2))*> = 0(N)?)) > 1 —exp (—a (4X* = 6(N)?))
>1—exp(—ad(N)?) =1—e".
Lemma 10 together with the first observation above yields
(10.2) ,\IH& up(y;y, A) = 0.

Next let w denote the modulus of continuity of g, choose A > 0 so that A (1 — e‘A) >
w(d), and observe that, for any z € 2 and y € 942,

9(@) < g(y) +w(d) < g(y) + Avp(z;y,A)  if = & Bsa(y),
and
9(x) < g(y) +wBA) if z € Bs(y).
Hence, for all z € (2,
9(x) < g(y) + wBA) + Ay (59, ),
and thus, setting, for z € £2,
wy () == inf{g(y) + w(BN\) + Av,(z;9,A) : A € (0, \o), y € 002}

and recalling (10.1) and (10.2), we deduce that wy, € USC(2) is a supersolution of
L.owy,=0in 2, w, > g on {2 and w, = g on 0f2.

Next let v > 0, choose B = B(y) > 0 so that By?> > w(d), for y € 2, define
v =ui(-,y,7) € C¥(2) by

vi(z) == g(y) + Blz — y[* + w(v),
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and observe that B
v >g on £ and vi(y) = g(y) +w(v).
Choose C'(y) > 0 so that
Loy < O(y) in 2 forall v; =uvi(-;y,7) with y € £,
set, for (z,t) € Q,
wi(z,t) := inf{vy(x;y,7) + C(y)t : y € 2, v > 0},

and observe that w; € USC(£2) is a supersolution of (9.1), ¢ < w; on @ and
wi(+,0) =g on 2.

Now, for (z,t) € Q, let

w(z,t) == min{wy(x), wi(z,t)};

it is immediate that w € USC(Q) is a supersolution of (9.1), and, in addition, w = g
on 0,Q and w > g on Q.

Similarly, we can build a subsolution z € LSC(Q) of (9.1) such that z = g on 9,Q
and z < g on Q. Perron’s method together with the comparison claim mentioned

at beginning of the ongoing proof yields a solution u € C(Q) of (9.1) such that
z <u < won Q. The last inequality implies that u = g on 9,Q). 0

We present now the
Proof of Lemma 10. Let p € C*(R") be a defining function of 2.

Since, for any y € 012, there exists 0y € (0, 1) such that

ply + Av(y)) = ADp(y + OoAv(y)) - v(y)
we deduce that there exists Ag > 0 such that, for all y € 92 and X € (0, A),
y+Av(y) € R\ 12,

To show that limy_o4 6(A)/A = 1, we first note that §(A) < A and assume by
contradiction that liminfy o4 6(A)/A < 1. It follows that there exist dy € (0, 1) and
a sequence {\;}jen C (0, Ao) such that, as j — oo, \; = 0 and 6();)/A; < Jp for all
J. Moreover, for each j € N there are y;, §; € 02 such that

0(Aj) = ly; + Av(w;) — &l
note that we may assume by passing, if needed, to a subsequence, that, as j — oo,
y; — Yo for some yy € 92. It is then clear that § — yo as 7 — oo.

Since &; is a closest point of 0(2 to y; + A\;v(y;), we have
&+ 0(A)v(&) =y + A (y;).
Hence, noting that, for some 6;, 6; € (0, 1),
{M%+MW%D=MDM%+%%Mwﬂwwm
p(& + 0(M)v(&5)) = 6(A;) Dp(&; + 0;6(A)v(&)) - v(&),
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we find

A Dp(y; + 0;70(y;)) - v(y;) = S(\)Dp(&; + 0;6(\)v(&))) - v(&)),

which, in the limit as j — oo, yields

fim 2A9) _ gy PPt 0iAv(y:) vly)

j—o0 )‘j Jj—oo Dp(gj + 535()\])’/(5])) ’ V(éj)

a contradiction to the inequality d(\;)/A\; < dp <1 for j € N. O
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