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We show firstly the equivalence between existence of a periodic solution of
the Hamilton-Jacobi equation us + H(z, Du) = f(t) in © X R, where Q is a
bounded domain of R™, with the Dirichlet boundary condition v = g(z,t) and
that of a subsolution of the stationary problem H(z,Dv) = (f) under the
assumptions that the function (f(t), g(z,t)) is periodic in ¢t and H is coercive.
Here (f) denotes the average of f over the period. This proposition is a variant
of a recent result for = R™ due to Bostan-Namah, and we give a different
and simpler approach to such an equivalence. Secondly, we establish that any
periodic solution u(z,t) of the problem, us + H(z, Du) =0in Q xR and u =g
on 002 X R, is constant in ¢ on the Aubry set for H. Here H is assumed to be
convex, coercive and strictly convex in a sense.
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1. Introduction

In this paper we consider the Hamilton-Jacobi equation with the Dirichlet
boundary condition:

ug(x,t) + H(z,u(z,t), Du(z,t)) = f(t) for (z,t) € Q@ xR,
u(x,t) = g(z,t) for (x,t) € 9N x R.

Here ) is a bounded domain of R", u = u(x,t) is a function on Q x R which
represents the unknown function, H is a given function on  x R x R™ which
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is the so-called Hamiltonian, f is a given periodic function with period
T >0, g = g(xt) is a given function on 9 x R, the functions u, H, f
and g are scalar functions and u; and Du denote the derivatives Ou/dt and
(Ou/dx1,...,0u/dx,), respectively. In this note we will be concerned only
with viscosity solutions of Hamilton-Jacobi equations and thus we call them
just solutions. The boundary condition, u = g on 92 xR, is also understood
in the viscosity sense. We refer to [1,2,6] for overviews on viscosity solutions
theory.
We assume throughout the following (A1)—(A5):

(A1) H € BUC(Q x [-R, R] x B(0, R)) for all R > 0.

(A2) H is monotone. That is, for each (z,p) € Q x R", the function
H(z,-, p) is non-decreasing on R.

(A3) H is coercive. That is, for every r € R,

| llim H(x, r, p) = oo uniformly for z € Q.

p|l—oo

(A4) ©is a bounded, open, connected subset of R” with C° boundary.
(A5) g € BUC(0Q x R).

Here and in what follows BUC(X) denotes the space of bounded, uni-
formly continuous functions on metric space X. In (A4), it is assumed that
 has C° boundary. We mean by this C° regularity that for each z € 99
there are a neighborhood V of z and a C* diffeomorphism ® of V' to B(0, ),
with 7 > 0, such that ®(z2) = 0 and ®(QNV) = B(0,7) N {(z/,z,) €
R" 1 xR : 2, > h(z')} for some h € C(R"1). The role of (A4) in this
note is to guarantee (see [19]) that if u € C(Q) satisfies |Du(z)| < C'in  in
the viscosity sense for some constant C' > 0, then u is uniformly continuous
on £, so that it can be extended uniquely to Q as a continuous function.

In this note we often deal with soloutions u(z, t) of (D) which is periodic
in t. Given a set X and a function w = w(z,t) defined in X x R, we call w
periodic with period T if it is periodic in ¢t with period T for all x € X.

In the next section we assume that the function g(z,t) is also periodic
with period T and establish the equivalence between existence of a periodic
solution u € C(Q x R) of (D) with period T and that of a subsolution of

H(z,v,Dv) = (f) in Q. (S)
The result here gives a variant of [5,Theorem 4.1], due to Bostan—Namah,

where 2 is replaced by R™. Our proof is somewhat simpler than the one in
[5]. Our result covers also the equivalence between existence of a bounded
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solution of (D) and that of a subsolution of (S) without the assumption
that g is periodic.

We refer for instance to [23, 22, 17] for some existence results of periodic
solutions of Hamilton-Jacobi equations.

In the final section, Section 3, we restrict ourselves to the case where
f=0,H= H(z,p) and H(z,p) is convex in p. We establish a theorem
on representation of bounded solutions u of (D) and then show under some
additional assumptions that if g is periodic with period 7', then any solution
u(z,t) of (D) is constant in ¢ on the Aubry set A. Actually, we show this
constancy result under an assumption more general than the periodicity
of g. We give the definition of the Aubry set A in Section 3, following
[11-13,19,20]. The constancy in t of periodic solutions u(z,t) of (D) on the
Aubry set indicates a new characteristic of the Aubry set for problem (D) in
the periodic setting in ¢, and indeed has an important role in the dynamical
approach to the asymptotic behavior for large ¢ of solutions of the Cauchy—
Dirichlet problem for Hamilton-Jacobi equation u; + H (x, Du) = 0 with the
Dirichlet condition u = g. See [22] for the asymptotic behavior of solutions
of the Cauchy-Dirichlet problem with periodic Dirichlet data in t. We refer
to [8-13] for Aubry sets and weak KAM theory.

2. Existence of periodic solutions

Throughout this section we assume that f € C(R) is a periodic function
with period T' > 0. The following theorem is our main result in this section.

Theorem 2.1. (i) Problem (D) has a bounded solution u € C(Q x R) if
and only if (S) has a subsolution v € C(Q). (ii) Assume that g is periodic
with period T. Then (D) has a periodic solution u € C(Q x R) with period
T if and only if (S) has a subsolution v € C(Q).

We set

F(t):/o (F(s) — (f))ds for t € R.

Note that F is a C! periodic function on R with period T. Also, we set
G(z,t) = g(z,t) — F(t) for (x,t) € 9Q x R. We consider the problem

we(z,t) + H(x, w(z,t) + F(t), Dw(x,t)) = (f) inQ xR,
w(z,t) = G(x,t) on 90 x R.
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Lemma 2.1. (i) Problem (D) has a bounded solution u € C(Q x R) if and
only if (D) has a bounded solution w € C(2 x R). (ii) Problem (D) has
a periodic solution u € C(Q x R) with period T if and only if (D') has a
periodic solution w € C(Q x R) with period T.

Proof. Observe that if u is a solution of (D), then w(x,t) := u(z,t) — F(t)
is a solution of (D’). On the other hand, if w is a solution of (D’), then
u(z,t) := w(z,t) + F(t) is a solution of (D). Note that u is bounded on
Q x R if and only if so is the function w(w,t) := u(z,t) — F(t). Note also
that u is periodic with period T if and only if so is the function w. O

It is a useful and classical observation on solutions of (D) or (D’), which
is a consequence of the coerciveness of the Hamiltonian H, that if u is
an upper semi-continuous subsolution of (D) or (D’) on Q x (a, b), then
u(z,t) < g(z,t) on 90 X (a, b).

Proof of Theorem 2.1. First of all, assume that (D) has a bounded
continuous solution. By Lemma 2.1, there is a bounded solution w € C'(Q x
R) of (D). Let M > 0 be a constant such that |w(x,t)|V |F(t)| < M for
all (z,t) € Q x R. Set
v(z) =supw(z,t) for z € Q,
teR

and observe by the stability of viscosity property that v := v* is a subsolu-
tion of

H(z,u— M,Du) =(f) in €,

where v* denotes the upper semi-continuous envelope of v. Since H is co-
ercive and  has C° boundary, we find that v* € C(Q) and v* — M is a
subsolution of (S).

Next, we suppose that (S) has a subsolution v € C(Q2) and show in
view of Lemma 2.1 that (D’) has a bounded solution w € C(Q x R). In
view of the monotonicity of H, we see that the function v + C, with any
negative constant, is a subsolution of (S). By adding a negative constant to
v if necessary, we may assume that v(z) < G(z,t) for all (x,t) € 02 x R. It
is obvious that v — M is a subsolution of (D). In view of the coerciveness of
H, we may choose a supersolution ¢ € C(Q) of (S) so that 1 (z) > G(z,t)
for all (x,t) € 992 x R. Note that ¢ + M is a supersolution of (D’). We
define w: @ x R — R by

w(z,t) = sup{¢p(x,t) : ¢ is a subsolution of (D’),
é(x,t) < (z) + M for all (x,t) € Q x R}.
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It is clear that v(z) < w(x,t) < ¥(x) + M for all (z,t) € Q x R. In view
of the Perron method we see that the upper semi-continuous envelope w*
(respectively., the lower semi-continuous envelope w, ) of w is a subsolution
(respectively., supersolution) of (D’). In particular, since w*(x,t) < ¥ (z) +
M for all (z,t) € Q x R, we find that w* < w and hence w* = w on Q x R.
Also, it is clear by the definition of w that if g is periodic with period T,
then the function w is periodic with period T

It remains only to show that w € C(Q x R). Let w be a modulus such
that

|G(z,t) — G(x,8)|V|F(t) — F(s)| <w(|t—s|]) forallt,seR, xe dN.

For any h € R we consider the function w"(z,t) := w(z,t + h) — w(|h|).
Observe that w" is a subsolution of (D’) and satisfies w" (z,t) < i (x) + M
for all (x,t) € Q x R. Therefore, by the definition of w, we have w"(z,t) <
w(z,t) for all (z,t) € Q x R. That is, we have w(z,t + h) < w(x,t) +w(|h|)
for all (x,t,h) € Q x R x R. Hence we get

|w(x,t) —w(x,s)| <w(|t —s]) forallt,s e R, x € Q. (1)

We suppose for the moment that |G(z,t) — G(x,s)| < L|t — s| for all
(w,t,8) € 9N x R? and for some L > 0. Then, since F' € C1(R), we may
assume by replacing L by a larger number if necessary that

|G(z,t) — G(x,8)| V|F(t) — F(s)| < LIt — s| for all t,s € R, x € 9.

This combined with (1) ensures that |w(z,t) — w(z,s)| < L[t — s| for all
xr € Qand t,s € R, from which we infer that

H(x, w(xz,t) — M, Dw(z,t)) < L+ (f) in Q@ xR.

The coerciveness of H and the C° boundary regularity of  guarantee that
lw(z,t) — w(y,t)| < wollz — y|) for all (z,y,t) € Q° x R and for some
modulus wg. Thus, w is uniformly continuous on  x R.

Now, we treat the general situation where g € BUC(92 x R). We ap-
proximate G by a sequence of functions Gg(z,t), k = 1,2, ..., such that
G(z,t) — 1/k < Gg(x,t) < G(z,t) and |Gg(z,t) — G(x, s)| < Lg|t — s| for
all (z,t,s) € 9Q x R x R and for some L > 0. Consider the problem

{zt+H(x,z+F,Dz):<f> in QxR o))

z(z,t) = Gp(x,t) for (z,t) € 00 x R.
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We define wy, : 2 x R — R by

wi(z,t) = sup{¢(x,t) : ¢ is a subsolution of (D7},),
d(x,t) <(z)+ M for all (z,t) € Q x R}.

We have already observed that wy € C(2 x R) since the family of functions
Gi(z,-), with = € Q, are equi-Lipschitz continuous on R and that wy, is a
solution of (D},). Since Gy, < G, by the definition of w, we see that wy < w
in Q x R. Similarly, we see that w — 1/k < wy in Q x R. Thus we see that
w is a uniform limit of a sequence of functions in BUC(Q2 x R). Hence, we
have w € BUC(Q x R). O

Remark 2.1. (i) The above proof shows that if there is a subsolution
of (S), then there is a solution u € BUC(Q x R) of (D). Moreover the
solution constructed in the above proof is the maximal solution of (D) in
the sense that it is the pointwise maximum of all subsolutions of (D). (ii)
The periodicity of f can be replaced by its almost periodicity in Theorem
2.1. In the case of almost periodic f, we have to modify the definition of
(f) and to replace it by

3. Constancy on Aubry sets

In this section we always assume that H(x,r,p) does not depend on r and
f = 0. We write H(z,p) for H(x,r,p). Our problems (D) and (S) thus
read

up+ H(x,Du) =0 in Q xR,
(D)
u=g ond xR
and
H(z,Dv)=0 1in Q. (S)

We investigate here properties of bounded solutions of (D). Thus, in
view of Theorem 2.1 (i), we make the following assumption:

(A6) There is a subsolution of (S).

In addition to (A1)—(A6), we assume the following throughout this sec-
tion:
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(AT) H is convex. That is, the function p — H(x,p) is convex for any
x €.

(A8) Either of the following (A8)4 or (A8)_ holds:

(A8)+ There exists a modulus w satisfying w(r) > 0 for all » > 0 such
that for all (z,p) € Q x R™ such that H(z,p) = 0 and for all
§ € Dy H(z,p), g € R™,

H(z,p+q) > H(z,p) +&-q+w((€q)+)

where Dy H(z,p) stands for the subdifferential of H with respect
to the second variable p and ry := max{0, v} for r € R.

(A8)_ There exists a modulus w satisfying w(r) > 0 for all » > 0 such
that for all (z,p) € Q x R™ such that H(z,p) = 0 and for all
§ € Dy H(z,p), g € R™,

H(z,p+q) 2 H(z,p) +&-q+w((§-q)-)
where r_ := max{0, —r} for r € R.

We remark that condition (A8) appears in the study of the asymptotic
behavior of solutions of the Cauchy problem for Hamilton-Jacobi equations.
For this, see [14-16] and also [3]. Condition (A8) is a sort of strict convexity
requirement on H at the level of H = 0.

Let L denote the Lagrangian of H, that is,

L(z,&) = sup (£ -p— H(x,p)) for (z,£) € Q x R™.
pER™
Define the functions e : © x Q x (0,00) — RU {00}, d : 2 x Q — R and
b: QxR —R by

c(w.yt) =it { [ Lh] 7 € AC(0.8.8),2(8) = . 7(0) = v},
d(z,y) = mfe(z,y,1),
b(x,t) = inf {e(z,y,7) + g(y,t —7): 7> 0,y € 00}

Here and henceforth AC([a, b], 2) denotes the space of absolutely continuous
functions on [a, b] with values in Q. Also, we use the abbreviated notation
f: L[y] to denote the integral f: L(v(s), ¥(s))ds. We extend the domain of
definition of e to O x [0,00) by setting e(x,z,0) =0 and e(z,y,0) = co if
x #y.

Recall that

d(x,y) = sup{v(x) —v(y) : v € C(Q) is a subsolution of (S)}.
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See [7,12,13] for similar results on the n-dimensional torus. We note by
(A6), the coerciveness (A3) and this formula that d € C (ﬁz) The validity
of this formula for d can be seen as follows. Let w(z, y) denote the right hand
side of the above formula. It follows from [20, Proposition 5.1] that v(z) —
v(y) < d(z,y) for any z,y € Q if v is a subsolution of (S). Hence, we have
w(z,y) < d(z,y). On the other hand, since SUPGy p(o,5) L < 0 for some
§ > 0 ([18, Proposition 2.1]) and 2 has C° boundary, it is not hard to check
(see the proof of Lemma 3.2 below for a related argument) that d is bounded
above on (1. Then, by using [18, Theorem A.1], one sees that d(-,y) is a
subsolution of (S), which implies that d(z,y) < w(x,y). A standard remark
here is that the function w (and hence d) is uniformly continuous on 7%
because the family of subsolutions of (S) is equi-continuous due to the
coerciveness of H and the C° boundary regularity of Q.

We now consider the state-constraint problem for H(x, Du) = 0 in €.
That is, we consider the problem of finding solutions u of two inequalities:

(SC)

H(x,Du(z)) <0 in Q,
{ H(z, Du(z)) >0 on Q.

We now introduce the (projected) Aubry set A for H, associated with
(SC), by setting

A={y€Q :d(,y) is a solution of (SC)}.

We refer to [19,20] for related observations and to [11-13] for general prop-
erties of Aubry sets. In particular, it is known (see [20, Proposition 6.4])
that A # @ if and only if (SC) has a solution and that A is a compact set.
Also it is known that, under hypothesis (A6), A # ) if and only if (SC)
has a supersolution. Also, the following characterization is a classical and
crucial observation regarding Aubry sets. Let 7 > 0. A point y € Q is in A
if and only if

inf { / LBt =7y € AC(0, 1,9), 7(0) = 4(t) =y} =0.  (2)

See [18, Proposition A.3] or [12, Theorem 4.3] for a proof of this character-
ization.

The function e is a “fundamental solution” of the state-constraint prob-
lem for u; + H(z,Du) = 0 in Q x (0,00). Indeed, for any f € C(Q), the
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solution u of the Cauchy problem of

ug + H(z,Du) <0 in Q x (0,00),
u+ H(z,Du) >0 in Q x (0,00),
’LL(,O) =f,

can be written (see [20, Eq. (5.1)]) as
u(z,t) = nf{f(y) +e(z,y,1) : y € Q}.

Lemma 3.1. (i) The function e is bounded below on Q0 x [0,00). (ii) e
is a lower semi-continuous function on Q° x [0,00). (iii) For each y € Q
the function u := e(-,y,-) is a solution of the state-constraint problem for
ug + H(z, Du) = 0 in Q x (0,00) in the sense of Barron-Jensen [4]. That
is, for any (z,t) € Q x (0,00) and ¢ € C1(Q x (0,00)), if u — ¢ attains a
minimum at (z,t), then

{ét(x’t) + H(JZ, D¢($,t))

= if x € Q,
o¢(x,t) + H(x, Dp(x,t)) >

0
0 ifxeof.

Remark 3.1. In the following presentation, we will not use the above
assertion (iii).

Proof. In this proof we set Q = Q% x (0,00). By the definition of d, we
have d(z,y) < e(z,y,t) for all (z,y,t) € Q, with ¢t > 0. Clearly, we have
d(z,y) < e(x,y,0) for all z,y € Q. Thus, e is bounded below on Q.

To see that e is lower semi-continuous on @, we fix any (x,y,t) € Q
and assume that there is a sequence {(x,yr,tx)tkeny C @Q such that
limg—oo(Tk, Yk, tx) = (x,y,t) and limg_ o e(xg, yr,tx) = e for some
ep € R. We choose a sequence of curves 7, € AC([0, t],Q) such that
for all k € N, v (tx) = zk, 7£(0) = yr and

1 b
e(Tr, Yr, tr) + > / L]
0

By using [18, Lemmas 6.3, 6.4], we deduce that there is a curve v €

AC([0,t],€) such that y(t) = z, v(0) = y and fot L[] < ep. Hence, we

get e(x,y,t) < eg, which shows the lower semi-continuity of e at (z,y,t).
We remark here that the variational problem

e(:z:,y,t) = lnf{/o L[’Y] HIOS AC([O7t]7ﬁ)57(t) = SC,’}/(O) = y}

has a minimizer for every (z,y,t) € Q.
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Next, we show that e is lower semi-continuous at points in Q x {0}.
Fix any R > 0 and a constant Cr > 0 so that H(x,p) < Ck for all (z,p) €
Q x B(0, R). Also, fix any y € 2. The function w(z,t) = R|z — y| — Cgrt of
(x,t) on Q x [0,00) is a subsolution of w; + H(z, Dw) = 0 in 2 x (0, 00).
Due to [20, Proposition 5.1], we obtain

mwmwammmn+ALm

for any ¢ > 0 and v € AC([0,¢],2). From this we get
e(z,y,t) > Rlx —y| — Crt  for all (z,y,t) € Q.
Thus, for any (x,y0) € ﬁz, we obtain

lim inf e(z,y,t) > R|zo — yol-
(z,y)—(x0,y0), t—0+

As R > 0 is arbitrary, we see that

lim inf e(r,y,t) > e(xo,y0,0).
gt o €@ u:1) 2 el@o,30,0)

This completes the proof of the lower semi-continuity of e on Q.

Now, we fix y € Q and set u(z,t) := e(z,y,t) for (z,t) € Q x (0,00).
Let ¢ € C1(Q2 x (0,00)) and assume that u — ¢ attains a strict minimum at
(z,f). We choose a minimizer v € AC([0,7],Q) for e(z,y,7), i.e., the curve
~ has the properties: y(#) = z, v(0) = y and

t
(.0 = [ L]
We need to show that
¢(2,t) + H(2, Dp(z,1)) 2 0 (3)
and also
¢i(z,1) + H(z,Dp(Z,1)) <0 if 7 € Q. (4)

We suppose the contrary of (3), i.e, ¢(Z,t)+ H(Z, D¢(Z,t)) < 0. We choose
an € € (0,1) so that ¢ (z,t) + H(z, Do(z,t)) <0in B(z,e) x [t — ¢, 1]. We
select T € [t — ¢, ) so that y(s) € B(Z,e) NQ for all s € [r, {] and either
T=t—¢cory(r) € 0B(z,¢) \ Q. We may assume by adding a constant to
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¢ that u(z,t) = ¢(Z,). Then we have u > ¢ on (9B(z,e)NQ) x [t —¢, U
B(z,e) x {t — ¢}. We observe that

¢(7(f)7f)—¢(7(7),7)=/ (@:(7(5),8) + Dd((s), 5) - ¥(s)) d's
S/ (0e(7(s),5) + H(y(s), Do(v(s),5)) + L(7(s),7(s))) dSS/ L[]

and therefore

u(@, ) = o(z,1) < ulx(r),7) + /

T

t

Ly = / L) = e(@, . ) = u(®. ).

This is a contradiction, which shows that (3) is valid.

We next prove inequality (4). We assume that Z € Q. We suppose,
contrary to (4), that ¢.(z,t) + H(z, D¢(z,t)) > 0. We choose an r > 0 so
that B(Z, r) C Q and ¢¢(x,t) + H(z, Dé(z,t)) > 0 in B(z,r) X [t, t + 7).
As before, we assume that u = ¢ at (Z,%). Note that u(z,t) > @(z,t)
if (z,t) # (z,1). As in the proof of [18, Theorem A.1], we find a curve
n € AC([¢, 7],Q), with < 7 < &+ r, such that for a.e. s € (£, 7),

Do(n(s), s) -n(s) = L(n(s),n(s)) + H(n(s), Dp(n(s),s)).

By replacing 7 by a smaller number (> t) if necessary, we may assume that
n(s) € B(z,r) for all s € [t,7]. We now compute that

u(n(r), ) > ¢(n(r),7)
= o(z,1) +/{ (@e(n(s),s) + H(n(s), Dp(n(s),s)) + L(n(s), n(s))) d s

T t T
@D+ [ L= [ L+ [ 2= uto(r). )

7 0 7
This is a contradiction, from which we conclude that (4) is valid. O
Lemma 3.2. (i) There is a constant Cy > 0 and for each (z,7) € Qx (0, 00)
a neighborhood V' of z, ralative to Q, such that

e(z,y,7+1t) < Co(t+t) foralax,yeV,t>0.

(ii) There are constants 71 > 0 and C1 > 0 such that e(x,y,71) < Cy for
all (x,y) € .
Proof. As noted before, there are constants § > 0 and C' > 0 such that

L(z,&) < C for all (z,£) € Q x B(0,9). (5)
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For any (z,t) € Q x (0,00), if we set y(s) := x, then

e(z, ) < / L] < Ct. (6)

0

We note that for any z,y,z € Q and t,s > 0,
e($7yat+8) < e(az,t)—l—e(z,y,s). (7)

We show that assertion (i), with Cy = C, holds. To see this, we fix 7 > 0
and z € Q. In view of (6) and (7), we need only to prove that there is a
constant p > 0 such that

e(z,y,7) < Cr forall z,y € B(z,p) N Q. (8)

According to [20, Lemma 4.2], there exists ( € C*°(Q,R") such that
x+e((x) € Q for all (z,e) € Q x (0, 1]. Choose a constant M > 0 so that
maxg || < M and 67 < 3M. Set t = 7/3 and n(x) = (6/M)((x) for x € Q.
Note that (§t/M) < 1 and maxgq || < ¢. In particular, we have  + sn(z) €
Q for all (z,s) € Q x (0,t]. Select » > 0 so that B(z + tn(z),r) C  and
also 2r < dt. Next, in view of the continuity of 7, we choose p > 0 so that
x +tn(z) € B(z +tn(z), r) for all x € B(z,p) N Q.

Fix any z,y € B(z,p) N Q. We define the curve v € AC([0, 7], Q)
by concatenating three line segments [y, ¢, [q, p] and [p, 2], where p :=
x +tn(z) and q :=y + tn(y), as follows:

y+ sn(y) for 0 < s <t
v(s) = q+@(p—q) for t < s < 2t,

x+ (3t —s)n(x) for 2t < s < 3t.

It is clear that v € AC([0, 7],Q), v(0) = y and v(7) = z. Noting that |p —
q|/t < 2r/t <4, we see that |y(s)| < 0 for a.e. s € (0, 7) and consequently

e(@,y,7) < / Liy < Cr,
0

which completes the proof of (i).

Next we show that assertion (ii) is valid. Let Cp > 0 be the constant
from assertion (i). According to assertion(i), for each z € Q, we may choose
an open neighborhood V, of z such that

e(r,y,1) < Co(1+t) forallz,yeV,NQ, t>0. (9)

By the compactness of €2, we may choose a finite points 21, ..., z, € € such
that {V., }é?:l covers ). We fix any x,y € Q. We use the connectedness of
Q, to see that there is a sub-family {W71, ..., W,,,} of {V., }, with m <k, such
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that z € Wy, y € Wy, and W; N W51 NQ #£ (O for all j =1,...,m — 1. We
select a sequence {xj}gn':_ll so that x; € W;NW,1NQforall j =1,...,m—1.
We observe by (9) and (7) that for any ¢ > 0,
6(1’,y, m+ t) < e(‘rvxla 1) + 6(%1,.%2, 1) +oeee 3(xm717y7 1+ t)
< Co(m +t).
Therefore, in general, we have
e(z,y, k) < Cok for all (z,y) € Q.
Thus, assertion (ii) is valid with 71 = k and C; = Cyk. O

Lemma 3.3. The function b is bounded, uniformly continuous on Q x R
and it is a solution of (D). Moreover we have for all (z,t) € Q x R,

b(x,t) = max{v(z,t) : v is a subsolution of (D)}. (10)

Proof. By Lemma 3.1 (i), the function e is bounded below. Therefore, we
see that b is bounded below on Q x R. Indeed, we have b(z,t) > infg2 d +
infaqxr ¢ for all (z,t) € Q x R.

Next, by Lemma 3.2 (ii), there are 7 > 0 and C; > 0 such that
e(r,y,m) < Oy for all z,y € Q. Note that

b(z,t) < inf{e(z,y,m) + g(y,t — 71) : y € 00}
< Cy+ sup g forall (x,t) € Q x R.
OO xR
Thus, the function b is bounded on Q x R.

Next, we show that b is the maximal solution of (D), i.e, we show that
(10) holds. We write u(x,t) for the right hand side of (10). According to
the proof of Theorem 2.1 (i) and Remark 2.1 (i), w is a solution of (D) and
u € BUC(Q). We regularize u by sup-convolutions in ¢ as follows. Let £ > 0
and set
£ s

2e

w (z,) = sup (u(m, 5) —

) for (z,t) € A x R.

seR

As is well-known, the function ¢ is a subsolution of u, + H(z, Du) = 0 in
Q x R and has the distributional first derivatives in L>(Q x R). Moreover
|uf(z,t) — u(z,t)| < w(e) for all (z,t) € Q x R, where w is a modulus. In
particular, we have u®(z,t) < g(z,t) + w(e) for all (z,t) € 92 x R. Let
(x,t) € @ x R and 7 > 0, and fix any v € AC([0, 7], ) such that (1) =
and v(0) € 992. We apply [20, Proposition 5.1], to get

W (2, 8) < u(y(0), £ — 7) + / Lb < g0t — 1) +w(e) + / "Lhl.

T
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from which we deduce that u®(z,t) < b(x,t) + w(e). Moreover, since € > 0
is arbitrary, we find that u < b on Q x R.

Now, let b* denote the upper semi-continuous envelope of b. If b* is
a subsolution of (D), then we have b* < u on € x R by the definition
of u, which implies that v = b. Thus we only need to show that b* is a
subsolution of (D). But, it is a classical observation (see [18, Theorem A.1])
that b* is a subsolution of vy + H(z, Dv) = 0 in Q x R. Hence, it is enough
to show that b* < g on 99 x R. We fix any (y,s) € 9Q x R and £ > 0.
Let Cy > 0 be the constant from Lemma 3.2 (i). We choose § > 0 so that
maX,c(s—24,s] 9(¥,7) < g(y,s) + € and Cyd < €. By Lemma 3.2 (i), there is
a neighborhood V' of y, relative to €2, such that

e(x,y,t) < Cot for all (z,t) € V x [§, 00).
For any (z,t) € V X [s — 0, s + ], we obtain
b(z,t) <e(z,y,0)+gly,t —0) < Cod + g(y,s) +e < g(y,s) + 2,

which ensures that b*(y, s) < g(y, s). Hence, b* < g on 9Q x R, and b* is a
subsolution of (D). |

The following two theorems are the main results in this section.
Theorem 3.1. Let u be a bounded solution of (D) on  x R. Set
u_(z) = ltlinl&f u(z,t)  forz €Q,
up(x) = inf{u_(y) +d(z,y): y€ A} forxzeQ.
Then
u(z,t) = uo(z) Ab(x,t)  for all (z,t) € QA x R. (11)

In the above theorem, if A = (), then ug(x) = oo for all z € Q and hence
(11) asserts that u = b on Q x R.

It is standard observations that wg(z) = u_(x) for all x € A and
u_(x) < ug(z) for all z € Q and that u_ is a solution of H(z, Du(x)) =0
in Q and wg is a solution of (SC). Here the convexity of H is essential to
conclude that u_ is a subsolution of H(z, Du) =0 in Q.

Theorem 3.2. Let u and ug be as in Theorem 3.1. Assume that
ltiinjg.lofg(m,t) = gglgg(x,t) for all x € 09. (12)
Then
u(z,t) = up(z) for all (z,t) € AxR.
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A consequence of the above theorem is that if g(z,t) is almost periodic
in t for every z € €, then condition (12) is satisfied and hence u(z,t) is
constant in ¢ for any x € A. In particular, if g is periodic, then any bounded
solution u(x,t) of (D) is constant in ¢ on the Aubry set A.

A general observation on (D) is that the value of any solution u €
C(2 x R) of (D) at (x,t) € Q x R is represented as

u(, 1) = inf{e(z,y,1 — ) + uly,s) : y € T
Ainf{e(z,y,t —7) +g(y,7) : y €0, s<T <t} (13)

where s € (—o0, t) is an arbitrarily fixed number. For a proof of this formula
we refer to [21, Theorems 4.1, 4.3].

Let v € C(Q) be a solution of (SC). A curve v € C((—o0, 0],Q) is said
to be extremal for v if, for any —oo < s <t < 0, 7 is absolutely continuous
on [s, t] and satisfies

Let a(v) denote the alpha-limit set of a curve v € C((—o0, 0],2). That is,

a(y) := {y € Q : there exists a sequence t; — oo such that v(—t;) — y}

= m ’Y((_Oo, tD

teR

Tt is easily checked by recalling (2) that if  is an extremal curve for some
solution of (SC), then a(y) C A.

Lemma 3.4. Assume that A # 0. Let ug be the function from Theorem
3.1. Let v be an extremal curve for ug. Let € > 0. Then there are a constant
70 > 0 and a neighborhood W of (), relative to 0, and for each x,y € W

a curven € AC([—, 0],Q), with 0 < 7 < 79, such that n(0) =z, n(—7) =y
and

0
/ Li] < &+ uo(x) — wo(y).

—T

Proof. By Lemma 3.2 (i) and the compactness of Q, we may choose con-
stants » > 0, 7 > 0 and, for each z € Q and z,y € B(z, r) N, a curve
¢ € AC([—, 0],9) such that £(0) = z, £(—7) = y and

/OT Li¢] < e.
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Here, since ug € C(Q), we may assume by replacing » > 0 by a smaller
positive number if necessary that |ug(z1) — ug(22)| < € if 21,20 € Q and
|z1 — 22| < 2r. Accordingly, we have

0
/ LE] < 2 + uo () — uo(y).

Now, we set K = a(y) X a(y). Note that K is a compact subset of .
Let (p, ) € K and consider the neighborhood V := (B(p,r)NQ) x (B(g, )N
Q) C Q° of (p, ¢). Fix any z,y € V. Since p,q € «a(y), we may choose
numbers 0 < ¢, < tg < 0o so that y(—t,) € B(p,r) and y(—t4) € B(g,r).
By the previous observation, there are curves & € AC([-, 0], Q) and
& € AC(—7, 0], ) such that & (0) = 2, & (—7) = 7(—t,), £2(0) = 1(—t,)
and &(—7) = y and such that

0
[ Lle <26+ unla) - wo(a ()

and
0
[ Llea) < 26+ wa(r(=) — uolo).

Next, we concatenate three curves &1, v and &2, to define the curve 7.
That is, we define the curve n € AC([—tpq, 0],Q), with t,, = 27 +t, — t,
by setting

&1(s) for —7<s<0,
n(s) =< y(s+7—1tp) for —7—t;+1t, <s<-—r,
La(s+ T+t —t,) for —tp, <s<—7—t,+1,.

The curve 7 has the properties: n(0) = z, n(—t,,) = y and

| " L= | OTL[@)] +f Lh)+ [ L&)

tp‘l
< de + up(x) — up(y).

For each (p,q) € K we fix t, and ¢, as above. Due to the compactness
of K, we may find a finite sequence {(p;,¢;)}; C K such that the family
{B(pi, r/2) x B(q;, r/2)} covers K. We choose a constant 6 > 0 so that

(a(y) + B(0,8)) x (a(v) + B(0,4)) Usz, x B(gi, 1),

and set W = (a(y) + B(0, §)) N €. Clearly, W is a neighborhood of a(v)
relative to Q. Also we set 70 = 27 + maxi<i<m(ty, — tp,). It now follows
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that for each (z,y) € W x W there is a curve n € AC([-t, 0],Q), with
0 <t < 79, such that (0) = z, n(—t) =y and

0
/ L[n] < 4e + up(z) — uo(y),

—t

which was to be proven. O

Lemma 3.5. Let 7 € R and set I = (—oo, 7). Let u,v € BUC(Q x I) be a
subsolution and a supersolution of (D) in Q x I, respectively. Assume that
u<vonAxI. Thenu<wv on§xI.

Remark 3.2. It follows from the above lemma that if A = () and if
u,v € BUC(Q x I) are a subsolution and a supersolution of (D) in Q x I,
respectively, then v < v on Q x R. In particular, if A = (), then problem
(D) has a ungiue solution in BUC(Q x R). For existence of such a solution
of (D), see Remark 2.1.

Proof. Fix any ¢ € (0, 1), and set u®(x,t) = u(z,t) — ¢ for (z,t) € Q x I.
There is a compact neighborhood K, of A, relative to 2, such that u® < v
on K. x I. (Needless to say, we take K. = () if A = (.) As a basic property
of the Aubry set, there is a function v € C(Q2) and, for each compact
neighborhood K of A, a constant 0x > 0 such that H(z, Dy(x)) < —dk in
Q\ K in the viscosity sense. For this property, see the proofs of [20, Theorem
3.3] and [12, Proposition 6.1]. We write é. for dx.. We may assume, by
adding a constant to 1 if necessary, that ¢)(x) +1 < infg, ;v for all x € Q,
so that ¥(x) < u(x,t) for all (z,t) € Q x I. Accordingly, the function
w(x,t) := ¥(x) is a solution of

w + H(z, Dw(z,t)) < =6, in (Q\ K.) x I,
{ w(z,t) < g(x,t) on (0Q\ K.) x I.

We may assume, by translation if necessary, that 7 < 0. Fix any A €
(0, 1) and choose a constant vy > 0 so that Ay < (1 — A)d.. For any
v € (0, vg) we define the functions 4 and z on  x I by setting

u™ (z,t) = u(x,t) + v,
z(z,t) = M (x,t) + (1 — Ny (z).

It is easily seen that u®” and z are, respectively, a solution of

{ uf” + H(z, Dut¥(z,t)) <v in (Q\ K.) x I,
u(z,t) < g(x,t) on (ON\ K.) x I
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and a solution of

2zt + H(x,Dz(z,t)) < Av—(1—=X)d. in (Q\ K,.) x I,
{ z(z,t) < g(xz,t) on (OQ\ K.) x I.

Note here that Av — (1 — A)d. < 0 and also that lim;—, o 2(z,t) = —oc0
uniformly for z € Q. Also, observe that

2(2,t) < max{u (x,t),y(x)} < u(x,t) for all (x,t) € Q x I.

Now, we choose a constant ¢, < T so that z(x,t) < v(z,t) for all Q x
(—00, t,]. We apply a comparison theorem to z and v on the set (Q\ K.) x
[t,, T), to find that 2 < v on (2\ K.) x [t,, 7). Hence we have z < v on
Q x I. That is, we have

Mu(z,t) —e+vt) + (1= N(z) < ov(x,t) forall (z,t) € Q x L.

Sending v — 0 and then € — 0, A — 1, we find that « < v on Q x I. O

Lemma 3.6. Assume that A # 0. Let u and ug be as in Theorem 3.1.
Then

u(x,t) <wg(z)  for all (z,t) € Q x R.

Proof. Fix any (z,t) € Q x R. There is an extremal curve v for ug such
that v(0) = z. See [20, Theorem 6.1] for existence of such a curve.

Fix any € > 0. Let 79 > 0 and W be those from Lemma 3.4. Fix a point
y € ay) and a sequence t; — oo such that lim;_ u(y,t —t;) = u_(y).
Note here that y € A and hence u_(y) = ug(y). By passing to a subsequence
if necessary, we may assume that y(—t;) € W, y(—t;+79) € W and ¢t; > 27
for all j € N.

We now assume that (A8). is satisfied. According to Lemma 3.4, for
each j € N there is a curve n; € AC([—7, 0],Q), with 0 < 7; < 79, such
that 7;(0) = v(—t;), nj(—7;) =y and

[ 1) <e+ub-6) - u)

_r;
For each j € N we fix 6; > 0 so that t; = (14 6;)(¢; — 7;). That is, we set
5j = Tj/(tj 7Tj). Define v € AC([*tj + 75, 0]75) and gj € AC([*tj, 0],5),
respectively, by v,(s) = v((1 + ;)s) and

5(8) o ’yj(S) if *tj+7'j SSSO,
J o T]j(S‘th*Tj) iffthS<*tj+Tj.
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Noting that &;(0) = x, {(—t; + 7;) = v(—t;) and &;(—t;) = y, we observe
that if j is large enough, then

/_Otj Lig) = /_iﬁn L] + /_: Lin;]

< uo(w) = wo(y(—4;)) + w1 (

) + &+ uo(r(—t;)) — uo(y)

-
= up(x) — uo(y) + Tjw1 (t J ) +e.
i

Here we have used the fact (see for instance [16, Lemma 4.4] and the proof
of [16, Theorem 4.3]) that for some modulus wy, if j is large enough, then

T

/0 L) < uo(@) = wo(r(—t;) + 7yr (77— ).

—tj+7; i
We combine the above with
0
uet) < [ 1G]+ ul(-t)t - )

to get

u(z,t) < up(z) —uo(y) + Tjws (t T ) +uly, t—t;) +e.

3T
Sending j — oo, we see that u(x,t) < ug(z) + €. Hence, we have u(z,t) <
uo(x).
We next assume that (A8)_ is satisfied. Thanks to Lemma 3.4, for each
j € N there is a curve n; € AC([—7;, 0],9), with 0 < 7; < 79, such that

n;(0) = y(—t; + 70), nj(—7;) =y and

/ Lins] < & + vo(y(~t; + 10)) — uo(y).

—Tj

For each j € Nweset d; = (r9o—7;)/(t;—7;), so that t;—m9 = (1—9;)(t; —75)

and 0; € (0, 1). Define v; € AC([—t; + 75, 0], Q) and &; € AC([—t;, 0],),
respectively, by 7;(s) = v((1 — 6;)s) and

v;(8) if —tj+7; <s<0,
§is) = .
ni(s+t;—m) i —t; <s<—t;+71y.

We note that &;(0) = z, &j(—t; + 7j) = v(—t; + 7o) and §;(—t;) = y, and
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observe as before that for some modulus wy, if j is large enough, then

/_Otj Lig) = /_Othm Lly;] + /_OTj Ln;]

< o) — un(y(~t; + 70)) + T (t; — T (22 )

j T

+e + uo(y(—t; +70)) — uo(y)

-
< up(x) —uoly) + Tow1< 0 ) + .
tj —Tj

Thus we get

0
u(e, 1) < / LIE] + ul(é; (—t;),t— )

—t;

< ug(x) —uo(y) +T0wl(t 0 ) +uy,t—t;)+e.

i =T

Sending j — oo, we conclude that u(z,t) < ug(x). |

Proof of Theorem 3.1. Assume first that A = (). Then b is the unique
solution of (D) and ug(z) = oco. Hence, we have u(x,t) = b(x,t) A ug(x) for
all (z,t) € Q x R.

Next we assume that A # (). Recall that u_(z) = ug(z) for all z € A,
that ug is a solution of (SC) and that b is a solution of (D). In particular,
b(z,t) < g(z,t) for all (x,t) € IQ x R. It is now easy to check that the
function v(x,t) := ug(z) A b(z,t) is a solution of (D). Furthermore, we find
from (10) or (13) that

u(x,t) < b(x,t) for all (x,t) € Q x R. (14)

According to Lemma 3.6, we have u(z,t) < ug(x) for all (x,t) € Q x R.
Hence, we see that lim; . u(x,t) = wug(z) for all x € A. Since u €
BUC(Q x R), by the Ascoli-Arzela theorem, we infer that the above con-
vergence is uniform for z € A. We now fix any € > 0 and choose a 7 € R
so that |u(x,t) — up(z)| < € for all (z,t) € A x (—o0, 7]. By (14), we see
that |u(z,t) —v(x,t)| < e for all (z,t) € A x (—o0, 7]. We apply Lemma
3.5, to observe that |u(x,t) — v(z,t)| < e for all Q x (—oc, 7]. Moreover,
we apply a comparison theorem for the initial-boundary value problem for
(D) in Q x (7, 00), with initial data u(-,7) and v(-, 7) £ €, to conclude that
lu(z,t) — v(z,t)| < e for all (z,t) € Q x R. Finally, noting that e > 0 is
arbitrary, we complete the proof. O
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Proof of Theorem 3.2. We set
g—(z) := ltiminfg(%t) = gnﬂgg(%t) for z € 091,
——00 €
and note that

tinﬂg b(z,t) = inf{d(x,y) + g—(y) : y € 0N} for all z € Q. (15)
€

Indeed, we see immediately that
tirelﬂiéb(x,t) > inf{e(z,y,7) + g-(y) : y € 09, 7 > 0}
= inf{d(z,y) + g_(y) : y € 90} for all z € Q.

On the other hand, for any € > 0, y € 9Q and z € Q, there are 7 € R and
o > 0 such that g_(y) > —e + g(y,7) and d(z,y) > —¢ + e(x,y,0). Then,

d(z,y) +9-(y) > —2e +g(y,7) + e(z,y,0)
> 2e+blx,T+0)> -2+ tinﬂg b(x,t).
€

Thus, (15) holds.
Next we show that

lim inf b(z,t) = inf{d(z,y) + g_(y) : y € 9Q} for all z € Q. (16)

t——o0

In view of (15) we need only to show that

lim inf b(z,t) < inf{d(z,y) +g-(y) : y € 90} for all z € Q. (17)
——00

For any (z,y,g) € Qx90Qx(0,00), there are a 7 > 0 and a sequence {t;} C R
diverging to —oo such that d(z,y) > —e+e(x,y, 7) and g_(y) > —e+g(y, t;)
for all j. Adding these two yields

d(.ﬁ,y) +g—(y) > —2€—|—e(x,y,7) +g(y7t]) Z _25+ b(.]?,T +t])

for all j, which guarantees that (17) is valid.
Now, by Theorem 3.1 and (16) we see that

u_(z) < ltim inf b(x,t) = znﬂg b(z,t) for all z € Q.
——00 €
Consequently, we find by Theorem 3.1 again that for any = € A,
u(z,t) = up(z) A bz, t) = up(x),

which was to be shown. O
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