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Abstract. For equivariant maps from a compact homogeneous space into an adjoint orbit of a

compact Lie group, it is shown that the energy function is the restriction of a quadratic function
on the Lie algebra, providing the orbit has the metric induced from the Lie algebra. This is related
to similar functions studied by R. Bott (An application of the Morse theory to the topology of
Lie groups, Bull. Soc. Math. France 84, 251–281 (1956)) and by F. C. Kirwan (Cohomology of

Quotients in Symplectic and Algebraic Geometry, Math. Notes 31, Princeton University Press,
1984). One obtains a simple version of the harmonic map equation, and an identity relating the
energy and the square of the norm of the moment map. Several applications are given, including
an example which illustrates how a change of metric in a flag manifold affects the harmonicity of

equivariant maps from the two–sphere to the flag manifold.

This paper is an investigation of the critical point theory of a class of geometrically interest-
ing real–valued functions on homogeneous spaces. Let G1 be a compact Lie group acting on a
homogeneous space G2/H2 via a homomorphism θ : G1 → G2 (thus : g1 · g2H2 = θ(g1)g2H).
To each point α ∈ G2/H2 we assign the energy of the orbit G1 · α. More precisely, if H1 is a
subgroup of G1 such that H1 · α = α, then we have an induced map

fα : G1/H1 → G2/H2, g1H1 7→ g1 · α

and we consider the real–valued function

E : α 7→
∫

‖dfα‖2

where the integral is defined using given (invariant) Riemannian metrics on G1/H1 and
G2/H2. If α is a critical point, the corresponding map fα is a harmonic map; conversely, any
equivariant harmonic map from G1/H1 to G2/H2 is of the form fα, for some critical point α.

Our main results apply to the case where G2/H2 is a generalized flag manifold, i.e., where
H2 is the centralizer of a torus in a compact Lie group G2 or, equivalently, where G2/H2

occurs as an orbit Ad(G2)γ of the adjoint representation Ad : G2 → Aut(g2). For any
invariant Riemannian metric on G1/H1, and for the natural invariant Riemannian metric on
G2/H2 which is induced by the embedding Ad(G2)γ → g2, the “energy function” E has very
nice properties. It is closely related to the “distance function” on G2/H2 studied by R. Bott
in [2], and to the “square of the norm of the moment map” on G2/H2 (and on more general
symplectic manifolds) studied by F. Kirwan in [7].

From the point of view of the theory of harmonic maps, the maps fα are a very restrictive
class, and one might expect the main benefit from a study of the function E to be a collection
of examples and counterexamples. However, evidence suggests that in some of the situations
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currently of interest to mathematicians and physicists, there are sufficiently many of the
simple maps fα that their behaviour reflects quite well the behaviour of general harmonic
maps. This was demonstrated in [5] in the case of maps from S2 to CPn. In addition, for
maps from S2 to more general homogeneous spaces, experimentation with equivariant maps
has sometimes led to conjectures about general maps. So part of the motivation for the
present paper stems from the hope that the examples presented here will be of use in this
direction.

In §1, we give the (purely algebraic) condition for a map fα to be harmonic. This is a
slight generalization of the corresponding formula in [5], and is obtained by calculating the
second fundamental form. In this section we prefer to think of the basic objects as the groups
H1, G1,H2, G2, and the homomorphism θ : G1 → G2, and to state results for the induced
map

fθ : G1/H1 → G2/H2.

This corresponds to choosing α to be the canonical basepoint (the identity coset) of G2/H2,
and causes no loss of generality as fα may be put in this form by replacing H2 by a conjugate
subgroup. We refer to fθ as a homogeneous map, to indicate its canonical status amongst the
equivariant maps. In [5], examples of homogeneous harmonic maps were given, in the case
where H1 was a maximal torus of G1 and G2/H2 was a complex Grassmanian or projective
space. It was found that some of these maps could be “skewed” to produce large families
of (not necessarily homogeneous) harmonic maps. Independently, Y. Ohnita (see [10]) has
given many non–trivial examples of homogeneous harmonic maps from homogeneous spaces
G1/H1 into complex projective spaces. In §2 we diverge from [5] by introducing the energy
function E, or rather, several energy functions. The point of this is that if one wants to
consider maps G1/H1 → G2/H2 for a fixed choice of H1, then the whole of G2/H2 may
not be the appropriate domain for E. It turns out, however, that the choice of H1 is not
really important (proposition 2.2), so one might as well take H1 to be the identity subgroup
and study E : G2/H2 → R. In §1 and §2, the homogeneous space G2/H2 is not necessarily
compact.

The main results are in §3, where we take G2/H2 to be a generalized flag manifold. For
example, if G2 is the unitary group UN , G2/H2 would be equivalent to a space F (m1, . . . ,mk)
of “flags” of the form

{0} ⊂ Lm1 ⊂ · · · ⊂ Lmk
= CN

where each Li is a linear subspace of CN of dimension i). The invariant metric on G1/H1

does not play an important role. We usually take that given by a bi–invariant metric on G1

(partly for convenience, and partly because one of the main examples is where G2/H2
∼= S2,

on which all invariant metrics coincide, up to scalar multiples). On the other hand, we take
the “induced” metric on G2/H2 = Ad(G2)γ. This is a non-trivial restriction, as it excludes
the Kähler metrics and the metrics given by bi–invariant metrics on G2 (unless G2/H2 is
isotropy irreducible). However, the set of induced metrics on G2/H2 (given by various choices
of γ) spans the set of all invariant metrics on G2/H2. Hence, as the condition for a map to
be harmonic is linear in the metric, harmonicity with respect to a class of induced metrics in
general forces harmonicity with respect to a much larger class of invariant metrics.

With these choices, we show (in proposition 3.2) that E may be written in the form

E(α) =< α,C(ad θ)α >
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where C(ad θ) is the Casimir operator of the representation ad θ of g1 on g2. This is reminis-
cent of the “distance function” of [2] and the “square of the norm of the moment map” ‖µ‖2

of [7], and indeed the critical point theory of these two functions turns out to be related to
that of E. Then we give two methods of finding the critical points of E. First (see theorem
3.3) we observe that the harmonic map equation may be written in the form

[α,C(ad θ)α] = 0,

and so the task of finding the solutions reduces to analysing the operator C(ad θ) on g2.
Second (see theorem 3.5), in the case where G2 = UN , we establish an identity

E(α)+(1/N)‖µ(α)‖2 =

− 4Ntr(α2C(θ)) + 2Ntr(∧2αC(θ)′) + 2Ntr(∧2αC(θ)′′) − 2Ntr(∧2αC(∧2θ))

relating E, ‖µ‖2, and various Casimir operators. This allows results from [7] on ‖µ‖2 to be
used. (The restriction to UN is made only because the identity is simpler in this case, and we
have no applications of the general case. In fact, the methods of this section extend to the
more general situation where G2/H2 is an orbit of the isotropy representation of a symmetric
space.)

In §4 we give various applications of the results of §3. One of the main applications of
the first method is to the case of maps fθ : S2 → F (m1, . . . ,mk), where computations are
quite feasible. In general, very little is known about harmonic maps in this situation (see
[9] for some recent work), except when k = 2 and F (m1, . . . ,mk) is just a Grassmannian or
projective space (see [3]). However, since the equation [α,C(ad θ)α] = 0 may be solved in
uN , without reference to the flag manifold, we are able to do some new experimental work
on the dependence of harmonicity on the choice of metric. For instance, in example 2 we
show that there is a fundamental set of points, which are critical whatever induced metric is
used on F (m1, . . . ,mk). For special induced metrics (on the same flag manifold), the critical
set is larger (see example 3). (This phenomenon is not observed when k = 2 because in this
case all induced metrics are the same, up to scalar multiples.) The second method is most
effective in the special situation where θ is irreducible and either ∧2θ is irreducible or ∧2γ = 0
(proposition 4.6). Then E and ‖µ‖2 have exactly the same critical points, and these critical
points can be read off from [7]. Examples 4 and 5 illustrate this procedure. The identity
relating E and ‖µ‖2 can still be used to give information in more general situations, as we
show in examples 6 to 8.

I wish to thank the Alexander von Humboldt Stiftung for support, as well as Professor
Hirzebruch and the Max Planck Institut für Mathematik for their hospitality. I am grateful
to Y. Ohnita and U. Pinkall for helpful comments.
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§1 Generalities on homogeneous harmonic maps

By a homogeneous map we mean a map

fθ : G1/H1 → G2/H2

induced by a homomorphism θ : G1 → G2 of (compact, connected, semisimple) Lie groups,
where H1(⊆ G1),H2(⊆ G2) are closed subgroups satisfying θ(H1) ⊆ H2. We wish to investi-
gate the conditions for which fθ is harmonic, i.e. satisfies the Euler–Lagrange equation

tr∇dfθ = 0

for the energy functional E(f) =
∫
‖df‖2. For notational convenience, we shall always nor-

malize the energy so that E(1) = 1 from now on. The following version of the harmonicity
condition may be obtained by direct calculation of ∇dfθ, the second fundamental form of fθ

(we refer to [5] for a fuller explanation) :

Proposition 1.1 Let G1/H1, G2/H2 have invariant metrics 〈 , 〉1, 〈 , 〉2, with
associated Riemannian connections Λ1,Λ2. Let X1, . . . , Xm form an orthonormal basis of
m1 = ToG1/H1. Then fθ is harmonic if and only if

m

Σ
i=1

{[θ(Xi)h2 , θ(Xi)m2 ] + Λ2(θ(Xi)m2 , θ(Xi)m2) − θ(Λ1(Xi, Xi))m2} = 0

where, for X ∈ g2, X = Xh2 + Xm2 denotes the usual decomposition with respect to the
Killing form. ¤

The endomorphism Λi : mi ⊗ mi → mi is given by the well–known formulae (see [8], volume
II, chapter 10, §3)

Λi(X,Y ) = 1
2 [X,Y ]mi + Ui(X,Y )

2〈Ui(X,Y ), Z〉i = 〈X, [Z, Y ]mi〉i + 〈Y, [Z,X]mi〉i.

Now, we have 〈X,Y 〉i = 〈X,TiY 〉 for some positive definite, symmetric, Hi–equivariant
linear transformation Ti on mi, where 〈 , 〉 denotes “minus the Killing form” on each of g1, g2.
From the definition of Ui, we obtain

Ui(X,X) = T−1
i [X,TiX]mi .

For any symmetric linear transformation T , the trace
m

Σ
i=1

[Xi, TXi] of the bilinear map (X,Y ) 7→
[X,TY ] is zero. Assembling these facts, we see that the condition of proposition 1.1 may be
written as

m

Σ
i=1

{[θ(Xi)h2 , θ(Xi)m2 ] + T−1
2 [θ(Xi)m2 , T2θ(Xi)m2 ]} = 0.
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Applying T2 and using the fact that T2 commutes with ad Z for any Z ∈ h2, we obtain finally
the simple condition

m

Σ
i=1

[θ(Xi), T2θ(Xi)m2 ]m2 = 0.

We shall derive this in a more elementary fashion in §2 (proposition 2.3). For the moment,
however, we note that in the important case where 〈 , 〉2 = 〈 , 〉 (so that T2 = I and U2 = 0),
the condition reduces further:

Corollary 1.2 If G2/H2 has the standard metric 〈 , 〉 (minus the Killing form), fθ is

harmonic if and only if
m

Σ
i=1

[θ(Xi)h2 , θ(Xi)m2 ] = 0. ¤

From these formulae, it is clear that a crucial ingredient is the isotropy representation for
the target homogeneous space G2/H2. Moreover, the subgroup H1 of G1 plays no essential
role. We shall see in §2 how H1 may be disposed of, not just for the reference metrics but for
arbitrary invariant metrics.
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§2 An alternative approach via the energy functional

In order to elucidate the harmonicity condition of §1 further, we shall adopt a different
approach by dealing directly with the energy functional. According to the principle of sym-
metric criticality (see [11]), applied to the action of G1 on the space of maps G1/H1 → G2/H2,
fθ is a critical point of the energy functional (i.e., harmonic) if and only if it is a critical point
of the restriction of the energy functional to the space of equivariant maps. In other words,
fθ is harmonic if and only if o ∈ G2/H2 is a critical point of the real–valued function

G2/H2 → R, xH2 7→ E(fx
θ )

where fx
θ : G1/H1 → G2/H2 is given by fx

θ (g1H1) = θ(g1)xH2 (for g1 ∈ G1). Thus, the
problem reduces to consideration of a function on a finite dimensional space. It is useful to
introduce the following three functions, in fact:

Definition 2.1 Let G2/H2 have a fixed Riemannian metric. Let m1 have an H1–invariant
inner product, and choose an H1–invariant inner product for h1. (Thus, g1 = h1⊕m1 acquires
an H1–invariant inner product.)

(1) EH1 : G2/H2 → R is the function which associates to xH2 the (normalized) energy of
the map H1 → G2/H2, h 7→ θ(h)xH2.

(2) EG1 : G2/H2 → R is the function which associates to xH2 the (normalized) energy of
the map G1 → G2/H2, g 7→ θ(g)xH2.

(3) Let Xθ denote the set of fixed points for the action of H1 on G2/H2 via θ. (This may
be identified with the space of equivariant maps G1/H1 → G2/H2.) Then EG1/H1 : Xθ → R
is the function which associates to xH2 the (normalized) energy of the map fx

θ : G1/H1 →
G2/H2, gH1 7→ θ(g)xH2.

Using the fact that dfθ(X) = θ(X)m2 for X ∈ m1, it is easy to see that

EG1(xH2) =
n

Σ
i=1

〈τ(x)θ(Yi), τ(x)θ(Yi)〉2

where Y1, . . . , Yn form an orthonormal basis of g1, and where τ : G2 → Hom(g2,m2) is given
by τ(x)X = Adx−1(XAdxm2) = (Adx−1X)m2 . Similarly, if Z1, . . . , Zh form an orthonormal
basis of h1, and if X1, . . . , Xm form an orthonormal basis of m1, then

EH1(xH2) =
h

Σ
i=1

〈τ(x)θ(Zi), τ(x)θ(Zi)〉2

EG1/H1(xH2) =
m

Σ
i=1

〈τ(x)θ(Xi), τ(x)θ(Xi)〉2

The next elementary observation allows us to study EG1 : G2/H2 → R instead of EG1/H1 :
Xθ → R.

Proposition 2.2 A point xH2 ∈ Xθ is a critical point of EG1/H1 : Xθ → R (i.e., fx
θ is

harmonic) if and only if it is a critical point of EG1 : G2/H2 → R.

Proof. By definition of Xθ, x−1θ(H1)x ⊆ H2, so we have θ(h1) ⊆ Adxh2. Hence EH1 = 0
on Xθ, and EG1 agrees with EG1/H1 on Xθ. By the principle of symmetric criticality, applied
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to the action of H1 on G2/H2, EG1 and its restriction EG1/H1 + EH1(= EG1/H1) to Xθ have
the same critical points on Xθ. ¤

Since H1 is compact and acts by isometries, Xθ is a totally geodesic submanifold of G2/H2

(see [11]). In general, Xθ will be a rather small subspace of G2/H2, so the proposition may
not seem much of a simplification. However, Xθ may be difficult to identify, in which case it
is easier to deal with EG1 on G2/H2 rather than EG1/H1 on Xθ. In addition, we have reduced
the study of all the functions EG1/H1 (as H1 varies) to the study of the single function EG1 .

A cautionary remark should be made at this point. In general, the set Xθ, of fixed points of
H1 on G2/H2, neither contains nor is contained in the set of points of G2/H2 whose G1–orbit
is isomorphic to G1/H1 (i.e. is “of type G1/H1”). Thus, we are proceeding along different
lines than did W. Y. Hsiang in [6], where the set of orbits of a fixed type was considered.

An important special case, however, is when H1 is a maximal torus T1 of G1. Since all
maximal tori of G1 are conjugate, any point yH2 ∈ G2/H2, whose G1–orbit is of type G1/T1,
is necessarily of the form θ(g)xH2 for some g ∈ G1 and some xH2 ∈ Xθ. Thus, any orbit of
type G1/T1 intersects Xθ, and so the study of such orbits does – in this special case – reduce
to the study of Xθ.

We shall now derive the condition for a homogeneous map to be harmonic, by finding the
critical points of EG1 , using local coordinates provided by the exponential map.

Proposition 2.3 Let G1/H1, G2/H2 have invariant metrics 〈 , 〉1, 〈 , 〉2. Let X1, . . . , Xm

form an orthonormal basis of m1 = ToG1/H1. Then the map fθ : G1/H1 → G2/H2 (induced
by θ : G1 → G2) is harmonic if and only if

m

Σ
i=1

[θ(Xi), T θ(Xi)m2 ]m2 = 0

(where T is the positive definite symmetric H2–equivariant transformation such that 〈X,Y 〉2 =
〈X,TY 〉).

Proof. By proposition 2.2, all we have to do is find the condition for o ∈ G2/H2 to be a
critical point of EG1 : G2/H2 → R, where

EG1(xH2) =
n

Σ
i=1

〈(Adx−1θ(Yi))m2 , (Adx−1θ(Yi))m2〉2.

To do this, we may use a local chart at o ∈ G2/H2 provided by the exponential map. Writ-
ing x = exp tZ we see that o is critical if and only if d/dt EG1(exp tZ H2) = 0 at t = 0
(for all Z ∈ m2). Since Adx−1 = Ad exp(−tZ) = e− ad tZ = I − t adZ + o(t), the con-
dition is Σ〈[Z, θ(Yi)], θ(Yi)m2〉2 = 0. Hence,by the formula 〈X,Y 〉2 = 〈X,TY 〉 we have
Σ〈[Z, θ(Yi)], T θ(Yi)m2〉 = 0, i.e., (since 〈 , 〉 is ad–invariant) Σ〈Z, [θ(Yi), T θ(Yi)m2 ]〉 = 0
for all Z ∈ m2. Since 〈 , 〉 is non–degenerate, the stated formula follows. ¤

For example, let G2/H2 be the flag manifold F (m1, . . . ,mk), i.e. the space of sequences
{0} ⊂ Lm1 ⊂ · · · ⊂ Lmk

= CN of subspaces of CN (with dimLi = i). This is obtained by
taking G2 = SUN and H2 = S(UN1×· · ·×UNk

) with Ni = mi−mi−1. Then TF (m1, . . . ,mk)⊗
C may be identified with Σ

i6=j
Lij where Lij = Hom(L⊥

mi−1
∩Lmi , L

⊥
mj−1

∩Lmj ) and where Lmi

is the tautologous vector bundle whose fibre over the flag {0} ⊂ Lm1 ⊂ · · · ⊂ Lmk
= CN is
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Lmi
(our use of Li for a bundle or a subspace is unlikely to cause serious confusion). For any

choice of positive real numbers rij (1 ≤ i 6= j ≤ k) with rij = rji, one obtains an invariant
metric denoted 〈 , 〉 on F (m1, . . . ,mk), by defining 〈X,Y 〉r = rij〈X,Y 〉 for X,Y ∈ Lij or
Lji. Moreover, any invariant metric 〈 , 〉2 on G2/H2

∼= F (m1, . . . ,mk) is of the form 〈 , 〉
for some r (see [5] for a discussion of the geometry of F (m1, . . .mk)). If we choose a fixed
flag {0} ⊂ Em1 ⊂ · · · ⊂ Emk

= CN corresponding to the basepoint o ∈ G2/H2, then we may
identify m2 ⊗ C = (ToG2/H2) ⊗ C with the subspace Σ

i6=j
Eij of Hom(CN , CN ). Moreover, if

an element X ∈ g2 ⊗ C is identified in the standard way with a (skew–Hermitian, traceless)
element of Hom(CN , CN ), then the component of X in m2 ⊗ C (which we denote by Xm2⊗C
or just by Xm2) is identified with Σ

i6=j
piXpj in Hom(CN , CN ) where pi : CN → E⊥

mi−1
∩ Emi

denotes orthogonal projection.

Corollary 2.4 Let G1/H1 have any invariant metric, and let X1, . . . , Xm be an orthonor-
mal basis of m1 = ToG1/H1. Let G2/H2

∼= F (m1, . . . ,mk) have the general invariant metric
〈 , 〉 described above. Then the map fθ : G1/H1 → F (m1, . . . ,mk) (induced by a unitary
representation θ of G1) is harmonic if and only if

m

Σ
i=1

paθ(Xi)( Σ
c6=a

rcapc − Σ
c6=b

rcbpc)θ(Xi)pb = 0

for all 1 ≤ a 6= b ≤ k.

Proof. We have 〈X,Y 〉r = 〈X,TY 〉 where T is multiplication by rij on Eij and Eji. Hence
the condition of proposition 2.3 is that the m2 ⊗ C–component of

m

Σ
i=1

[ Σ
a6=b

paθ(Xi)pb, Σ
a6=b

rabpaθ(Xi)pb]

be zero. This gives the required formula. ¤

When 〈 , 〉 is the reference metric 〈 , 〉 on F (m1, . . .mk), so that rij = 1 for all i, j, the
harmonic map condition of 2.2 simplifies to

m

Σ
i=1

paθ(Xi)(pa − pb)θ(Xi)pb = 0.

This gives an alternative proof of theorem 3.4 of [5].
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§3 Maps into generalized flag manifolds : properties of the energy

Let G2/H2 be a generalized flag manifold, that is, let G2 be a compact connected semisimple
Lie group with H2 equal to the centralizer of a torus subgroup S2(∼= S1×· · ·×S1) of G2. It is
well known that a choice of generator of S2 corresponds to a choice of γ ∈ s2 (the Lie algebra
of S2) whose isotropy subgroup under the adjoint action of G2 is precisely H2. Thus, G2/H2

is realized as the orbit Ad(G2)γ of γ under Ad. We shall use this additional information to
derive a more explicit harmonicity condition than that in §2.

Under this identification of G2/H2 with Ad(G2)γ, the basepoint o ∈ G2/H2 corresponds
to γ ∈ Ad(G2)γ and, more generally, a coset xH2 corresponds to α = Adxγ. We have
h2 = Ker ad γ and m2 = Imad γ and, more generally, we define

hα
2 = Ad(x)h2 = Ker adα

mα
2 = Ad(x)m2 = Imad α

(note that ad α = (Ad x)(ad γ)(Ad x−1)). We continue to write h2,m2 for hγ
2 ,mγ

2 , however.
With respect to 〈 , 〉, hγ

2 and mγ
2 are orthogonal, and hγ

2 ⊕ mγ
2 = g2. Finally, since adα|mα

2

is an isomorphism onto mα
2 , we have the following formulae for the orthogonal projection

pα : g2 → mα
2 :

pα = (ad α|mα
2
)−1 adα = (Ad x)(pγ)(Ad x−1).

By proposition 2.2, all homogeneous harmonic maps G1/H1 → G2/H2 are determined by
the critical points of the function EG1 : G2/H2 → R. We shall now write this as a function
of α = Adxγ. If T ∈ End(m2) is the H2–equivariant transformation defining the metric
of G2/H2, then the corresponding xH2x

−1–equivariant transformation (Ad x)T (Ad x−1) ∈
End(mα

2 ) will be denoted Tα.

Proposition 3.1 Let G2/H2 have the invariant metric 〈 , 〉2, where 〈X,Y 〉2 = 〈X,TY 〉.
Then for any α ∈ Ad(G2)γ (= G2/H2),

EG1(α) =
n

Σ
i=1

〈θ(Yi), Tαθ(Yi)mα
2
〉

= 〈α,U(α)〉

where U(α) =
n

Σ
i=1

ad θ(Yi)(ad α|mα
2
)−1Tα(ad α|mα

2
)−1 ad θ(Yi)α.

Proof. The first expression follows directly from the formula

EG1(xH2) =
n

Σ
i=1

〈Adx−1(θ(Yi))Ad xm2 ,Adx−1(θ(Yi))Ad xm2〉2 of §2. To obtain the second

formula we use the earlier expression for the projection pα onto mα
2 , namely pα = (ad′ α) ad α,

where ad′ α (to simplify notation) denotes (ad α|mα
2
)−1. Thus:

EG1(α) =
n

Σ
i=1

〈(Ad x−1)(ad ′α)(ad α)θ(Yi), (Ad x−1)(ad ′α)(ad α)θ(Yi)〉2

=
n

Σ
i=1

〈(ad ′α)(ad α)θ(Yi), Tα(ad ′α)(ad α)θ(Yi)〉

= −
n

Σ
i=1

〈[θ(Yi), α], (ad ′α)Tα(ad ′α)[θ(Yi), α]〉

=
n

Σ
i=1

〈α, [θ(Yi), (ad ′α)Tα(ad ′α)[θ(Yi), α]〉
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as required. ¤

The expression U(α) is rather complicated, but it simplifies considerably in the case where
〈 , 〉2 is taken to be the metric on G2/H2 which is induced from the inner product 〈 , 〉 on
g2, via the embedding G2/H2 = Ad(G2)γ ⊆ g2. We shall call this metric the induced metric,
and denote it by 〈 , 〉γ .

Proposition 3.2 Let G2/H2 have the induced metric 〈 , 〉γ . Then for any α ∈ Ad(G2)γ =
G2/H2,

EG1(α) = −〈α,
n

Σ
i=1

ad θ(Yi)2α〉 = 〈α, (ad θ)(ad θ)∗α〉 = ‖(ad θ)∗α‖2

where (ad θ)∗ : g2 → g1 ⊗ g2 is the adjoint of the linear transformation ad θ : g1 ⊗ g2 →
g2, X ⊗ Y 7→ ad θ(X)Y , with respect to the given inner product on g1 and 〈 , 〉 on g2.

Proof. By definition of the induced metric, we have 〈X,Y 〉γ = 〈(ad γ|m2)X,
(ad γ|m2)Y 〉 for any X,Y ∈ m2. (The derivative at the identity coset of the inclusion G2/H2 =
Ad(G2)γ ⊆ g2 is precisely ad γ|m2 .) Hence 〈X,Y 〉γ = 〈X,TY 〉 with T = −(ad γ|m2)

2. Now,
Tα = Ad x T Adx−1 = −(Ad x ad γ|m2 Adx−1)2 = −(ad α|mα

2
)2, so in the formula of 3.1,

U(α) = −Σad θ(Yi)2α. This gives the first expression above. To obtain the second (and
third), note that

(ad θ)∗α = Σ
i

Σ
j
¿ (ad θ)∗α, Yi ⊗ Zj À Yi ⊗ Zj

(where the Zj ’s form an orthonormal basis of g2 with respect to 〈 , 〉 and ¿,À denotes the
inner product on g1 ⊗ g2)

= Σ
i

Σ
j
〈α, ad θ(Yi)Zj〉Yi ⊗ Zj

= −Σ
i

Yi ⊗ ad θ(Yi)α.

Hence (ad θ)(ad θ)∗α = −Σ
i

ad θ(Yi)2α. ¤

Theorem 3.3 Let G1/H1 have any invariant metric, and let the generalized flag manifold
G2/H2 have the induced metric 〈 , 〉γ . Let X1, . . . , Xm form an orthonormal basis of m1 =
ToG/H. Then the map fθ : G1/H1 → G2/H2 (induced by θ : G1 → G2) is harmonic if and
only if

[γ,
m

Σ
i=1

(ad θ(Xi))2γ] = 0.

Proof. Since T = −(ad γ|m2)
2 (from the proof of proposition 3.2), the condition of proposi-

tion 2.3 reduces to Σ[θ(Xi), (ad γ)2θ(Xi)]m2 = 0. The desired condition follows from this by
a short calculation making use of the Jacobi identity. ¤

Proposition 3.2 shows that EG1 : Ad(G2)γ (= G2/H2) → R extends naturally to a quadratic

function
∼
EG1 : g2 → R. We shall now take the point of view that this function

(∗)
∼
EG1(α) = 〈α, (ad θ)(ad θ)∗α〉
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is the fundamental energy function, whose critical points, subject to the “constraint” α ∈
Ad(G2)γ, are to be computed. According to theorem 3.3, these critical points are given by
the equation

(∗∗) [α, (ad θ)(ad θ)∗α] = 0

(the sum over X1, . . . , Xm in theorem 3.3 may be replaced by the sum over an orthonormal
basis Y1, . . . , Yn of g1 obtained by adjoining to X1, . . . , Xm an orthonormal basis of h1).

One feature of this formulation is that it makes the derivation of (∗∗) from (∗) quite
straightforward. Indeed, if A : g2 → g2 is any homogeneous polynomial function of degree
k, then the gradient of the function f(α) =< α,A(α) > is ∇f(α) = A(α)+ < α,∇A(α) >=
A(α) + kA(α) (by Euler’s identity). It is well known that the tangent space to the orbit
Ad(G2)γ at α is α+Ker ad α. Hence α is a critical point of the restriction of f to Ad(G2)γ if
and only if [α,A(α)] = 0. The derivation of (∗∗) from (∗) is an example of this with k = 1. A
more important remark is that functions of the form f(α) = 〈α,A(α)〉 have already played a
significant role in the literature. The following two examples will be of use to us in studying
the energy function.

Definition 3.4 Let θ : G1 → G2 be a homomorphism and let G2/H2 = Ad(G2)γ be a
generalized flag manifold as above. Then

(1) the distance function f ε : Ad(G2)γ → R is defined by f ε(α) = 〈α, ε〉, for any ε ∈ g2,
and

(2) the square of the norm of the moment map ‖µ‖2 : Ad(G2)γ → R is defined by
‖µ(α)‖2 = 〈α, θθ∗α〉, where θ∗ : g2 → g1 is the adjoint (with respect to 〈 , 〉) of
θ : g1 → g2.

The distance function, so named because it is essentially the same as the function α 7→
‖α − ε‖2 on Ad(G2)γ, was originally studied by R. Bott in [2]. Its critical points are given
by Ad(G2)γ ∩ Ker ad ε. Now, standard Lie theory (see [1]) shows that Ad(G2)γ ∩ Ker ad ε is
the orbit of the finite set Ad(G2)γ ∩ t2 under C(Tε), where t2 is any Cartan subalgebra of
g2 containing γ and ε, and C(Tε) is the centralizer of the torus Tε (that is, Tε is the closure
of exp(Rε)). The set Ad(G2)γ ∩ t2 is the orbit of γ under the Weyl group WG2 . It follows
that the critical points of f ε form a union of homogeneous spaces of the connected group
C(Tε), and may be indexed by the finite set WC(Tε) \ WG2/WC(H2). In the case where ε is
regular, so that Tε = T2, this was used by Bott to obtain the Betti numbers of generalized
flag manifolds (via Morse theory). The second example, so named because the function
µ = θ∗|Ad(G2)γ : Ad(G2)γ → g1 is (up to a scalar multiple) the moment map for the symplectic
action of G1 on Ad(G2)γ, was studied more recently by F. Kirwan in [7]. Its critical points
are given by [α, θθ∗α] = 0; a more explicit description of them (from [7]) will be stated later in
proposition 4.7. Kirwan used this (again via Morse theory) to obtain the Betti numbers of the
“symplectic quotient” (or “Marsden–Weinstein reduction”) µ−1(0)/G1, which is important in
algebraic geometry.

From now on we shall take 〈 , 〉1 = 〈 , 〉 on G1/H1. The linear transformation (ad θ)(ad θ)∗ =
−Σad θ(Yi)2 is then the Casimir operator C(ad θ) of the representation ad θ (with respect to
〈 , 〉). The energy ẼG1(α) = 〈α,C(ad θ)α〉 is a G1–invariant quadratic form on g2. Now, the
vector space of G1–invariant quadratic forms on g2 is finite dimensional, and so the question
arises of expressing ẼG1(α) as a linear combination of “simpler” quadratic forms. This we
shall do in theorem 3.5 below.
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Before stating the theorem, we pause to define the “simple” quadratic forms on g2 which
are going to arise. First we have the function α 7→ ‖µ̃(α)‖2 = ‖θ∗α‖2 = 〈α, θθ∗α〉 of definition
3.4(2), where we write µ̃ = θ∗ (rather than µ = θ∗|Ad(G2)γ) to emphasize that we are con-
sidering this as a function on g2. The other quadratic forms that we need are defined in the
case G2 = UN ; we shall state the theorem only for this case. (A more general version exists,
but does not seem very enlightening.) Since UN is not semisimple, we cannot use “minus the
Killing form” as a metric, but we shall take 〈 , 〉 to be defined by 〈α, β〉 = −2Ntrαβ (this
is the natural positive definite extension of “minus the Killing form” on suN ). We have on
uN the quadratic forms tr(α2), (trα)2, and it is well–known that these form a basis for the
UN–invariant quadratic forms. A fortiori, they are G1–invariant. Modifications of these forms
are the remaining ingredients of the theorem.

We need a final piece of notation. If α is any complex N × N matrix, we write ∧2α for
the endomorphism of ∧2CN defined by u ∧ v 7→ αu ∧ αv. It is elementary that tr ∧2 α =
(trα)2 − tr(α2). This should be contrasted with the endomorphism of ∧2CN defined by
u∧v 7→ αu∧v +u∧αv, which will be denoted α̂. We introduce the notation α′(u∧v) = αu∧
v, α′′(u∧v) = u∧αv, so that α̂ = α′+α′′. One then has the identity 2∧2α = (α̂)2−(α2)′−(α2)′′.

Theorem 3.5 Let G1 have the metric 〈 , 〉. Let G2 = UN , and let the generalized flag

manifold G2/H2 have the induced metric 〈 , 〉γ . Then the energy function ẼG1 : uN → R
satisfies the identity

ẼG1(α)+(1/N)‖µ̃(α)‖2 =

− 4Ntr(α2C(θ)) + 2N tr(∧2αC(θ)′) + 2N tr(∧2αC(θ)′′) − 2N tr(∧2αC(∧2θ))

where C(θ), C(∧2θ) are the Casimir operators of θ,∧2θ respectively.

Proof. From proposition 3.2 we have:
∼
EG1(x) = −〈α,

n

Σ
i=1

ad θ(Yi)2α〉

= −〈α,
n

Σ
i=1

(θ(Yi)2α + αθ(Yi)2 − 2θ(Yi)αθ(Yi))〉

= −4Ntr(α2C(θ)) + 2〈α,
n

Σ
i=1

θ(Yi)αθ(Yi)〉.

Writing

F (α) = 〈α,
n

Σ
i=1

θ(Yi)αθ(Yi)〉,

we have

F (α) = −2N
n

Σ
i=1

tr[αθ(Yi)]2

= −2N
n

Σ
i=1

[trαθ(Yi)]2 − 2NΣtr[αθ(Yi)]2 + 2NΣ[trαθ(Yi)]2

= (−1/2N)
n

Σ
i=1

〈α, θ(Yi)〉2 + (2N)
n

Σ
i=1

tr ∧2 [αθ(Yi)].
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The first term may now be recognised as essentially the square of the norm of the moment
map (see earlier):

n

Σ
i=1

〈α, θ(Yi)〉2 =
n

Σ
i=1

〈α, 〈α, θ(Yi)〉θ(Yi)〉

= 〈α, θ(
n

Σ
i=1

〈θ∗(α), Yi〉Yi)〉

= 〈α, θθ∗α〉
= ‖µ̃(α)‖2.

The second term may also be simplified:

n

Σ
i=1

tr ∧2 [αθ(Yi)] = tr(∧2α
n

Σ
i=1

∧2 θ(Yi))

= −(1/2)tr(∧2αC(∧2θ)) + (1/2)tr(∧2αC(∧2θ)′) + (1/2)tr(∧2αC(∧2θ)′′)

This completes the proof. ¤

Corollary 3.6 Assume that the representation θ in theorem 3.5 is irreducible. Then the
formula of theorem 3.5 reduces to:

ẼG1(α)+(1/N)‖µ̃(α)‖2 =

− 8Nc(θ)tr(α2) + 4Nc(θ)(trα)2 − 2N tr(∧2αC(∧2θ))

where C(θ) = c(θ)I and c(θ) is a non–negative scalar.

Proof. If θ is irreducible, it is well known that C(θ) = c(θ)I for some non–negative scalar
c(θ). The formula now follows from theorem 3.5. ¤

The generalized flag manifolds G2/H2 with G2 = UN are precisely the flag manifolds
F (m1, . . . ,mk) described in §2. In fact F (m1, . . . ,mk) is obtained by taking γ ∈ uN to be a
skew–Hermitian linear transformation of the form

γ =
√
−1

k

Σ
i=1

ωipi (ωi ∈ R, ωi 6= ωj if i 6= j)

where pi : CN → E⊥
mi−1

∩ Emi is the orthogonal projection and
{0} ⊂ Em1 ⊂ · · · ⊂ Emk

= CN is the fixed basepoint of F (m1, . . . ,mk) (as in §2). Of course,
there are many possible choices for γ, most of which give rise to different induced metrics
〈 , 〉γ on F (m1, . . . ,mk). To be precise, using the notation of §2, we have 〈 , 〉γ = 〈 , 〉r
where rij = (ωi − ωj)2. (This follows from the fact, proved earlier, that 〈X,Y 〉γ = 〈X,TY 〉
with T = −(ad γ|m2)

2.)

The formula for the energy can now be made more explicit. Let σ ∈ F (m1, . . . ,mk) be the
flag {0} ⊂ Em1 ⊂ · · · ⊂ Emk

= CN , and choose a basis v1, . . . , vN of CN , orthonormal with
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respect to the standard Hermitian form ¿ , À on CN , such that each subspace E⊥
mi−1

∩Emi

is spanned by a subset of these basic vectors. Thus we may write E⊥
mi−1

∩ Emi = [va|a ∈ Ai]
for appropriate indexing sets Ai, with A1 ∪ · · · ∪ Ak = {1, 2, . . . , N}. Proposition 3.1 then
becomes:

Proposition 3.7 Let F (m1, . . . ,mk) have the invariant metric 〈 , 〉r. Then EG1(σ) =

2N
n

Σ
`=1

Σ
i<j

Σ
a∈Ai,b∈Aj

rij | ¿ θ(Y`)va, θ(Y`)vb À |2. ¤

The identity of theorem 3.5 may also be expressed in this language. With respect to the
induced metric 〈 , 〉γ on F (m1, . . . ,mk) (so that rij = (wi − wj)2), a computation (which
we omit) gives the following identity:

Proposition 3.8 EG1(σ) + (1/N)‖µ‖2 = 4N
n

Σ
`=1

N

Σ
a=1

¿ θ(Y`)v′′
a , θ(Y`)v′′a À

−(2N)
n

Σ
`=1

Σ
1≤a,b≤N

¿ θ(Y`)v′a ∧ θ(Y`)v′
b, v

′
a ∧ v′b À where the vectors v′

a, v′′a are defined in

terms of the orthonormal basis v1, . . . , vN by v′
a =

√
ωi va(a ∈ Ai), v′′a = ωiva(a ∈ Ai). ¤

To conclude this section, we make some comments on harmonic (non–homogeneous) maps
f : M → Ad(G2)γ = G2/H2, where M is any m–dimensional compact Riemannian manifold.
If i : Ad(G2)γ → g2 denotes the inclusion, then we define

F : M → g2

by F = i ◦ f . The energy of f with respect to the induced metric is now given by

(†) E(f) = −
∫

M

〈F,∆F 〉,

and the condition for f to be harmonic turns out to be

(††) [F,∆F ] = 0.

The Laplacian ∆ = −d∗d on (g2–valued) functions on M may be defined locally as
m

Σ
i=1

X2
i ,

where X1, . . . , Xm is a local basis of vector fields on M . These formulae (†), (††) are thus
analogous to the formulae (∗), (∗∗) above (for the case of homogeneous maps). Formula (†)
is obtained trivially from the definiton of E; formula (††) follows from a calculation of the
second fundamental form of F in terms of f and i. (In the case of maps into a Grassmanian,
at least, the equation (††) first seems to have appeared in the physics literature.)

In the case where G2 = UN , so that G2/H2
∼= F (m1, . . . ,mk), one can calculate the second

fundamental form ∇df of f directly, for the general invariant metric 〈 , 〉r on F (m1, . . . ,mk).
In terms of the local frame X1, . . . , Xm of M , the condition for f to be harmonic is then found
to be:

m

Σ
i=1

paXi{ Σ
c6=a

rcapc − Σ
c6=b

rcbpc}Xipb = 0

for all 1 ≤ a 6= b ≤ k, which resembles the condition for homogeneous maps given in corollary
2.4. In the formula, the symbols pi, Xj are to be interpreted as linear operators on sections of
the bundle M ×End(CN ). This means that for sections s of M ×CN and φ of M ×End(CN ),
we define pi(φ)(s) = piφ(s) and Xj(φ)(s) = Xjφ(s) (directional derivative of the function
φ(s)). When 〈 , 〉r is the induced metric 〈 , 〉γ for γ =

√
−1 Σ ωipi, the formula follows

immediately from condition (††) above.
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§4 Maps into generalized flag manifolds: examples

We now have two methods of investigating homogeneous harmonic maps into generalized
flag manifolds. First, we can use the harmonic map equation in the form of theorem 3.3:

[α, (ad θ)(ad θ)∗α] = 0.

This is a quadratic equation for α ∈ g2. If the domain manifold G1/H1 has the standard
metric 〈 , 〉, the linear transformation (ad θ)(ad θ)∗ is the Casimir operator C(ad θ), and the
problem is in principle reduced to a problem in representation theory. For this reason, we
shall always take the metric 〈 , 〉 on G1/H1 in this section. Second, we can use the identity

EG1(α) + (1/N)‖µ(α)‖2 = −4Ntr(α2C(θ))

+ 2Ntr(∧2αC(θ)′) + 2Ntr(∧2αC(θ)′′) − 2Ntr(∧2αC(∧2θ))

of theorem 3.5 (in the case where G2 = UN ). The critical point theory of ‖µ‖2 is described
in [7], so, depending on the complexity of θ, information on the critical points of EG1 can be
deduced.

(a) Applications of the first method.

Let g2 = a0 ⊕ a1 ⊕ · · · ⊕ ar be a decomposition into G1-modules, such that a0 is the trivial
submodule of maximal dimension and each ai (i > 0) is irreducible. Then a0 = Ker C(ad θ)
and C(ad θ) acts as a positive scalar, λi say, on ai.

Proposition 4.1 Assume that α ∈ Ad(G2)γ ∩ (ai1 ⊕ · · · ⊕ ais) where [aia , aib
] = 0 if

λia 6= λib
. Then α is a critical point of EG1 . ¤

The eigenvalues of C(ad θ) are critical points; in fact they are critical points for ẼG1 |S , where
S (⊇ Ad(G2)γ) is the sphere of radius ‖γ‖ in g2. Assume now that G1 is simple, so that
θ : g1 → g2 is injective. Without loss of generality, then, we may take a1 = θ(g1)(∼= g1).
Hence the set Ad(G2)γ ∩ θ(g1) is always critical.

Proposition 4.2 Assume that the Casimir operator of the isotropy representation of the
homogeneous space G2/θ(G1) is a scalar λ, with λ 6= 1. Then the set of critical points of EG1

is Ad(G2)γ ∩ {α = α1 + α2 | [α1, α2] = 0} (where α1 ∈ a1, α2 ∈ a2).

Proof. We have α = α1 + α2 and λ2 = λ 6= 1. It is easy to check that λ1 = 1. Hence the
condition for α1 + α2 to be a critical point is (λ − 1)[α1, α2] = 0, i.e., [α1, α2] = 0. ¤

Homogeneous spaces G2/θ(G1) for which the Casimir operator of the isotropy representation
is a scalar have been classified in [12], where they are characterized as those for which the
metric 〈 , 〉 is Einstein. They include the isotropy irreducible homogeneous spaces.

We shall now specialize to the case where H1 is a maximal torus T1 of G1, and consider
maps G1/T1 → G2/H2 (where G2/H2 = Ad(G2)γ is a generalized flag manifold with the
induced metric, as usual). This is the situation studied in [5], although that paper focussed
attention on a certain transform procedure when G2/H2 was a Grassmannian. From the
point of view of the energy function, the special feature of the case H1 = T1 is that Xθ (the
fixed point set of T1 on G2/H2) is easy to identify explicitly, so we may work directly with
EG1/T1 : Xθ → R.
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Definition 4.3 Let U = C(θ(T1)) be the centralizer in G2 of the torus θ(T1).

It is well known that U is connected, and that the size of U (and hence the size of Xθ) is
determined by the extent to which θ(t1) is singular in t2. More precisely (see [1]), if T2 is a
fixed maximal torus of G2 such that γ ∈ t2, the Lie algebra of U is

u = {X ∈ g2 | [X, t1] = 0} = t2 ⊕
∑

Vα

where the sum is over those “root spaces” Vα for which θ(t1) ⊆ Kerα. In what follows, if K
is a subgroup of G2 containing T2, WK denotes the Weyl group of K with respect to T2.

Proposition 4.4 The set Xθ is equal to Ad(G2)γ ∩ u, and consists of the orbit under U
of the finite set Ad(G2)γ ∩ t2. The resulting set of (connected) orbits is indexed by WU \
WG2/WH2 .

Proof. If ε is a generator of θ(t1), in the sense that the closure of exp(Rε) is θ(t1), then it follows
from [4] that the fixed point set of T1 is precisely the critical point set of the distance function
f ε : α → 〈α, ε〉 (or, equivalently, the set of common critical points of all distance functions
fδ, for δ ∈ θ(t1). The proposition now follows from the remarks on distance functions after
definition 3.4. ¤

As an immediate consequence, we see that the number |WU \WG2/WH2 | is a lower bound on
the number of critical points of EG1/T1 : Xθ → R. (Note that some of these points may be in
the same G1-orbit, however.) For given G2 and H2, the least number of critical points occur
in the following situation:

Corollary 4.5 Let θ : G1 → G2 be a homomorphism such that θ(t1) contains some regular
point of t2. Then Xθ is the finite set Ad(G2)γ ∩ t2, and consists entirely of critical points of
EG1/T1 . Hence all the maps fθ : G1/T1 → G2/H2 = Ad(G2)γ are harmonic, with respect to
any choice of invariant metrics.

Proof. If θ(t1) contains a regular point of t2, then u = t2 and U = T2, and Xθ consists of the
finite set Ad(G2)γ ∩ t2 (i.e. the WG2-orbit of γ). Hence every point of Xθ is a critical point
of EG1/T1 . ¤

Example 1. Let θ : SU2 → Un+1 be the irreducible unitary representation Sn of dimension
n + 1. This is unique up to equivalence, and may be realized as the natural action of SU2 on
the vector space of homogeneous polynomials in two variables of degree n. There are n + 1
weight vectors (up to scalar multiples), namely the monomials. Hence θ(t1) contains regular
points of t2, and corollary 4.5 applies. The finite subset Xθ of Ad(Un+1)γ ∼= F (m1, . . . ,mk)
consists of all flags whose constituent subspaces are direct sums of weight spaces. Thus, the
SU2-orbit of each point of Xθ gives rise to a harmonic map S2 → F (m1, . . . ,mk). More
generally, corollary 4.5 applies to any principal homomorphism θ : SU2 → G2.

Example 2. Any representation θ : SU2 → UN must be of the form θ = Sn1 ⊕ · · · ⊕ Snk
:

SU2 → Un1+1 × · · · × Unk+1 → UN for some integers n1, . . . , nk ≥ 0. It is easy to see
that the Casimir operator C(ad θ) preserves that Cartan subalgebra t2 of uN for which the
projection of θ(t1) on each uni+1 contains regular points of uni+1 ∩ t2 for all i. Hence, for
any α ∈ Ad(UN )γ ∩ t2, [α,C(ad θ)α] = [α, β] (for some β ∈ t2) = 0. So the set Ad(UN )γ ∩ t2
is critical, and the corresponding maps S2 → F (m1, . . . ,mk) are harmonic, for any induced
metric on F (m1, . . . ,mk). We regard these examples as the “fundamental solutions” of the
harmonic map equation.
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It turns out that the fundamental solutions are in fact harmonic for arbitrary invariant
metrics on F (m1, . . . ,mk). To see this, observe from proposition 2.3 that the condition for a
harmonic map is “linear in the metric” (i.e., linear in T ). In the case of F (m1, . . . ,mk), any
invariant metric may be expressed as a linear combination of induced metrics, because the
diagonal matrices with diagonal terms dij = (ωi − ωj)2 (lexicographically ordered, say) span
the vector space of all diagonal matrices, as the distinct numbers ω1, . . . , ωk vary.

Example 3. Let θ = S0 ⊕ S2n : SU2 → U2n+2. Let v0 be a weight vector for the trivial
representation S0, and let v1, . . . , v2n+1 be weight vectors for S2n of weights 2n,2n-2, . . . ,-2n
respectively. With pi : C2n+2 → [vi] denoting orthogonal projection onto the subspace [vi]
spanned by vi, we shall take γ =

√
−1

∑
ωipi. We shall not assume that the ωi are distinct

(and it will not be necessary to divulge which of them coincide). Thus, Ad(U2n+2)γ is of
the form F (m1, . . . ,mk) for some m1, . . . ,mk (= 2n + 2). We are going to solve the equation
[α,C(ad θ)α] = 0 for α ∈ Xθ, and thus determine all homogeneous harmonic maps of the
form fθ : S2 → F (m1, . . . ,mk).

First, we have Xθ = U(W.γ) where W.γ consists of all points of the form
√
−1

∑
ωσ(i)pi for

permutations σ of {0, . . . , 2n+1}, and where U = {(aij) ∈ U2n+2 | aij = 0 unless i = j or i =
0, j = n + 1 or i = n + 1, j = 0} ∼= U2 × U1 × · · · × U1. Hence the orbit U(

√
−1

∑
ωσ(i)pi) is

either a point (if ωσ(0) = ωσ(n+1)) or a copy of S2 (otherwise). The point orbits are isolated
and hence certainly critical; to examine the two-spheres we shall (without essential loss of
generality) consider the case U(

√
−1

∑
ωipi), with ω0 6= ωn+1. Any α ∈ U(

√
−1

∑
ωipi) may

be written α =
√
−1(ω0|z|2 + ωn+1|w|2)E0,0 +

√
−1

∑
i6=0,n+1

ωiEi,i +
√
−1(ωn+1|z|2 + ω0|w|2)En+1,n+1

− 2
√
−1(ωn+1 − ω0)z̄w̄En+1,0 − 2

√
−1(ωn+1 − ω0)zwE0,n+1

where z, w are complex numbers with |z|2 + |w|2 = 1, and where Eij denotes the elementary
matrix whose only non-zero entry is a 1 in the i-th row and j-th column. It is not too difficult
to check that C(ad θ)E0,0 = 0, C(ad θ)E0,n+1 = (n(n+1)/2)E0,n+1, C(ad θ)En+1,0 = (n(n+
1)/2)En+1,0, and, for 1 ≤ i ≤ 2n,C(ad θ)Ei,i = (1/2){−(i−1)(2n−i+2)Ei−1,i−1+[i(2n−i+
1)+(i−1)(2n−i+2)]Ei,i−i(2n−i+1)Ei+1,i+1}. All that remains is to calculate the expression
[α,C(ad θ)α]. Using the facts that [Ei,i, Ej,j ] = 0, and [

∑
tiEi,i, Ej,k] = (tj − tk)Ej,k, we

obtain [α,C(ad θ)α] = n(n + 1)(ωn+1 − ω0)(ω0|z|2 + ωn+1|w|2 + ωn+1|z|2 + ω0|w|2 − ωn −
ωn+2)(zwE0,n+1 − z̄w̄En+1,0). Since |z|2 + |w|2 = 1, the condition [α,C(ad θ)α] = 0 becomes

(ω0 − ωn + ωn+1 − ωn+2)zw = 0.

If ω0 − ωn + ωn+1 − ωn+2 = 0, then the whole orbit U(
√
−1

∑
ωipi) ∼= S2 consists of critical

points. If ω0 − ωn + ωn+1 − ωn+2 6= 0, then there are just two critical points in the orbit,
given by z = 0 or w = 0.

This example shows that the critical point behaviour of EG1/T1 : F (m1, . . . ,mk) → R
definitely does depend on the choice of induced metric (i.e. on the choice of ω0, . . . , ω2n+1).
In the “generic” case, where ωσ(0)−ωσ(n) +ωσ(n+1)−ωσ(n+2) is non-zero for all permutations
σ, the critical points are simply the finite set Ad(U2n+2)γ ∩ t2 . If the ω0, . . . , ω2n+1 are
deformed so that ωσ(0)−ωσ(n)+ωσ(n+1)−ωσ(n+2) becomes zero for some permutation σ, then
the corresponding pair of critical points blossoms into a critical two-sphere. The less “generic”
the metric, the more critical points one has. The fundamental critical points Ad(U2n+2)γ ∩ t2
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give maps S2 → F (m1, . . . ,mk) which are harmonic with respect to all invariant metrics (see
example 2). The additional critical points which occur when ωσ(0)−ωσ(n)+ωσ(n+1)−ωσ(n+2) =
0 give maps which are harmonic with respect to all those invariant metrics 〈 , 〉r where
the numbers rij (using the notation of §2 and §3) satisfy: rij = rkl if σ(0) ∈ Ai, σ(n) ∈
Aj , σ(n + 2) ∈ Ak, σ(n + 1) ∈ Al or σ(0) ∈ Ai, σ(n + 2) ∈ Aj , σ(n) ∈ Ak, σ(n + 1) ∈ Al. In
particular, all critical points in this example give maps which are harmonic with respect to
the metric 〈 , 〉 on F (m1, . . . ,mk).

Familiar examples are provided by taking (a) ω0 = 1, ω1 = · · · = ω2n+1 = 0, or (b)
ω0 = · · · = ωk = 1, ωk+1 = · · · = ω2n+1 = 0 (1 ≤ k ≤ 2n − 1). In the first case we obtain
Ad(U2n+2)γ ∼= CP 2n+1, and Xθ consists of 2n isolated points and a two-sphere. Only two
points of the two-sphere are critical, and the set of all critical points is Ad(U2n+2)γ ∩ t2. In
the second case, we obtain Ad(U2n+2)γ ∼= Grk+1(C2n+2), and Xθ consists of 2nCk−1+2nCk+1

isolated points and 2nCk two-spheres. The critical point behaviour depends on k. If k 6= n,
only two points of each two-sphere are critical, and again the set of all critical points is
Ad(U2n+2)γ ∩ t2. If k = n, all points of Xθ are critical.

(b) Applications of the second method.

We must now assume that G2 is the unitary group UN (hence Ad(G2)γ ∼= F (m1, . . . ,mk)),
in order to be able to use theorem 3.5. However, it will be apparent that many of the results
given below are valid for more general groups G2.

Proposition 4.6 Let θ : G1 → UN be an irreducible representation of G1. Assume either
that ∧2θ is irreducible or that ∧2γ = 0. Then α is a critical point of EG1 : Ad(UN )γ → R if
and only if it is a critical point of ‖µ‖2 : Ad(UN )γ → R.

Proof. If ∧2θ is irreducible, then C(∧2θ) = c(∧2θ)I for some scalar c(∧2θ). Hence the right
hand side of the identity of corollary 3.6 becomes a linear combination (involving c(θ), c(∧2θ))
of tr(α2) and (trα)2). Now, tr(α2) = −(1/2N)〈α, α〉 and this is constant (= −(1/2N)〈γ, γ〉)
forα ∈ Ad(UN )γ. Similarly, if α = XγX−1 ∈ Ad(UN )γ, then trα = trγ, and (trα)2 is also
constant. So EG1 and ‖µ‖2 have the same critical points. If ∧2γ = 0, then ∧2α = 0 for all
α ∈ Ad(UN )γ, since the condition ∧2β = 0 for an N × N matrix β means that rankβ ≤ 1.
Hence the right hand side of the identity becomes −4Ntr(α2c(θ)) = 2c(θ)〈α, α〉, which again
is constant. ¤

Note that an obvious set of critical points under the hypotheses of this proposition is µ−1(0)
(the absolute minima for ‖µ‖2, or the absolute maxima for EG1). Since µ(α) = θ∗(α) , we
have µ−1(0) = Ad(UN )γ∩(a1)⊥. These critical points are in general different from the critical
points given by proposition 4.1.

The critical points of ‖µ‖2 are known from [7], where in fact the case of more general
symplectic actions was considered. The results may be stated in terms of the weights (in the
sense of 3.3 of [7]) of the symplectic action of G1 on Ad(UN )γ ∼= F (m1, . . . ,mk) with respect
to some maximal torus T1 of G1. Without loss of generality we may write γ =

√
−1

∑
ωipi

as in §3, where each subspace Impi of CN is spanned by weight vectors of the representation
θ : G1 → UN . The weights of the action of G1 on Ad(UN )γ are then all linear combinations∑

cjλj of the weights λ1, . . . , λN of θ, where mi − mi−1 of the numbers c1, . . . , cN are equal
to ωi (i = 1, . . . , k). (Thus, if k = 2 and we take ω1 = 1, ω2 = 0, the weights of the action of
G1 on Ad(UN )γ ∼= CPN−1 are precisely the weights (in the usual sense) of the representation
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θ.) Here we consider the weights of θ as elements of t1, by using the identification t1 = t∗1
given by 〈 , 〉.

Proposition 4.7 The set of critical points of ‖µ‖2 : Ad(UN )γ → R comprises the disjoint
union of the closed sets

Cλ = θ(G1)(µ−1(λ) ∩ Zλ)

where Zλ consists of those critical points of the function fλ : Ad(UN )γ → R, fλ(α) =
〈α, θ(λ)〉, for which fλ(α) = 〈λ, λ〉. The set Cλ is non-empty if and only if λ is the clos-
est point to the origin 0 (∈ t1) of the convex hull of some subset S of the weights of the action
of G1 on Ad(UN )γ. Two such sets Cλ, Cλ′ coincide if and only if λ, λ′ lie in the same orbit of
the Weyl group of G1.

Proof. See [7]. ¤

For example, let S be the set of all weights
∑

ciλi . Since the Weyl group of G1 permutes
the weights, the convex hull of S contains the origin 0. Hence the closest point to the origin
of the convex hull of S is the origin itself, i.e. λ = 0. Since Zλ = Ad(UN )γ in this case, and
µ−1(0) is G1- invariant, we see that Cλ is the set of critical points µ−1(0) identified earlier.

Example 4. Let γ ∈ un+1 be
√
−1p , where p denotes an (n + 1) × (n + 1) projection matrix

of rank one. Then Ad(Un+1)γ ∼= CPn, and obviously ∧2γ = 0, so we can apply proposition
4.6 to say that a homogeneous map

fθ : G1/H1 → CPn

induced by an irreducible representation θ : G1 → Un+1 is harmonic if and only if its image is
the G1-orbit of a critical point of ‖µ‖2. In view of the description above of the critical points
of ‖µ‖2, this gives an explicit criterion for harmonicity. We emphasize that the metric on
G1/H1 is required to be the standard metric 〈 , 〉 here.

As a particular case of this, let G1 = SU2, and let θ : SU2 → Un+1 be the irreducible unitary
representation Sn of dimension n + 1. Let T1 be the usual maximal torus of SU2 consisting
of diagonal matrices. Then after identifying t1 with R in an obvious way, the weights of this
representation are n, n − 2, . . . ,−(n − 2),−n. For any subset S of the weights, the closest
point to 0 of the convex hull of S is either λ = 0 or λ = n− 2i (for some i = 0, 1, . . . , n). The
corresponding critical sets Cλ of ‖µ‖2 (and hence of ESU2) are

(1) µ−1(0)
(2) Cn−2i for i = 0, 1, . . . , n and n − 2i 6= 0.

From [7] one obtains the following description of these critical sets. If CPn is considered as the
projective space of the vector space of all complex polynomials of degree less than or equal to
n, then µ([p(z)]) is (up to a scalar multiple) the sum α1+· · ·+αn of the roots of the polynomial
p(z), where αi ∈ C∪∞ ∼= S2 ⊆ R3 ∼= su2. Hence µ−1(0) consists of those [p(z)] for which the
roots of p(z) form a “balanced” subset of S2, in the sense that α1 + · · · + αn = 0 ∈ su2. The
“moduli space ” µ−1(0)/SU2 of these harmonic orbits is the symplectic quotient of CPn by
SU2; it has dimension 2n−6 (if n ≥ 3). Each such orbit SU2[p(z)] gives a harmonic immersion
of SU2, except for the case p(z) = zn/2 (when n is even). This is a weight vector (of weight
zero), and hence is stabilized by the maximal torus T1

∼= S1. It gives a harmonic embedding
of RP 2 in CPn. The critical set Cn−2i (for n − 2i 6= 0) is just the SU2-orbit of

√
−1pn−2i,

where pn−2i is orthogonal projection onto the line through the weight vector zn−2i. (To see
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this, observe that Zn−2i consists of the single point
√
−1pn−2i.) Since T1 stabilizes zn−2i, we

obtain a harmonic immersion of S2 ∼= CP 1 in CPn.

It is well–known that any harmonic map S2 → CPn is obtained from some holomorphic
map S2 → CPn by applying a certain “ transform” up to k times, where 0 ≤ k ≤ n (see
[3] for the history of this theorem). The harmonic immersions obtained above exhibit this
behaviour : the maximal weight n gives rise to a holomorphic map (the “Veronese curve”),
and the weight n−2i gives rise to the i-th transform of this holomorphic map. The transform
process was discussed from this algebraic point of view in [5].

Example 5. Let γ ∈ u3 be a diagonal matrix
√
−1(ω1p1+ω2p2+ω3p3) with distinct eigenvalues

(using the notation of §3). Then Ad(U3)γ ∼= F (1, 2, 3), the manifold of flags of the form
{0} ⊂ L1 ⊂ L2 ⊂ C3. Let G1 = SU2, and let θ : SU2 → U3 be the irreducible unitary
representation S2 of dimension 3. Then ∧2θ ∼= θ, so ∧2θ is also irreducible, and proposition
4.6 applies. Since the weights of S2 are 2, 0,−2 ∈ R, the weights of the action of SU2 on
F (1, 2, 3) are ±2(ω1 −ω2),±2(ω2 −ω3),±2(ω1 −ω3) ∈ R, and these, together with 0 ∈ R, are
the points λ indexing the critical sets of ‖µ‖2. For the weights λ, the critical sets Cλ(= C−λ)
are the SU2-orbits of the flags {0} ⊂ Vi ⊂ Vi ⊕ Vj ⊂ C3, where {i, j, k} = {1, 2, 3}, and where
V1, V2, V3 are the weight spaces for θ. (As in the previous example, Zλ is a single point in these
cases.) We obtain three copies of S2, one of which has Morse index 4 (the maxima) while the
remaining two have Morse index 2. The critical set C0 = µ−1(0) (the minima) is a copy of
SO3 (this is seen by direct calculation of µ, as in the previous example). Hence the (rational)
Morse polynomial is Mt = (1 + t3) + 2t2(1 + t2) + t4(1 + t2) = 1 + 2t2 + t3 + 3t4 + t6. The
(rational) Poincaré polynomial of F (1, 2, 3) is Pt = 1 + 2t2 + 2t4 + t6, so Mt − Pt = (1 + t)t3,
and the Morse inequalities are satisfied (as predicted in [7]). It is of interest that the critical
points here are independent of the choice of the distinct numbers ω1, ω2, ω3 (i.e. the choice of
induced metric), although the choice of these numbers does affect the Morse indices.

Let us now specialize to the case H1 = T1.

Proposition 4.8 Every point of Xθ is a critical point of ‖µ‖2 : Xθ → R. Moreover,
Xθ =

∪
(µ−1(λ) ∩ Zλ) where λ varies over the weights of the action of G1 on Ad(UN )γ.

Proof. First we shall show that Xθ ∩ µ−1(λ) ⊆ Zλ ∩ µ−1(λ) for any λ ∈ t1. To do this, let
α ∈ Xθ ∩µ−1(λ). Then, for any ε ∈ t1, α is a critical point for the function f ε : α 7→ 〈α, θ(ε)〉
on Ad(G2)γ (see the proof of proposition 4.4). In particular, α is critical for fλ, and it
remains only to show that fλ(α) = 〈λ, λ〉.This equation is true as fλ(α) = 〈α, θ(λ)〉 =
〈θ∗(α), λ〉 = 〈µ(α), λ〉 = 〈λ, λ〉. Next we claim that µ(Xθ) ⊆ t1. Let α ∈ Xθ and β ∈ t1.
Then [β, µ(α)] = ad β µ(α) = µ(ad θ(β)α) = µ([θ(β), α]) = µ(0) (by proposition 4.4) = 0.
Thus, [t1, µ(α)] = 0, and so µ(α) ∈ t1, as claimed. Finally, a special case of a result of M.
Atiyah and of B. Kostant (see 3.4 of [7]) shows that the projection of µ(Xθ) on t1 is precisely
the (finite) set of weights of the action of T1 on Ad(G2)γ. (In fact, this is how the weights
are defined in [7].) In view of the claim, this completes the proof. ¤

This proof is obviously valid for any G2, not just the case G2 = UN . We may think of Xθ

as the set of “weight vectors” for the action of T1 on Ad(G2)γ. In the case G2 = UN , so
that Ad(G2)γ ∼= F (m1, . . . ,mk), Xθ consists of those flags {0} ⊂ Lm1 ⊂ · · · ⊂ Lmk

= CN

for which L⊥
mi−1

∩ Lmi possesses a basis of weight vectors of θ with respect to T1. (Compare
example 5 above, in which Xθ consists of the six flags which may be constructed from the
weight spaces V1, V2, V3.)
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Example 6. Let Ad(G2)γ ∼= CPn as in example 4. Then theorem 3.5 shows that EG1/T1 :
Xθ → R has the same critical points as the function α 7→ 〈α,C(θ)α〉. In other words, for any
weight vector v of θ, the map G1/T1 → CPn given by gT1 7→ [θ(g)v] is harmonic if and only
if v is an eigenvector of the Casimir operator C(θ). (This is essentially corollary 3.6 of [5].)

Example 7. Consider the general case where Ad(G2)γ ∼= F (m1, . . . ,mk), but with θ irre-
ducible. Then theorem 3.5 shows that EG1/T1 : Xθ → R has the same critical points as the
function α 7→ tr(∧2αC(∧2θ)).

Example 8. Some simplification takes place in the case where G1 has rank one (i.e. G1 = SU2

or SO3, and T1
∼= S1). Since t1 is one dimensional, the points λ ∈ t1 parametrizing the critical

sets Cλ of ‖µ‖2 are just (a) 0, and (b) the non-zero weights of the action of T1 on Ad(G2)γ.
The set C0 = µ−1(0) has already been discussed (c.f. example 4). The set Cλ, for a non-zero
weight λ, is θ(G1)(Xθ ∩ µ−1(λ)), since in this case Zλ ∩ µ−1(λ) = Xθ ∩ µ−1(λ). (To prove
this, note first from the proof of proposition 4.8 that Xθ ∩ µ−1(λ) ⊆ Zλ ∩ µ−1(λ). Now let
α ∈ Zλ. Then α is a critical point for the function α 7→ 〈α, θ(λ)〉 on Ad(G2)γ. But as t1 is
one dimensional, and λ 6= 0, this means α is a critical point for all functions α 7→ 〈α, θ(ε)〉,
with ε ∈ t1. Hence α ∈ Xθ, by the proof of proposition 4.4.)
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