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§1 Introduction

Approximately ten years ago, an interesting fact was discovered about solutions to the
“harmonic map equation”, for maps from the two–sphere S2 to the complex projective
space CPn. It turned out that the general solutions, to this second order semi-linear
elliptic partial differential equation, could be constructed in a concrete manner from very
special solutions (namely, holomorphic maps). Although this fact first seems to have been
noticed by mathematical physicists it very soon received the interest of mathematicians,
who recognized it as an expansion of ideas of earlier work of E. Calabi and S. S. Chern
on minimal surfaces. With the rise of interest in gauge theories and mathematical field
theories in the 1970’s, the problem of studying harmonic maps from a Riemann surface
into a homogeneous space thus acquired new significance.

In the past decade, quite a lot of effort has been made to generalize the very satisfactory
situation for harmonic maps S2 → CPn. Methods of constructing harmonic maps from
any Riemann surface M to certain Hermitian symmetric spaces were developed. For the
case M = S2, it has been possible to show that any harmonic map can be built up from
holomorphic maps, if one is prepared to use sufficiently intricate procedures. Finally there
has been some success in describing harmonic maps of S2 into other symmetric spaces,
including Lie groups. References for all of these may be found in section 8 of the survey
[10].

Unfortunately, none of these generalizations have the simplicity and accessibility of the
original result on maps S2 → CPn. Moreover, none of them have shed much further
light on the case of maps S2 → CPn, where there still remain interesting problems to be
resolved. One of the purposes of this article, then, will be to give further publicity to these
problems.

A second reason for writing this article is to give (with the benefit of hindsight) a very
simple exposition of the main theorems concerning harmonic maps S2 → CPn. This is
by “elementary calculus”, uncluttered by too much of the usual machinery of differential
geometry, and should be accessible to a wide readership of mathematicians and physicists.
In the next section we define the few indispensable notions from differential geometry
which are needed, and then in §3 we give the theorems. These two sections are really
quite self–contained and require almost no prerequisites. The proof is probably closest to
those given in the articles [7,11], but the author acknowledges his debt to many people,
especially Fran Burstall, Jim Eells, Blaine Lawson, John Rawnsley, Simon Salamon, and
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John C. Wood. For alternative recent expositions of this material, [6,30] (for physicists)
and [17] (for mathematicians) are recommended.

Section §4 is an interlude in which a general framework is presented for working with
harmonic maps into certain homogeneous spaces (namely, orbits of the isotropy represen-
tation of a symmetric space). This generalizes the approach for CPn in §3. The emphasis
is on computability. It includes a derivation of the harmonic map equation in all of the
cases which have been studied so far. A little Lie theory is required for this section.

Finally, in §5, we discuss the status of some outstanding problems concerning harmonic
maps S2 → CPn. I am grateful to N. Goldstein, S. Salamon, and A. Vitter for discussions
concerning the computations of Birkhoff–Grothendieck decompositions in part (7) of this
section.
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§2 Elementary differential geometry

The first basic object of study is a Riemannian manifold, namely a (smooth) manifold
M whose tangent bundle TM is equipped with a Riemannian metric, i.e. an inner product
gm on each fibre TmM , which depends smoothly on m ∈ M . Alternatively, one may say
that a Riemannian metric g is a smooth section of the bundle S2T ∗M , whose value gm

at each m ∈ M is positive definite. This sort of “bundle terminology” will be our only
imposition of abstract terminology on the reader as far as §3 is concerned; for example,
we shall indulge in this by stating that the derivative df : TM → TN , of a (smooth) map
f : M → N , is a section of the bundle T ∗M ⊗ f−1TN . Thus: df ∈ Γ(T ∗M ⊗ f−1TN).

The second basic object is a connection ∇ (or “covariant derivative operator”) in a
vector bundle E (over a manifold M). By definition, ∇ is a linear map ∇ : Γ(E) →
Γ(T ∗M ⊗ E) satisfying ∇X(fs) = f∇Xs + (Xf)s, for all X ∈ Γ(TM) (vector fields on
M), s ∈ Γ(E) (sections of E), and f ∈ C∞(M) (real valued functions on M). One thinks
of ∇Xs as the “derivative of the section s in the direction of the vector field X”. It is a
fundamental theorem that a Riemannian metric for M (i.e., for TM) determines a nat-
ural connection for M (i.e., for TM). This is usually called the Levi–Cività connection
associated to the Riemannian manifold M . Finally, we shall use the fact that functo-
rial constructions on vector bundles generally give rise to corresponding constructions on
connections. For example, if E,F are bundles on M with connections ∇E ,∇F , then one
obtains a connection ∇ on Hom(E,F ) by defining

(∗) (∇XT )s = ∇F
XT (s) − T (∇E

Xs)

for all X ∈ Γ(TM), s ∈ Γ(E), T ∈ Γ(Hom(E,F )). Regarding Hom(E,F ) as E∗ ⊗ F , one
can also obtain this definition by applying successively the obvious rules for constructing
a connection on the dual of a bundle and on the tensor product of two bundles.

With these preliminaries, we can go on immediately to describe the harmonic map
equations and their solutions in the case we are interested in.
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§3 Harmonic maps M → CPn : the basic theory

Let M be a compact Riemannian manifold, and let N be a manifold with connection. A
map f : M → N is harmonic if and only if tr ∇df = 0. Here, the derivative df is considered
as a section of the bundle T ∗M ⊗ f−1TN , and ∇df ∈ Γ(T ∗M ⊗ T ∗M ⊗ f−1TN) is the
covariant derviative of df . The trace of ∇df , tr ∇df ∈ Γ(f−1TN), is the contraction of
∇df using the metric of M .

In this section we shall always take N to be complex projective space:

N = CPn = {` ⊆ Cn+1|` is a one dimensional subspace}.

The “tautologous line bundle” L → CPn is the bundle whose fibre L` over ` is the
one dimensional vector space ` itself. Since L is a subbundle of the trivial bundle CPn ×
Cn+1, L inherits a connection ∇L from the standard connection (i.e. directional derivative)
in CPn × Cn+1. Explicitly, one has

∇L
Xs = (Xs)L

where s ∈ Γ(L) (⊆ Γ(CPn × Cn+1)) is considered as a Cn+1–valued function on CPn,
where Xs(= ds(X)) is its directional derivative, and where the suffix L denotes orthogonal
projection CPn ×Cn+1 → L with respect to the usual Hermitian product 〈 , 〉 on Cn+1.
Similarly one can define a connection ∇L⊥

on the orthogonal complement L⊥ of L. The
connections ∇L,∇L⊥

give rise to a connection in TCPn, because of the following well
known identification.

Proposition 3.1. TCPn ∼= Hom(L,L⊥).

Proof. Take X ∈ T`CPn. Thus, X is a derivation on (vector valued) functions at ` ∈
CPn. To X we wish to assign an element TX of Hom(L,L⊥)` = Hom(`, `⊥). Take
v ∈ `, and take any local section ṽ of L extending v (in other words, for some open
neighbourhood U 3 `, take ṽ : U → Cn+1 with the properties ṽ(`) = v, ṽ(m) ∈ m for
all m ∈ U). We define TX(v) = (Xṽ)`⊥ . This is well defined, for any other extension
must be of the form fṽ for some locally defined C–valued function f with f(`) = 1,
hence (Xfṽ)`⊥ = f(Xṽ)`⊥ + (Xf)(ṽ)`⊥ = f(Xṽ)`⊥ . It is easy to check that the map
X 7→ TX is linear and injective, hence an isomorphism. Smoothness of the bundle map
TCPn → Hom(L,L⊥) follows from the fact that our construction actually gives a smooth
map Γ(TCPn|U ) → Γ(Hom(L,L⊥)|U ). ¤
The connection ∇ in TCPn is then given by the formula (∗) of §2. Using the identification
(established in the proof of 3.1) of Y ∈ Γ(TCPn) with the section of Hom(L,L⊥) defined
by s 7→ (Y s)L⊥ , we have

(∇XY )s = ∇L⊥

X (Y s)L⊥ − (Y ∇L
Xs)L⊥

for all X,Y ∈ Γ(TCPn), s ∈ Γ(L). Introducing the projections pL : CPn × Cn+1 →
L, p⊥L : CPn × Cn+1 → L⊥, we may write

(∗∗) ∇XY = p⊥LXp⊥LY pL − p⊥LY pLXpL.
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It should be emphasized that the symbols X,Y, pL, p⊥L appearing in this formula are all to
be considered as linear operators on Cn+1–valued functions on CPn. A short calculation
shows that this connection is (up to a scalar multiple) the “usual” connection in TCPn,
i.e. the Levi–Cività connection determined by the standard (Fubini–Study) Riemannian
metric.

Now we shall consider maps f : M → CPn. We introduce the notation

F = f−1L

F⊥ = f−1L⊥

for the pull–backs of L, L⊥ by f , both of which are subbundles of M × Cn+1. By 3.1,
f−1TCPn ∼= Hom(F, F⊥), hence ∇X(df)(Y ) ∈ Γ(f−1TCPn) may be considered as an
operator on sections of the trivial bundle M × Cn+1 (for any X,Y ∈ Γ(TM)). The
form of this operator, which involves the connection ∇TM in TM , is given by the next
proposition.

Proposition 3.2. ∇X(df)(Y ) = p⊥F Xp⊥F Y pF − p⊥F Y pF XpF − p⊥F∇TM
X Y pF .

Proof. We have to describe the connection ∇ in T ∗M ⊗f−1TCPn. First, the connection
in f−1TCPn ∼= Hom(F, F⊥) is given by the formula (∗∗) with L replaced by F , since
directional differentiation with respect to df(X) in CPn ×Cn+1 pulls back to directional
differentiation with respect to X in f−1(CPn × Cn+1) ∼= M × Cn+1 (by the chain rule).
In operator terms, df(X) = p⊥F XpF as a section of f−1TCPn (by the proof of 3.1). Hence
the connection ∇ in T ∗M ⊗ f−1TCPn ∼= Hom(TM, f−1TCPn) is given by formula (∗) of
§2 as ∇X(df)(Y ) = p⊥F Xp⊥F Y pF − p⊥F Y pF XpF − df(∇TM

X Y ). ¤
Using the fact that the Levi–Cività connection ∇TM is torsion free, i.e. ∇TM

X Y = ∇TM
Y X+

[X,Y ], one readily checks that ∇X(df)(Y ) = ∇Y (df)(X). The symmetric f−1TCPn–
valued 2–tensor ∇df on M is called the second fundamental form of f .

Corollary 3.3. The map f : M → CPn is harmonic if and only if

m

Σ
i=1

p⊥F Xi(p⊥F − pF )XipF = 0

for any local orthonormal frame X1, . . . , Xm of M .

Proof. Let X1, . . . , Xm be a local orthonormal frame of M , i.e. Xi ∈ Γ(TM |U ) for some
open subset U ⊆ M and g(Xi, Xj) = δij where g is the given Riemannian metric on M .
It is well known that, for m ∈ U , an orthonormal frame may be chosen so that ∇XiXi = 0

at m, for all i. Hence
m

Σ
i=1

∇TM
Xi

Xi = 0 and tr∇df =
m

Σ
i=1

∇Xidf(Xi) =
m

Σ
i=1

p⊥F Xi(p⊥F −

pF )XipF −
m

Σ
i=1

p⊥F∇TM
Xi

XipF =
m

Σ
i=1

p⊥F Xi(p⊥F − pF )XipF . But tr∇df is independent of the
choice of orthonormal frame, so the result follows. ¤

It is useful to allow multiplication by complex scalars. We can extend df by C–linearity
to a map df : TM⊗C → TCPn⊗C (equivalently, a section of Hom(TM⊗C, f−1TCPn⊗
C) ∼= Hom(TM, f−1TCPn) ⊗ C). As CPn is a complex manifold, one has a natural
decomposition

TCPn ⊗ C = T1,0CPn ⊕ T0,1CPn
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where (as usual) T1,0CPn is the tangent bundle considered as a complex vector bundle,
and T0,1CPn is its conjugate. By proposition 3.1,

T1,0CPn ∼= Hom(L,L⊥), T0,1CPn ∼= Hom(L⊥, L).

If now M is also a complex manifold, the condition that f be holomorphic is simply
that df(T1,0M) ⊆ T1,0CPn. We shall assume that M is actually a Kähler manifold, so
that a local basis Z1, . . . , Zm/2 ∈ Γ(T1,0M |U ) may be chosen such that the vector fields
Xi = Zi + Z̄i, Yi =

√
−1(Zi − Z̄i) (i = 1, . . . ,m/2) form a local orthonormal basis (with

respect to the Riemannian metric) of Γ(TM |U ). Indeed, we can take Zi = ∂/∂zi, where
z1, . . . , zm/2 are local coordinates for M . Hence:

Corollary 3.4. Let M be a Kähler manifold. The map f : M → CPn is harmonic if
and only if any one of the following equivalent conditions holds:

m/2

Σ
i=1

p⊥F Zi(p⊥F − pF )Z̄ipF +
m/2

Σ
i=1

p⊥F Z̄i(p⊥F − pF )ZipF = 0(i)

m/2

Σ
i=1

(p⊥F Zip
⊥
F Z̄ipF − p⊥F Z̄ipF ZipF ) = 0(ii)

m/2

Σ
i=1

(p⊥F ZipF Z̄ipF − p⊥F Z̄ip
⊥
F ZipF ) = 0(iii)

Proof. Condition (i) follows from 3.3 and the identity ΣXi ⊗ Xi + ΣYi ⊗ Yi = 2ΣZi ⊗
Z̄i +2ΣZ̄i⊗Zi. To derive (ii) and (iii) from (i), denote the left hand sides of the equations
in (ii) and (iii) by A and B respectively. Then A−B is the left hand side of the equation
in (i), whereas A + B = 0 (since ZiZ̄i = Z̄iZi). ¤
Further equivalent conditions are obtained on taking the adjoint of (i), (ii) or (iii). (This
is permissible since the expressions are “tensorial”, i.e. they define sections of M ×
End(Cn+1). This is just an application of the product rule; for example, one can show
(pF Zp⊥F )∗ = −(p⊥F Z̄pF ) as follows: 〈pF Zp⊥F s, t〉 = 〈Zp⊥F s, pF t〉 = Z〈p⊥F s, pF t〉−〈p⊥F s, Z̄pF t〉 =
〈s,−p⊥F Z̄pF t〉.)

Finally we shall restrict to the case where M is a one dimensional Kähler manifold.
Conditions (ii) and (iii) of corollary 3.4 then become

p⊥F Zp⊥F Z̄pF = p⊥F Z̄pF ZpF(†)
p⊥F ZpF Z̄pF = p⊥F Z̄p⊥F ZpF ,(††)

where Z, Z̄ can be taken as the local vector fields ∂/∂z, ∂/∂z̄ given by a local complex co-
ordinate z on M . Condition (†) says that p⊥F Z̄pF is a holomorphic section of Hom(F, F⊥),
where Hom(F, F⊥) is given the structure of a holomorphic vector bundle in the following
way. First, pF ZpF defines a holomorphic structure for F , by decreeing that a local section
s of F is holomorphic if and only if pF ZpF s = 0 (i.e., pF ZpF is the “∂̄–operator” for
the holomorphic structure). Second, p⊥F Zp⊥F defines a holomorphic structure for F⊥ in
a similar manner. The bundle Hom(F, F⊥) now acquires a holomorphic structure from
those of F, F⊥ in a standard way. Similarly, condition (††) says that p⊥F ZpF is a holomor-
phic section of Hom(F, F⊥), this time using the holomorphic structure concocted from
pF Z̄pF , p⊥F Z̄p⊥F on F, F⊥.
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Definition 3.5. Let f : M → CPn be a harmonic map of a one dimensional Kähler
manifold M into CPn. The positive (or negative) transform of F is the bundle F1 =
Im p⊥F ZpF (or F−1 = Im p⊥F Z̄pF ).

(The apparent singularities in the image bundle are in fact removable singularities, since
the base space is one dimensional.) Note that the transforms of F are subbundles of F⊥

of rank zero or rank one. If F1 = 0 (or F−1 = 0), F is “closed” under the action of Z (or
Z̄). In other words, F is a holomorphic subbundle of M × Cn+1 with respect to one of
the two standard holomorphic structures. This, in turn, means that f is either an anti–
holomorphic or a holomorphic map from M to CPn, with respect to the chosen complex
structures of M and CPn. If F1 6= 0 (or F−1 6= 0), F1 (or F−1) corresponds to a map f1

(or f−1) : M → CPn, and we shall call this map the positive(or negative) transform of f .

We can now state and prove the two main theorems. The ideas for these theorems were
developed by D. Burns, A. M. Din and W. J. Zakrzewski, and V. Glaser and R. Stora,
with full proofs by J. Eells and J. C. Wood. An alternative treatment was given by S. S.
Chern and J. Wolfson. An extensive list of references may be found in [10]. Our approach,
whose main technical device is simply the product rule

Z〈A,B〉 = 〈ZA,B〉 + 〈A, Z̄B〉

of elementary calculus for Cn+1–valued functions on M , is closest to [7,11].

Theorem 3.6. Let f : M → CPn be a conformal harmonic map from a one dimensional
Kähler manifold M into CPn. Then the transforms f−1, f1 are also conformal harmonic.

Proof. The meaning of “conformal” is that h(dfx(X), dfx(Y )) = λ(x)g(X,Y ) for any local
vector fields X,Y on M , where g, h denote the Riemannian metrics of M,CPn, and where
λ is some real–valued function (depending on g, h). This is equivalent to the condition
〈p⊥F ZpF s, p⊥F Z̄pF s〉 = 0 (for any local section s of F ). Using an obvious shorthand we may
write this as:

(C) 〈F1, F−1〉 = 0.

Introducing the notation

∆ = ZpF Z̄ − Z̄p⊥F Z

∆̄ = Z̄pF Z − Zp⊥F Z̄

(and similarly ∆1,∆−1, ∆̄1, ∆̄−1) we may write the condition (†) that f is harmonic as

(H′) ∆̄F ⊆ F.

The equivalent condition (††) is

(H′′) ∆F ⊆ F.

By definition of F−1 and F1 we have

ZF ⊆ F ⊕ F1(1)

Z̄F ⊆ F ⊕ F−1.(2)
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Finally we claim that

ZF−1 ⊆ F ⊕ F−1(3)

Z̄F1 ⊆ F ⊕ F1(4)

To prove (3), observe that p⊥F ZF−1 = p⊥F Zp⊥F Z̄F = p⊥F Z̄pF ZF (by (†) or (H ′)) ⊆ p⊥F Z̄F ⊆
F−1 (by (2)). A similar argument gives (4).

Now we are ready to prove that f1 is harmonic, i.e. that ∆1F1 ⊆ F1. First, ∆̄1F1 =
(Z̄pF1Z − Zp⊥F1

Z̄)F1 ⊆ Z̄F1 + Zp⊥F1
Z̄F1 ⊆ (F ⊕ F1) + ZF (by (4)) ⊆ F ⊕ F1 (by (1)).

Since ∆1 − ∆̄1 = ZZ̄ − Z̄Z = 0, we have also ∆1F1 ⊆ F ⊕ F1. Next, we claim that
〈∆1F1, F 〉 = 0, from which the desired condition ∆1F1 ⊆ F1 follows. In fact we shall
prove the stronger statements that 〈ZpF1Z̄F1, F 〉 = 0 and 〈Z̄p⊥F1

ZF1, F 〉 = 0. We have
〈ZpF1Z̄F1, F 〉 = Z〈pF1Z̄F1, F 〉−〈pF1Z̄F1, Z̄F 〉 ⊆ 0−〈F1, Z̄F 〉 ⊆ −〈F1, F−1〉 = 0 (by (C)),
and 〈Z̄p⊥F1

ZF1, F 〉 = Z̄〈p⊥F1
ZF1, F 〉−〈p⊥F1

ZF1, ZF 〉 ⊆ Z̄〈ZF1, F 〉−〈ZF1, F 〉 (by (1)) = 0
since 〈ZF1, F 〉 = Z〈F1, F 〉 − 〈F1, Z̄F 〉 ⊆ 0 − 〈F1, F−1〉 = 0 (by (C)). This completes
the proof that f1 is harmonic; the proof for f−1 is similar. To prove that f1 is con-
formal, we need to show that 〈p⊥F1

ZF1, p
⊥
F1

Z̄F1〉 = 0. We have 〈p⊥F1
ZF1, p

⊥
F1

Z̄F1〉 =
〈p⊥F1

ZF1, F 〉 (by (4)) = 〈ZF1, F 〉, and this is zero by the earlier calculation. Similarly,
f−1 is conformal. ¤

We have the obvious corollary that any conformal harmonic map f from M to CPn

generates a sequence
. . . f−2, f−1, f, f1, f2, . . .

of conformal harmonic maps, in which (by (1)-(4) of the proof) the positive and negative
transforms of fi are fi+1 and fi−1 respectively. If the sequence terminates on the left with
f−r, then f−r is holomorphic; if the sequence terminates on the right with fs, then fs

is anti-holomorphic. Of course, one would now like to know whether (for a given f) the
sequence terminates at all. In an important special case, it does, and this is the content
of the second main theorem.

Theorem 3.7. Let f : S2 → CPn be any harmonic map. Then f is conformal, and the
sequence of transforms of f is a finite sequence f−r, . . . , f, . . . , fs with r + s ≤ n. Hence,
f−r is holomorphic and fs is anti-holomorphic.

Proof. We shall first establish

(1) 〈ZiF1, Z̄
jF−1〉 = 0 for all i, j ≥ 0.

Since 〈 , 〉 is just the standard Hermitian product on Cn+1, the map (U, s, Ū , t) 7→
〈U ip⊥F Us, Ū jp⊥F Ū t〉 defines a holomorphic section of (⊗i+1T ∗

1,0S
2)⊗F ∗⊗(⊗j+1T ∗

0,1S
2)⊗F .

Since T1,0S
2 ∼= O(−2) and F ∼= O(−deg f) (where O(−1) is the standard holomorphic

line bundle on S2 with c1O(−1)[S2] = −1), this bundle is isomorphic to O(−2(i+ j)− 2).
But the only holomorphic section of O(−m) is the zero section if m > 0. Since Z extends
to a global holomorphic section U of T1,0S

2, we obtain (1).

Next we shall prove

(2) 〈Fi, Fj〉 = 0 for all i 6= j.
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We shall in fact prove by induction on k the statement

(Ik) 〈Fi, Fj〉 = 0 for all i, j with |i − j| ≤ k.

Certainly (I1) holds, by definition of F1, F−1. Assume now (Ik−1); we shall prove (Ik).
Without loss of generality we shall suppose that i > j. First we claim that

〈Fi, Fj〉 = 0 for |i − j| = k,

if either (a) 〈Fi−1, Fj−1〉 = 0 or (b) 〈Fi+1, Fj+1〉 = 0

(∗)

Observe that 〈Fi, Fj〉 = 〈p⊥Fi−1
ZFi−1, Fj〉 = 〈ZFi−1, Fj〉 (by (Ik−1)) ⊆ Z〈Fi−1, Fj〉 −

〈Fi−1, Z̄Fj〉 ⊆ 〈Fi−1, Z̄Fj〉(by (Ik−1) again). Since Z̄Fj ⊆ Fj ⊕ Fj−1, case (a) follows.
Case (b) is proved similarly. Statement (∗) shows that (Ik) is equivalent to

(Jk) 〈Fi, F 〉 = 0 for all i = 1, . . . , k.

We now claim that

(∗∗) 〈Fk−j , Z̄
j−1F−1〉 ⊆ 〈Fk−j−1, Z̄

jF−1〉 for all j = 1, . . . , k − 1.

This is true as 〈Fk−j , Z̄
j−1F−1〉 = 〈p⊥Fk−j−1

ZFk−j−1, Z̄
j−1F−1〉 = 〈ZFk−j−1, Z̄

j−1F−1〉
(by (Ik−1), using the fact that Z̄j−1F−1 ⊆ F−1 ⊕ · · · ⊕ F−j) ⊆ Z〈Fk−j−1, Z̄

j−1F−1〉 −
〈Fk−j−1, Z̄

jF−1〉 ⊆ 〈Fk−j−1, Z̄
jF−1〉 (by (Ik−1) again). Now, 〈F1, Z̄

k−2F−1〉 = 0 by (1).
Hence by downwards induction using (∗∗), 〈Fk−1, F−1〉 = 0. By (∗), we deduce that
〈Fk, F 〉 = 0. Since 〈Fi, F 〉 = 0 for i = 1, . . . , k − 1 by (Ik−1), we now have (Jk) and hence
(Ik). By induction, this completes the proof of (2).

The theorem follows directly from (2). First, f is conformal as 〈F1, F−1〉 = 0. Next,
the sequence . . . , F−1, F, F1, . . . must terminate in both directions for dimensional reasons,
since the Fi are mutually orthogonal and all are contained in Cn+1. ¤

An examination of the proof shows that 3.7 extends to those harmonic maps f : M →
CPn which satisfy the condition (1) of the proof, where M is any one dimensional Kähler
manifold. Such an f is said to be isotropic (see [11]). It is interesting to note, however,
that in the case n=2 this isotropy condition may be dispensed with, as follows. The
orthogonality of F−1, F, F1 requires only that f : M → CP 2 be a conformal harmonic
map, and hence (by (∗) in the proof of 3.7) so does the orthogonality of F, F1, F2. So either
F2 = 0 (and f2 is anti-holomorphic, as in 3.7) or F2 = F−1 (in which case the sequence of
transforms is cyclic). An example of a cyclic sequence is provided by the “Clifford torus”
(see [27]). Finally, we note that the hypothesis of conformality may be dispensed with in
3.6; for proofs see [4], as well as F. Burstall, J.C. Wood,“The construction of harmonic
maps into complex Grassmannians”, Jour. Diff. Geom. 23 (1986), 255-297, or S.S. Chern,
J.G. Wolfson, “Harmonic maps of the two-sphere into a complex Grassmann manifold II”,
Ann. of Math. 125 (1987), 301-335.
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§4 Harmonic maps into homogeneous spaces

In this section we shall demonstrate how the simple computational framework of §3 may
be extended to a large class of homogeneous spaces, namely, to those which are orbits of the
isotropy representation of a symmetric space. Let K be a compact connected semisimple
Lie group, and let G be a closed subgroup of K such that K/G is a symmetric space.
The characteristic property of K/G is that, if k = g⊕m is the Lie algebra decomposition
determined by the Killing form of k, then

[m,m] ⊆ g.

The isotropy representation of K/G is, by definition, the adjoint action of G on m (which
is a restriction of the adjoint action of K on k). For any γ ∈ m, let Oγ = Ad(G)γ be the
orbit of γ. Thus, Oγ

∼= G/H for some closed subgroup H of G. Under the derivative of
the inclusion Oγ → m, it is easy to show that one has the identification

Tγ(Oγ) ∼= [g, γ] (⊆ m)

of the tangent space to Oγ at γ. Using this one obtains an induced Riemannian metric
on Oγ (from the inner product on m given by minus the Killing form of k). Both the
Riemannian metric on Oγ and the inner product on m will be denoted by 〈 , 〉.

We shall look at harmonic maps f : M → G/H, where M is any compact Riemannian
manifold and G/H is a Riemannian homogeneous space of the above type. Let iγ : G/H →
m denote the inclusion map. Then we define

F = iγ ◦ f : M → m.

The condition that f be harmonic may be expressed in terms of F . But F is just a map
into Euclidean space, so computations become easy. This is a natural generalization of
what happened in §3, as we shall see in example 2 below.

Proposition 4.1. The map f : M → G/H is harmonic if and only if [∆F, F ] = 0, where
∆ is the Laplacian on M .

Proof. First, we have the well known formula (see 4.1 of [9]) for the second fundamental
form of the composition of two maps:

∇X(dF )(Y ) = diγ(∇X(df)(Y )) + ∇df(X)(diγ)(df(Y )).

Since ∆F = tr∇dF , we obtain

∆F = diγ(tr∇df) +
m

Σ
k=1

∇df(Xk)(diγ)(df(Xk))

where X1, . . . , Xm is a (local) orthonormal frame for M . Clearly the first term on the right
hand side is tangential to Oγ . The second term is normal to Oγ (since iγ is by definition
an isometric embedding). Hence f is harmonic if and only if (∆F )(m) is orthogonal to
the tangent space to Oγ at F (m), for all m ∈ M . This means 〈∆F, [g, F ]〉 = 0 (because
of the earlier identification of the tangent space), or 〈[∆F, F ],g〉 = 0 (because 〈 , 〉 is
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invariant). Using the property [m,m] ⊆ g now, we have [∆F, F ] ⊆ g. Hence the condition
is [∆F, F ] = 0, as required. ¤
This condition has already been noticed in various guises, mostly in the mathematical
physics literature. Our general formulation includes all the known special cases, which fall
broadly into the following three classes.

Example 1. G/H = SOn+1/SOn
∼= Sn.

We regard Sn as the orbit of a point γ in m ∼= ToSOn+2/SOn+1. If SOn+1 is identified
with the subgroup of SOn+2 consisting of matrices of the form(

A 0
0 1

)
where A ∈ SOn+1, then m may be identified with the subspace of son+2 consisting of
matrices of the form (

0 u
−ut 0

)
,

where u is an (n + 1) × 1 column vector. The isotropy representation of SOn+1 on m is
given by conjugation:

Ad
(

A 0
0 1

)(
0 u

−ut 0

)
=

(
0 Au

−utA−1 0

)
.

Thus it is the standard action of SOn+1 on Rn+1 ∼= m, and the orbit of γ ∈ m given by
ut = (0, . . . , 0, 1) is Oγ

∼= SOn+1/SOn
∼= Sn. The induced Riemannian metric on Sn is

(up to a scalar multiple) the standard one.

Let f : M → Sn be a map, where Sn is the unit sphere in Rn+1. For convenience in
this example we shall write f for the composition M → Sn → Rn+1. The harmonic map
equation, from proposition 4.1, is[(

0 ∆f
−∆f t 0

)
,

(
0 f

−f t 0

)]
= 0

where the Lie bracket [A,B] is just AB−BA. Writing 〈〈u, v〉〉 = utv for the inner product
on Rn+1, we obtain the identity 〈〈∆f, f〉〉 = 〈〈f, ∆f〉〉 and the equation (∆f)f t = f(∆f t).
Multiplication on the right by f gives the equation

∆f = [(∆f t)f ]f = ||df ||2f

(which is well known – see [22]).

Example 2. G/H is a generalized flag manifold. (This includes the cases of complex
projective space, complex Grassmann manifolds, and complex flag manifolds.)

Generalized flag manifolds G/H are precisely those homogeneous spaces which arise as
orbits of the adjoint action of G on its Lie algebra g. Since this adjoint action may be
regarded as the isotropy representation of the symmetric space K/G = (G×G)/G (where
G is included in G ×G as the diagonal subgroup), proposition 4.1 may be applied. Thus,
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if f : M → G/H is a map, and iγ : G/H → g is the inclusion of the orbit Oγ
∼= G/H, the

harmonic map equation is
[∆F, F ] = 0

where F = iγ ◦ f .

Let us consider the case G = SUN , where we can be more explicit. Then H is of the
form S(UN1 × · · · ×UNk

) for some N1, . . . , Nk with N1 + · · ·+ Nk = N , and G/H may be
identified with the complex flag manifold whose elements are sequences (flags)

{0} ⊂ Lm1 ⊂ Lm2 ⊂ · · · ⊂ Lmk
= CN

where Li is an i–dimensional subspace of CN and Ni = mi − mi−1. We shall use the
notation F (m1, . . . ,mk) for this space. The points γ ∈ suN whose orbits are such a
homogeneous space are the skew–Hermitian N × N matrices of trace zero of the form

γ =
√
−1

k

Σ
i=1

tipi,

where t1, . . . , tk are distinct real numbers and where pi ∈ End(CN ) is a projection operator
of rank Ni, with pipj = pjpi = 0 and p1 + · · · + pk = I. The induced Riemannian metric
on F (m1, . . . ,mk) depends on γ, and to emphasize this we call it 〈 , 〉γ rather than 〈 , 〉.

To a map f : M → F (m1, . . . ,mk) we associate the map F = iγ ◦ f : M → suN in
the usual way. It will be convenient to regard F as a map into the space MNC of N ×N
complex matrices. Following the procedure of §3, we may use the tautologously defined
vector bundles Lm1 , . . . , Lmk

on F (m1, . . . ,mk) to define subbundles of M × CN by

F i = f−1Li,

and introduce the functions
pi

F : M → MnC

with pi
F given by orthogonal projection M × CN → F i. We then have the formula

F =
√
−1

k

Σ
i=1

tip
i
F .

The harmonicity condition [∆F, F ] may now be written down in a manner which directly
generalizes the formula of corollary 3.3. Before doing this, we would like to point out that
there are two different ways of “differentiating” an MnC–valued function:

Definition 4.2. Let φ : M → MnC and let X be a (local) vector field on M . Then

(1) X · φ : M → MnC denotes the directional derivative of φ by X, and

(2) Xφ : M → MnC denotes the function such that, for any function s : M → Cn, (Xφ)(s)
is the directional derivative of φ(s) by X. (In other words, Xφ is the composition of X
and φ, considered as operators on Cn–valued functions.)

Note that X · φ = Xφ − φX.



HARMONIC TWO-SPHERES IN COMPLEX PROJECTIVE SPACE AND SOME OPEN PROBLEMS13

Now let X1, . . . , Xm be a local orthonormal frame for M with ∇Xi
Xi = 0 for all i.

Then the Laplacian ∆ is ΣX2
i , and the harmonic map equation is

[
m

Σ
i=1

X2
i ·

k

Σ
j=1

tjp
j
F ,

k

Σ
j=1

tjp
j
F ] = 0

To work this out, first note that X2 · pj
F = X · (Xpj

F − pj
F X) = X2pj

F − 2Xpj
F X + pj

F X2

and then apply the formula [A,B] = AB −BA for the Lie bracket. The component of the
resulting equation in Hom(F b, F a) is then found to be

m

Σ
i=1

k

Σ
c=1

pa
F Xi(t2b − t2a + 2(ta − tb)tc)pc

F Xip
b
F = 0.

This may be written symmetrically as

(∗)
m

Σ
i=1

pa
F Xi(

k

Σ
c=1

(ta − tc)2pc
F −

k

Σ
c=1

(tb − tc)2pc
F )Xip

b
F = 0.

Corollary 3.3 is obtained (for k = 2 and N = n+1) by taking any choice of distinct scalars
t1, t2, (The scalars t1, t2 disappear from the expression, reflecting the fact that the induced
Riemannian structure on CPn is always a scalar multiple of its standard structure.) In
the case of a Kähler manifold M , one obtains a criterion similar to that of corollary 3.4.

The equations derived here generalize to the case where F (m1, . . . ,mk) has an arbitrary
S(UN1 × · · · × UNk

)–invariant Riemannian metric: such a metric is specified by positive
scalars rij (with rij = rij , 1 ≤ i, j ≤ k), and the harmonic map equation is obtained from
(∗) by substituting rac, rbc for (ta − tc)2, (tb − tc)2). Some recent work on properties of
harmonic maps of Riemann surfaces into flag manifolds has been done by C. J. C. Negreiros
(see [18]).

Example 3. G/H = SOn, Un, or Spn.

As a typical case, we shall take the unitary group. We regard Un
∼= (Un × Un)/Un as

the orbit of a point γ in m = T◦(U2n/(Un ×Un)). The symmetric space U2n/(Un ×Un) ∼=
SU2n/S(Un × Un) is the Grassmann manifold Grn(C2n) of complex n–planes in C2n. If
Un × Un is identified with the subgroup of U2n consisting of matrices of the form(

A 0
0 B

)
where A,B ∈ Un, then m may be identified with the subspace of u2n consisting of matrices
of the form (

0 X
−X∗ 0

)
where X ∈ MnC. The isotropy representation of Un × Un on m is given by conjugation:

Ad
(

A 0
0 B

)(
0 X

−X∗ 0

)
=

(
0 AXB−1

−BX∗A−1 0

)
.

The point γ given by X = I is stabilized exactly by the diagonal subgroup Un of Un ×Un,
so the orbit of γ is Oγ

∼= (Un × Un)/Un
∼= Un. (The identification with Un is obtained
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by assigning to the above 2n × 2n matrix the unitary matrix AXB−1.) The embedding
Un → m is then given by

A 7→
(

0 A
−A∗ 0

)
,

and this becomes the standard embedding of Un in MnC, under the natural identification
m ∼= MnC.

Let f : M → Un be a map. We shall now make the convention that f denotes the
composition M → Un → MnC. The harmonic map equation, from 4.1, is[(

0 ∆f
−∆f∗ 0

)
,

(
0 f

−f∗ 0

)]
= 0

which reduces to (∆f)f∗ = f(∆f∗), or

(∆f)f−1 = f(∆f−1).

Taking ∆ = ΣX2
i for a local orthonormal frame X1, . . . , Xm of M (with ∇XiXi = 0 for

all i), we obtain a more explicit expression as follows. First, by the product rule,

(X2
i · f)f−1 = Xi · (Xi · ff−1) − (Xi · f)(Xi · f−1)

f(X2
i · f−1) = Xi · (fXi · f−1) − (Xi · f)(Xi · f−1)

and on subtraction we have (X2
i ·f)f−1−f(X2

i ·f−1) = Xi ·(Xi ·ff−1)−Xi ·(fXi ·f−1) =
2Xi · (Xi · ff−1) (since fXi · f−1 + Xi · ff−1 = Xi · (ff−1) = 0).

Thus the harmonicity condition is

m

Σ
i=1

Xi · (Xi · ff−1) = 0

or, more intrinsically,
d∗(dff−1) = 0.

This latter condition makes sense, and indeed holds, for maps into any compact Lie group.
Both conditions have appeared in the literature (see, for example, [31,32] and more recently
[19,23,24]). If M is a one dimensional Kähler manifold with Z = ∂/∂z, Z̄ = ∂/∂z̄, then
the harmonic map equation becomes:

Z · (Z̄ · ff−1) + Z̄ · (Z · ff−1) = 0.

As an example of the “elementary calculus” approach, we shall prove a theorem of [23].
This concerns the natural problem of determining when the product of two harmonic maps
into Un is itself harmonic.

Theorem 4.3. Let f : M → Un be a harmonic map, where M is a one dimensional Kähler
manifold. Let g : M → Grk(Cn) be a map, which we identify with the map pG − p⊥G into
Un. If

pG(fZ̄f−1 − Z̄)p⊥G = 0 (i.e. p⊥G(fZf−1 − Z)pG = 0)

pG(fZf−1 + Z)p⊥G = 0 (i.e. p⊥G(fZ̄f−1 + Z̄)pG = 0)
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then the product (pG − p⊥G)f is harmonic.

Proof. A map φ : M → Un is harmonic if and only if Z · (Z̄ · φφ−1) + Z̄ · (Z · φφ−1) = 0.
Using the rule X · φ = Xφ − φX (see definition 4.2), one finds this is equivalent to
Z · (φZ̄φ−1) + Z̄ · (φZφ−1) = 0, or ZφZ̄φ−1 + Z̄φZφ−1 − φZφ−1Z̄ − φZ̄φ−1Z = 0. After
substituting φ = (pG − p⊥G)f = (2pG − 1)f into this condition (and omitting the suffix
G for clarity) we check that each component of the result is zero. The component in
Hom(p⊥, p⊥) is :

−p⊥Z(2p − 1)fZ̄f−1p⊥ − p⊥Z̄(2p − 1)fZf−1p⊥ + p⊥fZf−1(2p − 1)Z̄p⊥

+p⊥fZ̄f−1(2p − 1)Zp⊥.

As f is harmonic, the four terms containing “−1” add up to zero. We are left with

−p⊥ZpfZ̄f−1p⊥ − p⊥Z̄pfZf−1p⊥ + p⊥fZf−1pZ̄p⊥ + p⊥fZ̄f−1pZp⊥

which, using the hypotheses in order to eliminate f , reduces to zero. The component in
Hom(p, p⊥) is

−pZ(2p − 1)fZ̄f−1p⊥ − pZ̄(2p − 1)fZf−1p⊥ + pfZf−1(2p⊥ − 1)Z̄p⊥

+pfZ̄f−1(2p⊥ − 1)Zp⊥

where we have rewritten 2p − 1 as −(2p⊥ − 1) in the last two terms. The four terms
containing “−1” add up to zero again, and the hypotheses allow the simplification of the
rest, as in the previous case. The components in Hom(p, p) and Hom(p⊥, p) are similarly
zero, so the theorem is proved. ¤

The proof above is short and elementary, but perhaps slightly mysterious. In particular,
the hypotheses appear rather arbitrary. (A more conceptual proof, in which the hypotheses
arise naturally, occurs in the “extended solution” approach of [23].) It should be noted
that the hypotheses are not necessary conditions for (pG − p⊥G)f to be harmonic (given
that f is). For example, if f is the constant map f = I, then the hypotheses reduce to
pGZp⊥G = 0 (i.e. p⊥GZ̄pG = 0), which is the condition that g is holomorphic (not merely
harmonic).

Unfortunately there is not yet any simple extension of theorems 3.6 and 3.7 to the
case of maps into any homogeneous space, although various interesting results have been
proved for particular homogeneous spaces. For maps into a complex Grassmannian, various
generalizations of 3.6 and 3.7 are available [27,28]. For maps into the unitary group,
Uhlenbeck [23] shows (via 4.3) that any harmonic map may be regarded as arising from
holomorphic data; this is made more explicit by Wood in [29]. Uhlenbeck’s result has been
generalized recently to a large class of symmetric spaces (F.E. Burstall, J.H. Rawnsley,
“Twistor theory for Riemannian symmetric spaces”, Universities of Bath and Warwick
preprint).
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§5 Further results and open problems on harmonic maps S2 → CPn

Theorems 3.6 and 3.7 give a very concrete “classification” of all harmonic maps S2 →
CPn (in terms of holomorphic and anti–holomorphic maps, which, relatively speaking,
are familiar objects). From one point of view this is perhaps a satisfactory disposal of the
problem; how much further could one (or should one) go? While the answer to this is
to some extent a matter of personal taste, it is a fact that the “revival” ten years ago of
the problem (of studying harmonic maps of a Riemann surface) was due to mathematical
physicists, and, from their point of view, theorems 3.6 and 3.7 still leave a lot of questions
unanswered. For example:

(a) Are there any restrictions on the energy and homotopy class of a harmonic map?

(b) What does the space of harmonic maps of given energy and degree look like? Can
one describe (as manifolds, singular varieties, ...) the connected components of the
space of harmonic maps?

(c) Is the gradient flow of the energy functional well behaved? (For example, does
some version of Morse Theory apply to the energy functional?)

From the physical point of view, harmonic maps of surfaces are of interest mainly as
(solutions of) a model for classical field theory (the chiral model or non–linear sigma
model). Theorems 3.6 and 3.7 exhibit an interesting phenomenon, namely the construc-
tion of “general solutions” out of “instanton solutions” (holomorphic or anti–holomorphic
maps), which is thought to occur also in more complicated field theories. The fact that the
above questions (notably (b) and (c)) are rather difficult to answer is then an unfortunate
deficiency of this particular model. From the mathematical point of view, however, the
questions are natural and typical, and an understanding of them is likely to have wide
implications.

In this final section, we shall survey what is known about (a), (b) and (c) in the case
of maps from S2 to CPn, and give some additional ideas and results. We have decided
to restrict to this special case as all the essential problems still exist, despite the simple
description of the harmonic maps. In the case of maps from other Riemann surfaces
to other homogenous spaces, the available descriptions of harmonic maps are much less
illuminating. It may be, of course, that some general principle is at work which is actually
obscured by restricting to maps S2 → CPn, but this is not yet apparent.

(1) Holomorphic maps.

This is the natural starting point. A map f : S2 → CPn is holomorphic if

p⊥F Z̄pF = 0

(i.e., if pF Zp⊥F = 0, since (p⊥F Z̄pF )∗ = −pF Zp⊥F ), and this condition immediately implies
the harmonicity condition (†) of §3. This first–order equation is much easier to solve than
the general harmonic map equation, and any solution f is well known to be given by some
map from C to Cn+1 of the form

z 7→ (p0(z), . . . , pn(z)),

where p0, . . . , pn are polynomials with no common zero in C. Any such map induces
a holomorphic map f from S2 to CPn, and, if deg pi = di, then the degree of f is
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max{d0, . . . , dn}. The set Hold(S2,CPn) of holomorphic maps of degree d(≥ 0) may
therefore be identified with an open subset of the projective space of (n + 1) × (d + 1)
matrices. It is a non–compact connected complex manifold of dimension nd + n + d.

It has been proved by topological methods (see [20]) that the inclusion Hold(S2,CPn) →
Mapd(S2,CPn) of the space of holomorphic maps into the space of smooth (or continuous)
maps induces an isomorphism of homology and homotopy groups Hi, πi for i < d(2n− 1).
This is the kind of result which one would expect if Morse Theory were to be applicable,
as Hold(S2,CPn) consists precisely of the absolute minima of the energy functional E :
Mapd(S2,CPn) → R.

The proof of this latter fact follows from the following observation, made (in a wider con-
text) by A. Lichnerowicz. First, by definition, one has E(f) = (constant)×

∫
M

|p⊥F ZpF |2 +
|p⊥F Z̄pF |2. Next, one may introduce D(f) =

∫
M

|p⊥F ZpF |2 − |p⊥F Z̄pF |2. Using the for-
mula |A|2 = −trAA∗ for a un–valued function A on M (which extends by C–linearity
to MnC–valued functions), one obtains D(f) =

∫
M

tr(p⊥F ZpF Z̄p⊥F − p⊥F Z̄pF Zp⊥F ). The
(1,1)–form (Z, Z̄) 7→ tr(p⊥F ZpF Z̄p⊥F − p⊥F Z̄pF Zp⊥F ) is the pull–back by f of the (1,1)–form
(U, Ū) 7→ tr(p⊥LUpLŪp⊥L − p⊥L ŪpLUp⊥L ) on CPn. It is easy to see that this is (a multi-
ple of) the Kähler form on CPn. Hence D(f) = (constant) × deg f. It follows that, for
maps f of a fixed non–negative degree, E(f) takes its minimum value precisely when f is
holomorphic.

From now on we shall normalize the energy E(f) by re–defining it as E(f) = c
∫

M
|p⊥F ZpF |2+

|p⊥F Z̄pF |2, where c is chosen so that deg f = c
∫

M
|p⊥F ZpF |2−|p⊥F Z̄pF |2. Thus, E(f) ≥ deg f

for any f : S2 → CPn, and equality occurs if and only if f is holomorphic.

(2) The explicit construction of harmonic maps from holomorphic maps.

Combining (1) with theorems 3.6 and 3.7, we see that the most general harmonic map
S2 → CPn is obtained by starting with a never–zero polynomial map

f(z) = (p0(z), . . . , pn(z)) (z ∈ C)

(which represents a holomorphic map S2 → CPn), and then taking the positive transforms
f1, f2, f3, . . . . This is done explicitly by applying the Gram–Schmidt orthogonalization
process of linear algebra to the sequence f ′, f ′′, f ′′′, . . . of ordinary derivatives. (This
description is merely a re–interpretation of theorem 3.7.)

Here are some concrete examples.

(a) f(z) = (1,
√

2z, z2)

Differentiation gives f ′(z) = (0,
√

2, 2z), f ′′(z) = (0, 0, 2). Orthogonalization gives the
following, in which we have cancelled factors which are not identically zero (this is allowed
as the resulting maps S2 → CP 2 are not affected):

f1(z) = (
√

2z̄, zz̄ − 1,−
√

2z)

f2(z) = (z̄2,−
√

2z̄, 1).

(b) f(z) = (2, z2,−z)
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This time f ′(z) = (0, 2z,−1), f ′′(z) = (0, 2, 0) and we obtain

f1(z) = (4zz̄2 + 2z̄,−8z − z2z̄,−z2z̄2 + 4)

f2(z) = (z̄2, 2, 4z̄).

In general:

(c) f = (p, q, r)

A similar calculation gives

f1 = (q̄(p, q) + r̄(p, r), p̄(q, p) + r̄(q, r), p̄(r, p) + q̄(r, q))

f2 = ((q̄, r̄), (r̄, p̄), (p̄, q̄)).

where we use the notation (a, b) for a′b − b′a.

Thus, the procedure is a completely mechanical sequence of operations on polynomials.
But it is an essentially “discontinuous” procedure; the degrees of f1, f2, . . . are not related
in any obvious way to the degree of the original map f . In fact, these degrees depend on
the singularities of the “holomorphic curve” f , and there are well known formulae (the
Plücker formulae, see [13]) which describe this dependence, namely

deg f(i) − 2 deg f(i−1) + deg f(i−2) = −2 − β(i−1)

where f(i) is the i-th associated curve

f(i) = span {f, f ′, . . . , f (i)} = f ⊕ f1 ⊕ · · · ⊕ fi : S2 → Gri+1(Cn+1)

and β(i−1) is the ramification index of f(i−1). (Note that f(i−1) is a holomorphic map,
and that deg f(i) = deg fi + deg f(i−1).) Thus in principle the problem of describing the
harmonic maps S2 → CPn is reduced to the algebraic geometrical problem of describing
the possible singularities of holomorphic maps S2 → CPn. Unfortunately this seems to
be of limited practical help, although in (4) some simple consequences will be given.

For maps into Gr2(Cn), Wood [28] has shown that any harmonic map may be expressed
in terms of polynomials in z, z̄.

(3) Solutions with special properties.

The reader may have noticed how fortunate we were in example (a) in (2). The reason
is that the holomorphic curve in (a) defines the projectivized orbit of the maximal weight
vector for the standard irreducible unitary representation of SU2 on C3. More generally, let
us consider the standard irreducible unitary representation of SU2 on Cn+1 (this is usually
realized as the action of SU2 on homogeneous polynomials of degree n in two variables).
With the appropriate convention this has weights n, n − 2, . . . ,−n and the monomials
zn
0 , zn−1

0 z1, . . . , z
n
1 are corresponding weight vectors. The action of SU2 is given by(

α β
−β̄ ᾱ

)
· z0 = ᾱz0 − βz1,

(
α β
−β̄ ᾱ

)
· z1 = β̄z0 + αz1.
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This action is unitary with respect to that Hermitian inner product for which an orthonor-
mal basis of Sn(C2)∗ consists of the vectors

(
n
i

)1/2
zn−i
0 zi

1, i = 0, . . . , n. Writing z = −β/ᾱ

we see that the orbit of the weight vector zn−i
0 zi

1 gives the map S2 → CPn defined by

f(z) = (p0, . . . , pn)

where

(z0 + zz1)n−i(−z̄z0 + z1)i =
∑

pi

(
n

i

)1/2

zn−i
0 zi

1.

The orbit of the maximal weight vector zn
0 gives the holomorphic map

f(z) = (1,

(
n

1

)1/2

z,

(
n

2

)1/2

z2, . . . , zn).

This (or the projectively equivalent map f(z) = (1, z, z2, . . . , zn)) is usually called the
Veronese curve. The orbit of the i-th weight vector zn−i

0 zi
1 gives the i-th harmonic trans-

form of the Veronese curve. This follows from the representation–theoretic approach to
harmonic maps which was developed in [14]. The transform procedure is seen to be equiv-
alent to application of “creation and annihilation operators” of the Lie algebra. From a
different point of view, the harmonic maps given by the Veronese curve and its transforms
have been studied in [2,3]. Here this sequence of harmonic maps was characterized by the
constancy of the curvature of the induced metrics on S2.
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(4) Energy and degree.

Since holomorphic maps are harmonic, there certainly exist harmonic maps of every
possible degree d ≥ 0. (A similar statement applies to anti–holomorphic maps, with
d ≤ 0. Thus, there exist harmonic maps in every homotopy class.) However, we have seen
that E(f) = deg f = d for such a holomorphic map, so it is of interest to know what other
possible values of the energy occur for a fixed degree d.

In the special case of maps S2 → CP 1 ∼= S2, theorems 3.6 and 3.7 show that any
harmonic map is either holomorphic or anti–holomorphic. (This fact was first proved in
[12].) So no “new” values of the energy occur in this case.

In general, it is possible to express the energy and degree of the general harmonic map
fi : S2 → CPn (where f is holomorphic) in terms of the degrees of the associated curves
(see (2)) as follows:

E(fi) = deg f(i) + deg f(i−1)

deg fi = deg f(i) − deg f(i−1).

These formulae may be proved (see [11]) by factoring fi as the holomorphic map (f(i−1), f(i)) :
S2 → F (i, i + 1, n + 1) followed by the projection F (i, i + 1, n + 1) → CPn.

Thus the energy is always a (non–negative) integer, and the problem is to find which
values of deg f(i) + deg f(i−1) can occur for a fixed value of deg f(i) − deg f(i−1) = d.
Everything is thereby reduced to finding the degrees of the associated curves f(i), which
in principle may be found using the Plücker formulae. For example, let us investigate the
degree and energy of f1. By the Plücker formulae we have deg f(1) = 2deg f −2−β, where
β is the ramification index of f . Hence E(f1) = 3 deg f −2−β and deg f1 = deg f −2−β.
In [5], various examples were exhibited which show that, for maps f1 of a given degree, the
energy has no upper bound. For example, consider f(z) = (1, (1+ z)a, zb) with 0 < a < b.
This has degree b and is ramified only at ∞; on putting w = 1/z and differentiating, one
finds that β = b−a−1. Hence deg f1 = b−2− (b−a−1) = a−1, and E(f1) = 2b+a−1.
So for any d (> 0), we can find a harmonic map with degree d and energy d + 2r, for any
r (> 0). Since CP 2 may be included isometrically and totally geodesically in CPn for
any n ≥ 2, these harmonic maps produce harmonic maps into CPn with the same energy
and degree (see 4.2 of [9]). Replacing z by z̄ gives similar results for d < 0 (and the case
d = 0 is also easy to deal with). Thus there are infinitely many connected components of
the space Harmd(S2,CPn) of harmonic maps of degree d.

(5) The solution space Harm(S2,CPn).

It follows from [23,16] that the dimension of the subset of Harm(S2,CPn) consisting
of (basepoint preserving) maps with energy k is bounded above by 2(2n + 1)k. This is
because [23] gives a characterization of harmonic maps as certain holomorphic maps of
degree k from S2 into the algebraic loop group ΩalgUn+1, and [16] gives the dimension of
the space of holomorphic maps as 2(2n + 1)k. Note that Gln(C) acts on Harm(S2,CPn)
by A · fi = (Af)i. This action preserves energy and degree because Af has the same
ramification as f .

In [14] an algebraic scheme was given for constructing all harmonic maps S2 → CPn

using the irreducible representations of SU2 and certain complex matrices. This gives an
algebraic description of Harm(S2,CPn), although it seems to be very complicated. The
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most detailed work on analysing spaces of harmonic maps as varieties has been done by
J.–L. Verdier (see [25]), who studied maps from S2 to a sphere. He exhibited certain
connected susbspaces of Harm(S2, S4). At the time of writing, however, nothing else is
known about the structure of Harm(S2,CPn).

(6) Calculus of variations.

The example of maps S2 → CP 1 ∼= S2 indicates that all is not well with the gradient
flow of the energy functional. For the only critical points (i.e., harmonic maps) are the
holomorphic maps (assuming the degree d is non–negative), and so the gradient flow — if
non–degenerate — should give a deformation retract of Mapd(S2, S2) onto Hold(S2, S2).
But such a retraction is not possible for topological reasons (although Segal’s theorem
referred to in (1) shows that it is possible “up to some dimension”). Hence the trajectories
of the gradient do not simply flow down to critical points. From the point of view of infinite
dimensional Morse Theory, the problem is one of non–compactness : “condition (C)” of
Palais and Smale does not apply to the energy functional. With the current successes in
the analysis of similarly problematical functionals such as the Yang–Mills functional, some
attention is now being given to understanding the energy functional.

Finally, something is known about the Morse index of harmonic maps f : S2 → CPn.
The index of a holomorphic or anti–holomorphic map is obviously zero. In [11] it was
shown that this index of f (assumed to be neither holomorphic nor anti–holomorphic) is
at least n + (n + 1) deg f .

(7) Birkhoff–Grothendieck splittings.

By comparison with [1], it was suggested in [15] that the Birkhoff–Grothendieck decom-
position of the bundle F⊥ should be of use in studying harmonic maps f : S2 → CPn (or
more generally, the Harder–Narasimhan filtration when f is a map of a Riemann surface).
The bundle F⊥ acquires a holomorphic structure by taking p⊥F Z̄p⊥F as ∂̄–operator, and the
Birkhoff-Grothendieck theorem then gives a holomorphic splitting

F⊥ ∼= O(af
1 ) ⊕ · · · ⊕ O(af

n)

as a sum of line bundles, where af
1 , . . . , af

n are integers. (So far, what we have said applies
to any subbundle of S2 × Cn+1.) One has

(a) deg f = af
1 + · · · + af

n.

From §3, we recall that the condition for f to be harmonic translates into the condition
that p⊥F ZpF be a holomorphic section of Hom(F, F⊥), or that the assignment α : Z 7→
p⊥F ZpF defines a holomorphic section α ∈ Γ(T ∗

1,0S
2⊗Hom(F, F⊥)). Now, T ∗

1,0S
2 ∼= O(−2)

and F ∼= O(−deg f), so we obtain α ∈ ΓO(af
1 +deg f − 2)⊕ · · ·⊕O(af

n +deg f − 2). As a
consequence one has af

i + deg f − 2 ≥ 0 for some i. A further piece of information (from
theorem 3.6 and the definition of the complex structure on F⊥) is that if f = gi is the i-th
harmonic transform of a holomorphic map g : S2 → CPn, then the decomposition

F⊥ = G⊥
i = G(i−1) ⊕ G⊥

(i)

is actually a decomposition into holomorphic subbundles. Let us suppose that G(i−1) =
O(a1)⊕· · ·⊕O(ai), G⊥

(i−1) = O(ai+1⊕· · ·⊕O(an). Since G(i−1) and Ḡ⊥
(i) are holomorphic
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subbundles of S2×Cn+1 they have no non–constant holomorphic sections. So we conclude
that a1, . . . , ai ≤ 0, ai+1, . . . , an ≥ 0 and (from (4)) that

(b) E(gi) =
n∑

i+1

aj −
i∑
1

aj .

Thus, the wider spaced are the integers aj , the greater is the energy of gi.

In general, the integers a1, . . . , an are not easy to compute, even when g is given explic-
itly as in (2). However, if g is any holomorphic curve of the form g(z) = (c0, c1z, . . . , cnzn)
with each ci a non-zero complex number, then the Birkhoff–Grothendieck decomposition
of G⊥

i turns out to be

G⊥
i
∼= O(−(n − i + 1)) ⊕ · · · ⊕ O(−(n − i + 1)) ⊕O(i + 1) ⊕ · · · ⊕ O(i + 1)

where n − i summands are O(i + 1) and i summands are O(−(n − i + 1)), i = 0, 1, . . . , n.

(Sketch proof: It suffices to decompose G(i−1), as the case of G⊥
(i) is similar. The holo-

morphic subbundle G(i−1) of S2 × Cn+1 is spanned locally by the Cn+1-valued functions
g, g′, . . . , g(i−1). Consider the functions h1, . . . , hi, where hr is defined by

hr =
i−r∑
j=0

(−1)j (n − j − r + 1)!
(n − i + 1)!

(
i − r

j

)
zjg(j+r−1).

The subbundle generated by these functions is clearly contained in G(i−1). It is a routine
matter to check that these functions are linearly independent at every point (including
z = ∞), and hence define a decomposition of G(i−1) as a sum of holomorphic line bundles.
The highest power of z (with non-zero coefficient) in each hr turns out to be zn−i+1. Hence
each of these line bundles is a copy of O(−(n − i + 1)), as required.)

The degree and energy of gi may be computed (from (a),(b)) as

deg gi = n − 2i

E(gi) = n + 2i(n − i) = deg gi + 2i(n − i + 1).

At this point it is natural to ask the following question:

Problem. What is the relation between the sequence of harmonic maps g = g0, g1, g2, . . .
and the sequence of Birkhoff–Grothendieck decompositions G⊥ = G⊥

0 , G⊥
1 , G⊥

2 , . . . ?

Note that the decomposition of G⊥
i does in fact determine the holomorphic map g, since the

canonical decomposition G⊥
i = G(i−1)⊕G⊥

(i) determines the holomorphic map (g(i−1), g(i)) :
S2 → F (i, i + 1, n + 1) which was discussed in (4). (The map (g(i−1), g(i)) was a crucial
ingredient in the approach of [11] to theorems 3.6 and 3.7.) We have seen in (a) and
(b) above how the decomposition determines the degree and energy of gi. However, the
integers aj presumably contain further information, which must reflect subtler properties
of the harmonic map (such as the ramification).

It should be mentioned that Birkhoff–Grothendieck decompositions associated with
harmonic maps have been utilized by other authors, notably by F. Burstall, J. Rawnsley
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and S. Salamon in connection with the twistor approach to harmonic maps into symmetric
spaces, and by G. Valli in the proof of the factorization theorem for harmonic maps into
Grassmannians. For example, in [4] the “length” of a decomposition O(a1)⊕ · · · ⊕O(an),
defined as L = max{ai − aj}, was (implicitly) related to the energy of a harmonic map
into a Grassmann manifold. For a harmonic map gi : S2 → CPn we can see this from
(b) above: it is clear that L(gi) ≤ E(gi) ≤ nL(gi), where L(gi) is the length of the
decomposition of G⊥

i .
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