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1 Introduction

The purpose of this article is to give an exposition of finite dimensional and infi-
nite dimensional group actions on harmonic maps of Riemann surfaces into Lie
groups (or symmetric spaces), and their applications to the study of deforma-
tions of harmonic maps. The classification theory of harmonic maps of Riemann
spheres into the n-dimensional standard sphere Sn was given by Calabi ([13],
Chern [15], Barbosa [5]). It was shown that any harmonic 2-sphere in Sn can be
lifted to a horizontal holomorphic curve in the twistor space over Sn. A certain
(noncompact simple) complex Lie group acts on the twistor space in a natural
way, and this action transforms a horizontal holomorphic curve to another one.
Thus it induces a group action on harmonic 2-spheres in Sn. This group action
has been used to obtain interesting results on the space of harmonic 2-spheres
in Sn (cf. [5],[26],[8]).

From the point of view of gauge theory, harmonic maps of Riemann surfaces
into symmetric spaces can be regarded as classical solutions of a nonlinear σ-
model over 2-dimensional Euclidean space. By virtue of the work of Pohlmeyer
[34], Zakharov, Mikhailov, Shabat [47, 48] and Uhlenbeck [42], it is well known
that harmonic maps of simply connected Riemann surfaces into compact Lie
groups G can be lifted to holomorphic maps into the based loop group ΩG
satisfying a certain “horizontality” condition, namely so called “extended solu-
tions”. This correspondence is the basic result in this area of harmonic map
theory. Indeed, the lift to horizontal holomorphic curves in twistor space, which
plays a fundamental role in the theory of harmonic 2-spheres in Sn, can be
understood as a special case of an extended solution.

On the other hand, infinitesimal actions of infinite dimensional Lie algebras
on solution spaces of nonlinear field equations (like those for nonlinear σ-models
and anti-self-dual Yang-Mills fields) appear in mathematical physics (in the the-
ory of integrable systems) where they are known as “hidden symmetries”. The
affine Kac-Moody algebra of infinitesimal deformations for the SU(n)-model was
first observed by Dolan ([16]) and developed by Wu ([45]). Zakharov, Mikhailov

1



and Shabat ([47, 48]) exhibited the method of the Riemann-Hilbert transform
for 2-dimensional models of field theory, in particular for σ-models. Ueno and
Nakamura ([40, 41]) clarified the link between Dolan’s infinitesimal action and
the so-called infinitesimal Riemann-Hilbert transform. Following the work of
Takasaki [39] on anti-self-dual Yang-Mills fields, who used a method similar to
that of M. Sato ([37]), Jacques and Saint-Aubin ([25]) interpreted the linear
system associated with σ-models (i.e. the equations for extended solutions) in
terms of the evolution of a point in an infinite dimensional (formal) Grassmann
manifold, and gave a pseudo-action of a (formal) Lie group of certain matrices
of infinite degree corresponding to Dolan’s infinitesimal action.

Uhlenbeck ([42]) introduced the action of an infinite dimensional group of
certain matrix-valued rational functions on harmonic maps into the unitary
group U(n), which was closely related with the method of the Riemann-Hilbert
transform of [47, 48]. Moreover, Uhlenbeck’s action induces the same infinites-
imal action as (the harmonic map version of) Dolan’s infinitesimal action. The
first author’s joint paper [7] with Bergvelt gave a simplification of the pseudo-
action of [47, 48] and discussed Uhlenbeck’s action as a special case of a “dressing
pseudo-action” on harmonic maps. In [23], the “natural” action of the complex
loop group (a Kac-Moody group) on harmonic maps was considered from the
viewpoint of the Grassmannian model in loop group theory (cf. [35]). It was
shown that Uhlenbeck’s action coincides with this natural action. Since the
latter is considerably easier to work with, this gave a further simplification of
the theory.

The natural action of the complex loop group LGc (on harmonic maps with
values in G) can be used to study the space of harmonic maps. The idea is to use
a one-parameter subgroup to deform a given extended solution into a simpler
one. In the case at hand, the orbits of suitable one-parameter subgroups are flow
lines of Morse-Bott functions and may be described explicitly. As applications
of this idea, we shall mention results on the connected components of spaces of
harmonic 2-spheres in specific symmetric spaces like U(n), Sn, the projective
spaces RPn, CPn, HPn, and also on the fundamental groups of the spaces of
harmonic 2-spheres in Sn and RPn.

2 Extended solutions and harmonic maps

Let us begin with the definition of extended solutions corresponding to harmonic
maps into Lie groups. Let G be a compact connected Lie group and let g be
its Lie algebra. We equip G with a bi-invariant Riemannian metric. Then G
becomes a compact Riemannian symmetric space. Denote by µ the Maurer-
Cartan form of G, which satisfies the identity

dµ+
1
2
[µ ∧ µ] = 0.
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(the Maurer-Cartan equation). Now let ϕ : Σ −→ G be a smooth map of a
Riemann surface Σ into G. Set α = ϕ∗µ = ϕ−1dϕ. This is a 1-form with values
in g, which satisfies

dα+
1
2
[α ∧ α] = 0. (1.1)

We may decompose the 1-form α into α = α′ +α′′, where α′ and α′′ denote the
(1, 0)-part and (0, 1)-part of α with respect to the complex structure of Σ.

Proposition 1 The map ϕ is harmonic if and only if

∂̄α′ − ∂α′′ = 0. (1.2)

More generally, if a smooth map ϕ : Σ −→ Gc satisfies the above equation
(1.2), where Gc is the complexification of the compact Lie group G, then we
shall say that ϕ is harmonic.

Now let β = β′ + β′′ be a gc-valued 1-form on Σ, where β′ and β′′ are the
(1, 0)-part and (0, 1)-part of β, respectively. For each λ ∈ C∗ = C \ {0}, define

βλ =
1
2
(1− λ−1)β′ +

1
2
(1− λ)β′′.

Consider the linear first order partial differential equation

Φ∗
λµGc = βλ, for all λ ∈ C∗, (1.3)

or equivalently 
∂Φλ =

1
2
(1− λ−1)Φλβ

′,

∂̄Φλ =
1
2
(1− λ)Φλβ

′′.

(1.4)

Then the important observation is that the complete integrability conditions of
(1.3) or (1.4), namely

dβλ +
1
2
[βλ ∧ βλ] = 0 for all λ ∈ C∗, (1.5)

are equivalent to (1.1) and (1.2). A solution Φλ of (1.3) or (1.4) is called an
extended solution (of the harmonic map equation) ([42]).

Thus we obtain:

Theorem 1 ([34, 42, 48, 47]) Assume that Σ is simply connected. Let ϕ :
Σ −→ G be a harmonic map. For z0 ∈ Σ and γ : C∗ −→ Gc, there is a unique
extended solution Φ : C∗ × Σ −→ Gc such that Φλ(z0) = γ(λ).
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If we choose the above γ with γ(1) = e and γ(S1) ⊂ G, then the extended
solution Φ satisfies Φ1 ≡ e and Φλ(Σ) ⊂ G for each λ ∈ S1. Such an extended
solution Φ is said to be real.

Let ΩG = {γ : S1 −→ G | γ is smooth , γ(1) = e} be the group of smooth
based loops in G. (The completion of) ΩG has a standard infinite dimen-
sional complex manifold structure and Kähler structure (cf. [35]). We iden-
tify the complexified tangent space TeΩGc with the based loop algebra Ωgc =⊕

α6=0(λ
α− 1)gc. The (left-invariant) complex structure is defined by requiring

that
(TeΩG)1,0 =

⊕
α>0

(λ−α − 1)gc.

The (left invariant) Kähler form is defined as

κ(X,Y ) =
∫

S1
〈X ′, Y 〉dt,

where λ = e2π
√
−1t. Define π : ΩG −→ G by π(γ) = γ(−1).

We can regard a real extended solution as a smooth map into ΩG. From
(1.3) and (1.4), we see that an extended solution Φ : Σ −→ ΩG is a holomorphic
map. More generally, a smooth map Φ : Σ −→ ΩG satisfying the condition

Φ∗µΩG(TΣ1,0) = Φ−1dΦ(TΣ1,0) ⊂ (λ−1 − 1)gc

will also be called an extended solution. By the above argument, we see that if
Φ : Σ −→ ΩG is an extended solution, then ϕ = π ◦ Φ : Σ −→ G is a harmonic
map.

Let E denote the moduli space of extended solutions Σ −→ ΩG modulo the
left action of elements of ΩG, and let H denote the moduli space of harmonic
maps Σ −→ G modulo the left action of elements of G. Assume that Σ is simply
connected. Then we have a bijective correspondence between E and H given by
[Φ]←→ [ϕ = π ◦ Φ].

Assume that G = U(n). If a harmonic map ϕ : Σ −→ G admits an extended
solution Φ : Σ −→ ΩG which has finite Laurent expansion

Φ =
m∑

α=0

λαTα,

then we say that ϕ or Φ has finite uniton number, (or that [ϕ] ∈ E or [Φ] ∈ H
has finite uniton number). The minimal such number m is called the minimal
uniton number of ϕ (or of [ϕ]). This concept was introduced in [42], where it
was shown that harmonic maps of finite uniton number can be factorized into
so called unitons. This factorization theorem shows how such harmonic maps
may be constructed from holomorphic maps into complex Grassmann manifolds.
Explict constructions in various special cases were developed independently by
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Chern, Wolfson, Burstall, Wood and others (see [18]). The class of harmonic
maps of finite uniton number includes all harmonic maps of the Riemann sphere
Σ = S2, and more generally all harmonic maps of Riemann surfaces known
variously as superminimal surfaces ([10]), pseudo-holomorphic curves ([13]) or
isotropic harmonic maps ([18]). Conversely, it is known ([33]) that any harmonic
map ϕ : Σ −→ U(n) of finite uniton number is weakly conformal.

Next we recall the notions of Gauss bundles and isotropy (cf. [17, p450]). Let
ϕ : Σ −→ Gr(Cn) be a harmonic map, where Gr(Cn) denotes the Grassmann
manifold of all complex subspaces of Cn. Let ϕ denote the subbundle of the
trivial bundle Cn = Σ×Cn defined by the map ϕ. Then we can define the ∂′-
Gauss bundle G′(ϕ) as the subbundle generated by the image of the ∂′-second
fundamental form A′

ϕ = π⊥
ϕ ∂ : ϕ −→ ϕ⊥, and it is known that this corresponds

to a harmonic map Σ −→ Gr(Cn). Define the i-th ∂′-Gauss bundle G(i)(ϕ)
of ϕ by G(i)(ϕ) = G′(G(i−1)(ϕ)), inductively. We say that the harmonic map
ϕ is strongly isotropic or of infinite isotropy order, or simply isotropic if all
G(i)(ϕ) (i ≥ 1) are orthogonal to ϕ with respect to the Hermitian inner product
of Cn, and otherwise we say that ϕ is of finite isotropy order. Any holomorphic
map of a Riemann surface into Gr(Cn) is isotropic.
Example. The simplest example of a harmonic map is a holomorphic map of a
Riemann surface into a Kähler manifold. The harmonic maps ϕ : Σ −→ U(n)
of uniton number 1 are those maps of the form ϕ = a ◦ f , for some a ∈ U(n)
and some holomorphic map f : Σ −→ Gr(Cn) (cf. [42]). (Here, Gr(Cn) is
embedded in U(n) by the map V 7−→ πV − π⊥

V .) The group GL(n,C) acts on
harmonic maps of uniton number 1, by means of the formula A\ϕ = a(Af).

Example. Consider the complex bilinear form (z, w) =
∑2n

i=0 ziwi, where z =
(z1, . . . , z2n), w = (w1, . . . , w2n) ∈ C2n. Let Zn be the space of n-dimensional
isotropic subspaces W in C2n+1, that is, n-dimensional subspaces for which
(w,w) = 0 for each w ∈ W . If G = SO(2n+ 1), the space Z can be embedded
as a complex submanifold of ΩG via the map j : W 7−→ πW +λπ⊥

W⊕W̄
+λ2πW̄ .

We have the natural twistor fibration π : Zn −→ RP 2n. It is known ([13]) that
any harmonic map ϕ : S2 −→ S2n or RP 2n is isotropic as a harmonic map
S2 −→ (RP 2n ⊂) CP 2n, and that there is a bijective correspondence between
full horizontal holomorphic maps f : Σ −→ Zn and full isotropic harmonic
maps ϕ : Σ −→ RP 2n, given by ϕ = π ◦ f . Such a horizontal holomorphic
map into the twistor space provides a good example of an extended solution:
for any horizontal holomorphic map f : Σ −→ Zn, the map j ◦ f : Σ −→ ΩG is
an extended solution for ϕ, of uniton number 2. We observe that the complex
Lie group Gc = SO(2n + 1,C) acts naturally on the space Zn, and we denote
this action by by A\W = A(W ). It may be verified that the action preserves
the complex structure and horizontal subspaces. Thus we obtain an action of
Gc = SO(2n + 1,C) on horizontal holomorphic maps into Zn, and hence on
isotropic harmonic maps into S2n.
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Example. Let Fr,r+1(Cn+1) be the space of flags (Er, Er+1) in Cn+1 with
dimCEr = r, dimCEr+1 = r + 1 and Er ⊂ Er+1. If G = U(n + 1), the space
Fr,r+1(Cn+1) can be embedded as a complex submanifold of ΩG via the map
j : (Er, Er+1) 7−→ πEr + λπ⊥

E⊥
r ∩Er+1

+ λ2π⊥
Er+1

. We have the natural twistor
fibrations π : Fr,r+1(Cn+1) −→ CPn (0 ≤ r ≤ n). It is known (see [17, 18])
that any harmonic map ϕ : S2 −→ CPn is isotropic, and that there is a bijective
correspondence between pairs (r, f) of integers 0 ≤ r ≤ n and full horizontal
holomorphic maps f : Σ −→ Fr,r+1(Cn+1) on the one hand, and full isotropic
harmonic maps ϕ : Σ −→ CPn on the other hand, given by ϕ = π ◦ f . For any
horizontal holomorphic map f : Σ −→ Fr,r+1(Cn+1), the map j ◦ f : Σ −→ ΩG
is an extended solution, which has uniton number 2 if 0 < r < n, or 1 if r =
0 or n. The complex Lie group Gc = GL(n+ 1,C) acts naturally on the space
Fr,r+1(Cn+1), and we denote this action by A\W = A(W ). Again in this case it
may be verified that the action preserves the complex structure and horizontal
subspaces. Thus we obtain an action of Gc = GL(n + 1,C) on horizontal
holomorphic maps into Fr,r+1(Cn+1), and hence on isotropic harmonic maps
into CPn.

3 Dressing, Birkhoff and Uhlenbeck actions

Actions of infinite dimensional groups on harmonic maps may be formulated in
terms of the dressing method ([48, 47, 7]). Let G be a group and let G1, G2 be
two subgroups of G with G = G1G2, G1 ∩ G2 = {e}. Then each g ∈ G has a
unique decomposition g = g1g2, with g1 ∈ G1, g2 ∈ G2. A group action of G on
itself may be defined by g · h = gh(h−1gh)−1

2 = h(h−1gh)1, for each g, h ∈ G. It
is easy to check that g · (g′ · h) = (gg′) · h for g, g′, h ∈ G.

Let D0 = {λ ∈ C | |λ| < 1}, D∞ = {λ ∈ C ∪ {∞} | |λ| > 1} and let T be
a fixed maximal torus of G. We introduce various fundamental loop groups as
follows:

LGc = {γ : S1 −→ Gc | γ is smooth},
L+Gc = {γ ∈ LGc | γ extends continuously to

a holomorphic map D0 −→ Gc},
L−Gc = {γ ∈ LGc | γ extends continuously to

a holomorphic map D∞ −→ Gc},
L−

1 G
c = {γ ∈ L−Gc | γ(1) = e},
Ť = {γ : S1 −→ T | γ is a homomorphism}.

We recall the Birkhoff decomposition theorem (see [35]).

Theorem 2 Each γ ∈ LGc can be decomposed as

γ = γ−δγ+,
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for γ− ∈ L−Gc, δ ∈ Ť and γ+ ∈ L+Gc. Moreover, the multiplication

L−
1 G

c × L+Gc −→ L−GcL+Gc

is a diffeomorphism, and L−GcL+Gc is an open dense subset of the identity
component of LGc.

In the above definition of dressing action, let us take G = LGc, G1 = L−
1 G

c

and G2 = L+Gc. As G1G2 6= G in this case, we have a pseudo-action, that is, an
action which is defined only for certain group elements. (In fact we have a local
group of local transformations, that is, a group germ.)

Definition. The Birkhoff pseudo-action of LGc on itself is defined as follows.
For each γ, δ ∈ LGc with δ−1γδ ∈ L−

1 G
cL+Gc,

γ]δ = γδ(δ−1γδ)−1
+ = δ(δ−1γδ)− ∈ LGc.

The following is the fundamental relation between this pseudo-action and
extended solutions (and thus harmonic maps) ([7]).

Proposition 2 Suppose that γ ∈ LGc and Φ : S1 × Σ −→ Gc is an extended
solution. If Φ(z)−1γΦ(z) ∈ L−

1 G
cL+Gc for each z ∈ Σ, then γ]Φ : S1 × Σ −→

Gc is also an extended solution.

We are primarily interested in harmonic maps into G (rather than into Gc),
so we must impose a reality condition to obtain a group action on real extended
solutions. This may be done by generalizing the Birkhoff pseudo-action as fol-
lows. Let 0 < ε < 1. We take two circles C0 = {|λ| = ε}, C∞ = {|λ| = 1/ε} on
the Riemann sphere C ∪ {∞} = S2. Let I0 = {|λ| < ε} and I∞ = {|λ| > 1/ε}.
Let C = C0∪C∞, I = I0∪I∞ and E = S2 \ (C∪I). We introduce the following
loop groups:

LεGc = {γ : C −→ Gc | γ is smooth },
LE,εGc = {γ ∈ LεGc | γ extends continuously to

a holomorphic map E −→ Gc},
LE,ε

1 Gc = {γ ∈ LE,εGc | γ(1) = e},
LI,εGc = {γ ∈ LεGc | γ extends continuously to

a holomorphic map I −→ Gc}.

With these definitions, we have ([7]):

Proposition 3 The multiplication

LE,ε
1 Gc × LI,εGc −→ LE,εGcLI,εGc

is a diffeomorphism, and LE,εGcLI,εGc is an open dense subset of the identity
component of LεGc.
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In the above definition of dressing action, let us take G = LεGc, G1 = LE,ε
1 Gc

and G2 = LI,εGc. We call the resulting pseudo-action of G = LεGc on itself the
Uhlenbeck pseudo-action ([42],[7], [23]), and denote it by ].

If γ ∈ LεGc satisfies the condition γ(λ)−1 = γ(λ̄−1)∗, then we call γ real.
Denote by Lε

RG
c the subgroup of LεGc consisting of all real elements. Set

LE,ε
R Gc = LE,εGc ∩ Lε

RG
c and LI,ε

R Gc = LI,εGc ∩ Lε
RG

c.
It is easy to check that if γ, δ ∈ Lε

RG
c and γ]δ is well defined, then γ]δ ∈

Lε
RG

c. Therefore, for γ ∈ Lε
RG

c and a real extended solution Φ : Σ −→ ΩG,
we have a real extended solution γ]Φ : Σ −→ ΩG, provided that γ]Φ is well
defined. Actually, Uhlenbeck ([42]) considered the following smaller groups:

A = {rational functions on C ∪ {∞} with values in Gc

which are holomorphic in neighbourhoods of 0 and ∞ },
AR = {g ∈ A | g(λ̄−1)∗ = g(λ)−1 for all λ}.

For each integer k ≥ 0 or k =∞, let

Xk = {γ : C∗ −→ Gc | γ holomorphic , γ(1) = e,

and γ(λ) =
∑
|α|≤k

λαAα, γ
−1(λ) =

∑
|α|≤k

λαBα},

Xk,R = {γ ∈ Xk | γ(λ̄−1)∗ = γ(λ)−1 for all λ}.

By showing that any element of AR decomposes into a product of elements
of “simplest type” and that the action is well defined for any element of simplest
type, Uhlenbeck concluded that for all g ∈ AR and all γ ∈ XR, g]γ ∈ XR is
well defined. See also [6].

For k <∞, the Uhlenbeck pseudo-action on X+
k,R (and on extended solutions

or harmonic maps of minimal uniton number k) collapses to the action of a
certain finite dimensional Lie group AR/Ak,R (see [23], cf. also [1],[2],[3]).
Remark. Recently, I. McIntosh ([28]) showed that

LE,ε
R GcLI,ε

R Gc = Lε
RG

c.

This surprising result shows that the Uhlenbeck pseudo-action of Lε
RG

c on itself
is actually a group action.

4 The Grassmannian model of ΩG

Here we recall the so called Grassmannian model of ΩG (due to Quillen, see
[35]). For simplicity, we assume that G = U(n). Let H = L2(S1,Cn) be
the Hilbert space of all L2-functions on S1 with values in Cn. We have the
decomposition H = H+ ⊕H−, where H+ is the closed subspace of all functions

8



with Fourier expansion of the form f =
∑

k≥0 λ
kak, and H− = (H+)⊥. The

Grassmannian model of ΩG is

Gr∞ = {W | W is a closed subspace of H, λW ⊂W
pr+ : W −→ H+ is a Fredholm operator,
pr− : W −→ H− is a Hilbert-Schmidt operator,
pr+(W⊥), pr−(W ) consist of smooth functions},

where pr+ and pr− denote the Hermitian projections to H+ and H−, respec-
tively. The loop groups LGc and LG act transitively on Gr∞, and their isotropy
groups at H+ ∈ Gr∞ are L+Gc and G, respectively. Thus we obtain the iden-
tifications

Gr∞ ∼= LGc/L+Gc ∼= LG/G ∼= ΩG

and we have the following theorem which may be referred to as the Iwasawa
decomposition for loop groups.

Proposition 4 Each γ ∈ LGc can be uniquely decomposed as

γ = γuγ+,

where γu ∈ ΩG and γ+ ∈ L+Gc.

Let W : Σ −→ Gr∞ be the map corresponding to a smooth map Φ : Σ −→
ΩG, i.e. W (z) = Φ(z)H+ for all z ∈ Σ. Then Φ is holomorphic if and only if
W satisfies

∂

∂z̄
C∞(W ) ⊂ C∞(W ).

Moreover, a holomorphic map Φ is an extended solution if and only ifW satisfies

∂

∂z
C∞(W ) ⊂ λ−1C∞(W ).

The following result on holomorphic maps into ΩU(n) is given in [38].

Theorem 3 Assume that Σ is a compact Riemann surface. Let Ψ : Σ −→
ΩU(n) be a holomorphic map. Then there exists γ ∈ ΩU(n) and a complex
polynomial p(λ) such that

pH+ ⊂ W̃ (z) ⊂ H+ for z ∈ Σ,
Span{W̃ (z) | z ∈ Σ} = H+,

where W̃ = Ψ̃H+, Ψ̃ = γΨ.
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We introduce two C∗-actions as follows. For v ∈ C∗ and γ ∈ Xk,R ⊂ ΩG,
with 0 ≤ k ≤ ∞, define

v]γ = (v · γ)γ(v−1)−1,

and
v\γ = (v · γ)u,

where v · γ(λ) = γ(v−1λ). Note that u]γ = u\γ for each u ∈ S1 and each γ.
These C∗-actions have the following properties ([42], [23]).

Proposition 5 If u ∈ C∗ and Φ : C∗×Σ −→ Gc is an extended solution, then
so are v]Φ : Σ −→ Gc and v\Φ : Σ −→ Gc. For the first C∗-action, if u ∈ S1

and Φ is real, then u]Φ is also real. For the second C∗-action, if Φ is real, then
v\Φ is also real for each v ∈ C∗.

The first C∗-action on extended solutions was first noticed by Terng (see
[42, Section 7]). The second C∗-action on real extended solutions is discussed
in [23].

5 The natural action

In the above definition of dressing action, let us take G = LGc, G1 = ΩG and
G2 = L+Gc.

Definition. The natural action of LGc on itself is defined as follows. For
each γ, δ ∈ LGc,

γ\δ = γδ(δ−1γδ)−1
+ = δ(δ−1γδ)u.

In particular, if γ ∈ LGc and δ ∈ ΩG, then

γ\δ = γδ(γδ)−1
+ = (γδ)u

and hence
γ\δH+ = γδH+

in the Grassmannian model.
For any γ ∈ LGc and any extended solution Φ : Σ −→ ΩG, we define a

map γ\Φ : Σ −→ ΩG by (γ\Φ)(z) = (γΦ(z))u. Equivalently, in terms of the
Grassmannian model, (γ\Φ)(z)H+ = γΦ(z)H+, for each z ∈ Σ. Then we have
([23]):

Proposition 6 Suppose that γ ∈ LGc and Φ : Σ −→ ΩG is an extended solu-
tion. Then γ\Φ : Σ −→ ΩG is also an extended solution.

Some of the fundamental results of [42] were proved by Segal ([38]), using
the Grassmannian model. Here we shall review this approach.
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Theorem 4 ([38]) Let ϕ : Σ −→ ΩG be a harmonic map of finite uniton
number. Then there exists an extended solution Φ : Σ −→ ΩU(n) and a non-
negative integer m such that the map W = ΦH+ : Σ −→ Gr∞ satisfies (i)
λmH+ ⊂W (z) ⊂ H+ for all z ∈ Σ, and (ii) Span{W (z) | z ∈ Σ} = H+.

An extended solution satisfying conditions (i) and (ii) is said to be normal-
ized. There is a canonical flag associated to W , namely

λmH+ ⊂W = W(m) ⊂W(m−1) ⊂ . . . ⊂W(0) = H+,

where W(i) : Σ −→ Gr∞ is the holomorphic map defined by W(i) = λ−(m−i)W ∩
H+. It follows that W(i) = Φ(i)H+, for some extended solution Φ(i) : Σ −→
ΩU(n). This gives rise to a factorization of harmonic maps into unitons:

ϕ = a(π1 − π⊥
1 )(π2 − π⊥

2 ) . . . (πm − π⊥
m).

The factorization is also closely related to the cell decomposition of the unitary
group ([46]). We note the following relation between the factorization and the
natural action of the complex loop group:

Proposition 7 For any γ ∈ L+Gc, if Φ : Σ −→ ΩG is a normalized extended
solution, then γ\Φ : Σ −→ ΩG is also a normalized extended solution. Moreover,
the natural action of L+Gc preserves the canonical flags associated to normalized
extended solutions, that is, γ\Φ(i) = (γ\Φ)(i).

Let LpolU(n) denote the group of all based polynomial loops in U(n), i.e.

γ ∈ ΩU(n) with γ(λ) =
∑k

α=−k λ
αXα for some nonnegative integer k. Under

the diffeomorphism ΩU(n) −→ Gr∞, the image of LpolU(n) is the subvariety
Gr0 of Gr∞ consisting of linear subspaces W which satisfy

λkH+ ⊂W ⊂ λ−kH+

for some nonnegative integer k. Let LpolGL(n,C) denote the group of all loops
γ ∈ LGL(n,C) such that γ(λ), γ(λ)−1 are polynomials in λ, λ−1. Then we
obtain the identifications

Gr0 ∼= LpolG
c/L+

polG
c ∼= LpolG/G

∼= ΩpolG.

The following subvariety of Gr0 was introduced in [29] (see also [38]):

Fn,k = {W ∈ Gr0 | λkH+ ⊂W ⊂ H+, λW ⊂W, dim H+/W = k}.

If we make the identification Ckn ∼= H+/λ
kH+

∼=
⊕

0≤i≤k−1,1≤j≤n Cλiej , then

Fn,k
∼= {E ∈ Grkn−k(Ckn) | NE ⊂ E},
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where N is the nilpotent operator on Ckn induced by multiplication by λ. The
action of L+GL(n,C) on Fn,k collapses to the action of the finite dimensional
complex Lie group

Gn,k = {A ∈ GL(kn,C) | AN = NA}.

Now we have two infinite dimensional group actions on harmonic maps, the
Uhlenbeck action and the natural action. We shall see that they are closely
related. For any ε with 0 < ε < 1, we have an injective homomorphism of real
Lie groups

L+Gc −→ LI,ε
R Gc, γ 7−→ γ̂

defined by

γ̂(λ) =
{
γ(λ) for |λ| ≤ ε,
γ(λ̄−1)−1∗ for |λ| ≥ 1/ε

for γ ∈ L+Gc. We then have:

Theorem 5 ([23]) If γ ∈ L+Gc and δ ∈ Xk,R ⊆ ΩG for 0 ≤ k ≤ ∞, then
γ̂]δ ∈ Xk,R is well defined and

γ\δ = γ̂]δ.

Corollary 1 If γ ∈ L+Gc and Φ : M −→ ΩG is an extended solution such that
Φλ is holomorphic in λ ∈ C∗, then we have

γ\Φ = γ̂]Φ.

In Section 3, we mentioned that the Uhlenbeck action on Xk,R collapses to
the action of the finite dimensional Lie group AR/Ak,R, and in this section that
the natural action of L+GL(n,C) on Fn,k collapses to the action of the finite di-
mensional Lie group Gn,k. It turns out that we have AR/Ak,R

∼= Gn,k, as real
Lie groups. From Theorem 5, we see that the action of AR (or AR/Ak,R)
on extended solutions of finite uniton number coincides with the action of
L+GL(n,C) (or Gn,k). Hence:

Corollary 2 The Uhlenbeck action of Lε
RG

c on extended solutions (and thus
harmonic maps) of finite uniton number coincides with the natural action of
L+Gc.

6 Harmonic maps into symmetric spaces

In this section we explain how the complex loop group acts on harmonic maps
into compact symmetric spaces.

Let G be a compact connected Lie group with trivial centre, and let the
Lie algebra of G be g. The Grassmannian model of ΩG is defined as follows

12



([35]). We consider H = Hg = L2(S1,gc), which has the structure of an infinite
dimensional complex Lie algebra. The loop groups LGc and LG act on Hg via
the adjoint representation. Define

Grg∞ = {W ∈ Gr∞ | W̄⊥ = λW, W sm is a Lie algebra }.

Here W sm denotes the subspace of smooth functions in W . Then LGc acts
transitively on Grg∞ and γ 7−→ γH+ defines a diffeomorphism ΩG −→ Grg∞.

Assume that M = G/K is a compact symmetric space given by a symmetric
pair (G,K). This means that there is an involutive automorphism σ of G such
that (Gσ)0 ⊂ K ⊂ Gσ, where Gσ and (Gσ)0 are the subgroup of all fixed points
of σ and its identity component, respectively. Then the map i : M = G/K −→
G defined by gK 7−→ σ(g) is a totally geodesic immersion, the so called Cartan
immersion. Set Nσ = {x ∈ G | σ(x)x = e}, which is the set of fixed points of
the involutive isometry x 7−→ σ(x−1) of G. Then each connected component of
Nσ is a totally geodesic submanifold of G. The image of i is a symmetric space
G/Gσ embedded in G, which is a connected component of Nσ containing the
identity element e ∈ G.

There is an infinite dimensional twistor space over M , which is a subspace
of ΩG ([17, (9.41)],[36]). To construct this, define subgroups of LGc and LG by

L(Gc, σ) = {γ ∈ LGc | σ(γ(λ)) = γ(−λ) for all λ ∈ S1}

and L(G, σ) = LG ∩ L(Gc, σ). Then the required twistor space is L(G, σ)/K.
We have a natural embedding j : L(G, σ)/K −→ LG/G = ΩG defined by
j(γK) = γγ(1)−1, and a surjective map π̂ : L(G, σ)/K −→ G/K defined by
π̂(γK) = γ(1)K. Set

Ω(G, σ) = {γ ∈ ΩG | σ(γ(λ)) = γ(−λ)γ(−1)−1 for all λ ∈ S1},

which is the set of fixed points of the involutive holomorphic isometry (−1)] ◦
σ. Thus each connected component of Ω(G, σ) is a totally geodesic complex
submanifold of ΩG. We have a surjective map π : Ω(G, σ) −→ Nσ, which
is a restriction of the twistor fibration π : ΩG −→ G. The image of j is
contained in Ω(G, σ) and is L(G, σ)/Gσ, which is the preimage of G/Gσ by
π : Ω(G, σ) −→ Nσ. Note that j : L(G, σ)/K −→ L(G, σ)/Gσ becomes a finite
covering map.

Under the diffeomorphism ΩG −→ Grg∞, the space Ω(G, σ) corresponds to
the subvariety Grσ

∞ of Grg∞ consisting of W ∈ Grg∞ satisfying σ̃(W ) = W ,
where σ̃(f)(λ) = σ(f(−λ)) for f ∈ Hg. Hence we define the natural action of
L(Gc, σ) on Grσ

∞ as a restriction of the natural action of LGc on ΩG. Define a
subgroup of L(Gc, σ) by

L+(Gc, σ) = L+Gc ∩ L(Gc, σ).

Then we have L(G, σ)/Gσ
∼= L(Gc, σ)/L+(Gc, σ).
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Assume that ϕ : Σ −→ Nσ is a harmonic map of a simply connected Rie-
mann surface Σ into the symmetric space Nσ. Then there is an extended so-
lution Φ : Σ −→ ΩG, such that ϕ = π ◦ Φ and the image of Φ is contained in
Ω(G, σ). Indeed, it follows from σ(ϕ)ϕ = e that dσ(α) + Ad(ϕ)(α) = 0, that is,
dσ(α′)+Ad(ϕ)(α′) = 0 and dσ(α′′)+Ad(ϕ)(α′′) = 0, where ϕ∗µG = α = α′+α′′.
Let δ ∈ Ω(G, σ) with δ(−1) = ϕ(z0). By Theorem 1, there is a unique
extended solution Φ : Σ −→ ΩG with Φ(z0) = δ and π ◦ Φ = ϕ. Then
we can check easily that (σ ◦ Φ)−1d(σ ◦ Φ) = ((−1)\Φ)−1d((−1)\Φ). Since
σ ◦ Φ(z0) = σ ◦ δ = (−1)\δ = (−1)\Φ(z0), we have σ ◦ Φ = (−1)\Φ, and hence
Φ(Σ) ⊂ Ω(G, σ).

In particular, if ϕ : Σ −→ G/K is a harmonic map of a simply connected
Riemann surface Σ into the symmetric space G/K, then there is a smooth map
Φ : Σ −→ L(G, σ)/K such that j ◦ Φ : Σ −→ ΩG is an extended solution and
ϕ = π̂ ◦ Φ.

Proposition 8 The natural action of L(Gc, σ) on Grσ
∞ induces a group action

on extended solutions Φ : Σ −→ L(G, σ)/K and thus on harmonic maps ϕ :
Σ −→ G/K.

Next we shall consider in more detail the case of a symmetric space of “inner
type”, where it is possible to construct a finite dimensional twistor subspace of
L(G, σ)/K. Define M = {a ∈ G | a2 = e}, whose connected components are
totally geodesic submanifolds of even dimension. These are examples of totally
geodesic submanifolds called polars, which have been investigated extensively
by Nagano ([14, 31, 32]). Thus each connected component of M is congruent to
a compact symmetric space embedded (via the Cartan embedding) in G for an
involutive inner automorphism σ, after left translation by an element of G. All
compact symmetric spaces of inner type can be obtained in this way. Consider

F = {ω ∈ ΩG | ω is a homomorphism},

which is the set of all fixed points of the S1-action ]. Thus each connected
component of F is a totally geodesic complex submanifold of ΩG (see [17]). Let
ω ∈ F . There is an element P in g with exp(tP ) = ω(λ), where λ = e2π

√
−1t,

and we may construct the generalized flag manifold G/CP , where

CP = {a ∈ G | Ad(a)ω(λ) = ω(λ)}.

We have the identification

G/CP = {Ad(a)ω ∈ ΩG | a ∈ G},

and this is the connected component of F containing ω. Let K = {a ∈
G | Ad(a)ω(−1) = ω(−1)}. Then we have a compact symmetric space G/K,
totally geodesically embedded in G, which is a connected component of M . Let
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T be a maximal torus of G containing ω, and let t denote the maximal abelian
subalgebra of g corresponding to T . Then P ∈ t, and the linear endomorphism
ad(P ) on gc has eigenvalues in 2π

√
−1Z. We denote by g` the (2π

√
−1`)-

eigenspace of ad(P ). We have the eigenspace decomposition of gc with respect
to ad(P ):

gc =
⊕

`

g`.

Moreover,
cc

P = g0 and kc =
⊕
` even

g`,

where cP and k denote the Lie algebras of CP and K, respectively. The natural
projection π : G/CP −→ G/K is a restriction of π : Ω(G, σ) −→ N , and may
be considered as a “twistor subfibration”. This point of view was established
in [12]. Relative to the fibration π : G/CP −→ G/K, the complexified verti-
cal subspace corresponds to

⊕
` even, 6= 0 g` and the complexified horizontal

subspace corresponds to
⊕
` odd g`. The superhorizontal subspace ([12]) corre-

sponds to g−1 ⊕ g1. Let Kc be the complex Lie subgroup of Gc generated by
kc. It is known that if f : Σ −→ G/CP is horizontal and holomorphic, then
π ◦ f : Σ −→ G/K is harmonic (cf. [11, 12]).

Under the identifications TeCP (G/CP )c ∼=
⊕

6̀=0 g` and TωΩGc ∼= TeΩGc ∼=⊕
` 6=0 gi, the derivative at the origin eCP of the embedding ι : G/CP −→ ΩG

identifies g` with (λ−` − 1)g` (see [23], for example). Hence we see that if
f : Σ −→ G/CP is superhorizontal and holomorphic, then ι ◦ f is an extended
solution. Let GP be the parabolic subgroup of Gc generated by the parabolic
subalgebra gP =

⊕
`≤0 g`. It is well known that G/CP = Gc/GP , which is a

complex manifold. The embedding ι : G/CP = Gc/GP −→ ΩG = LGc/L+Gc

is holomorphic, and Gc-equivariant with respect to the injective homomorphism
Gc −→ LGc of the constant loops. The action of Gc on G/CP preserves the
complex structure and the superhorizontal subspaces, and the action of Kc

preserves in addition the horizontal subspaces. Hence we obtain:

Proposition 9 (i) If a ∈ Gc and f : Σ −→ G/CP is superhorizontal and
holomorphic, then a ◦ f : Σ −→ G/CP is also superhorizontal and holomorphic.
(ii) If a ∈ Kc and f : Σ −→ G/CP is horizontal and holomorphic, then a ◦ f :
Σ −→ G/CP is also horizontal and holomorphic.

In general, the action of Gc on G/CP does not preserve the horizontal sub-
spaces. We can characterize those twistor fibrations such that the action of Gc

onG/CP preserves the horizontal subspaces, as follows. Let Π = {α1, . . . , αr} be
the fundamental root system of g with respect to t and let α̃ = m1α1+. . .+mrαr

be the highest root. Define

Π0 = {α ∈ Π | α(P ) = 0},
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Π1 = {α ∈ Π | α(P ) is odd},
Π2 = {α ∈ Π | 0 6= α(P ) is even}.

Assume that G is simple. If the action of Gc on G/CP preserves the horizontal
subspaces, then Π1 = ∅ or Π2 = ∅. If Π1 = ∅, then G/K is a point, and if
Π2 = ∅, then Π1 = {αj}, mj = 1 or 2, or Π2 = {αj1 , αj2}, mj1 = 1,mj2 = 1.
Such twistor fibrations were classified in [11].

7 Topology of spaces of harmonic maps

Up to now we have discussed groups actions on harmonic maps. In this section
we explain the method of Morse-Bott theoretic deformations of harmonic maps,
which leads to results on the topology of spaces of harmonic maps.

Consider a finite dimensional generalized flag manifold of G, i.e. an orbit
Ad(G)P = G/CP of a point P of g under the adjoint representation. Let Q be
any element of g. Then one may define the height function hQ : Ad(G)P −→ R
by hQ(X) = 〈X,Q〉. It is classical that this is a Morse-Bott function. Its
nondegenerate critical manifolds and their stable or unstable manfolds can be
described explicitly in Lie theoretic terms ([9]). Let ∇hQ be the gradient of hQ

with respect to the natural Kähler metric on Ad(G)P . Then the flow line of
−∇hQ is given by t 7−→ (exp

√
−1tQ)\X.

The loop group ΩG is an infinite dimensional version of a generalized flag
manifold. By using an identification ΩG ∼= T ×̃LG/T ×G, one may exhibit ΩG
as the adjoint orbit of the group T ×̃LG through (

√
−1, 0) in

√
−1R⊕ Lg. For

any fixed Q ∈ g, we consider the momentum functional

KQ(γ) =
∫

S1
〈γ−1γ′, Q〉dt,

where 〈 , 〉 denotes an Ad-invariant inner product of g. It is a height function
hQ on the adjoint orbit ΩG in

√
−1R⊕Lg, with respect to the L2-inner product.

The set of critical points is ΩCQ, and the flow of −∇KQ with respect to the
standard Kähler metric is given by the “natural action” of {exp

√
−1tQ} on ΩG.

For applications to harmonic maps of finite uniton number, we are interested
in the restriction of KQ to the finite dimensional subvariety Fn,k, with G =
U(n). Let us consider the flow of −∇KQ. It is given by the natural action of
{exp(

√
−1tQ)} ⊂ L+Gc, so it preserves Fn,k. This flow can be used to establish

deformations of harmonic maps:

Theorem 6 ([23]) Let ϕ : Σ −→ U(n) be a harmonic map of finite uniton
number. Assume that ϕ admits an extended solution Φ =

∑m
α=0 λ

αTα such
that rank T0(z) ≥ 2 for all z ∈ Σ. Then ϕ : Σ −→ U(n) can be continuously
deformed through harmonic maps of finite uniton number into a harmonic map
ψ : Σ −→ U(n− 1) of finite uniton number.
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We shall explain the principle behind this theorem in the special case of
harmonic maps into symmetric spaces of inner type. Consider the twistor fi-
bration π : G/CP −→ G/K of the previous section. Let ϕ : Σ −→ G/K be a
harmonic map into a symmetric space G/K which can be lifted to an extended
solution Φ into the twistor space G/CP ⊂ ΩG over G/K. Suppose that the
image of Φ is contained in the stable manifold S(N) of a nondegenerate critical
manifold N = Ad(CQ)X = CQ/(CQ)X of hQ. (Here we have X = Ad(b)P for
some b ∈ G.) Then {Φt = (exp

√
−1tQ)\Φ | 0 ≤ t ≤ ∞} provides a continu-

ous deformation of Φ to an extended solution Φ∞ : Σ −→ N . Note that N =
CQ/(CQ)X ∩Ad(b)K is totally geodesically embedded in G/Ad(b)K = G/K,
and the fibration CQ/(CQ)X −→ CQ/(CQ) ∩Ad(b)K is a twistor subfibration
of G/CQ −→ G/K. Thus we obtain a continuous deformation of the harmonic
map ϕ to a harmonic map ϕ∞ = π◦Φ∞, which maps into the smaller symmetric
space CQ/(CQ)X ∩Ad(b)K.

As applications of this we have the following results:

Theorem 7 ([23]) If n ≥ 2, then any isotropic harmonic map ϕ : Σ −→ CPn

can be deformed continuously through isotropic harmonic maps into an isotropic
harmonic map ϕ : Σ −→ CP 2. In particular, if n ≥ 2, then any harmonic map
ϕ : S2 −→ CPn can be deformed continuously through harmonic maps into a
harmonic map ϕ : S2 −→ CP 2.

Theorem 8 ([26],[23]) If n ≥ 3, then any isotropic harmonic map ϕ : Σ −→
Sn can be deformed continuously through isotropic harmonic maps into a holo-
morphic map ϕ : Σ −→ S2. In particular, if n ≥ 3, then any harmonic map
ϕ : S2 −→ Sn can be deformed continuously through harmonic maps into a
holomorphic map ϕ : S2 −→ S2.

Let Harmd(S2, Sn) be the space of harmonic 2-spheres in the unit sphere of
energy 4πd, with d > 0. Then, since Hold(S2, S2) is path-connected, we obtain:

Corollary 3 ([26]) Harmd(S2, Sn) is path-connected.

In the case n = 4 this result was proved by Loo ([27]) and independently by
Verdier ([44]).

It is known that Harmd(S2, S2) has two connected components, each of which
is a copy of Hold(S2, S2) and has fundamental group Z/2dZ ([19]). In [20] the
fundamental group of the space Harmd(S2, Sn) was determined for n > 2, by
using an extension of the above methods.

Theorem 9 ([20])

π1Harmd(S2, Sn) =

 0 if n ≥ 4, d 6= 2
Z/2Z if n ≥ 4, d = 2

Z/2dZ if n = 3.
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There is a similar result for Harmd(S2,RPn) ([20]).
Finally we mention the space of harmonic 2-spheres in the quaternionic pro-

jective space HPn. From [4], we know that there are four classes of harmonic
2-spheres in HPn(⊂ Gr2(C2(n+1))): (I) reducible, strongly isotropic, (II) irre-
ducible, strongly isotropic, (III) reducible, finite isotropy order, (IV) irreducible,
finite isotropy order. If the rank of the ∂′-Gauss bundle of ϕ is equal to the
rank of ϕ, we call ϕ irreducible, and otherwise we call ϕ reducible. A quater-
nionic projective space HPn has two natural twistor spaces, CP 2n+1 and Tn

([11],[21]). Any harmonic 2-sphere in HPn which is strongly isotropic (of class
(I) or (II)) can be lifted to a horizontal holomorphic map into CP 2n+1 ([21]),
and any harmonic 2-sphere in HPn which is of class (III) can be lifted to a
horizontal holomorphic map into Tn ([4]). Though not every harmonic 2-sphere
in HPn of class (IV) can be lifted to a horizontal holomorphic map into CP 2n+1

or Tn, it can be transformed to a harmonic 2-sphere of class (III) by a finite
number of “forward and backward replacements” ([4]).

Applying the argument of [23] to the twistor spaces CP 2n+1 and Tn over
HPn, M. Mukai (Ochanomizu University, Tokyo, [30]) has recently obtained
the following result:

Theorem 10 Any harmonic 2-sphere in HPn which is of class (I), (II) or (III)
can be deformed continuously through harmonic maps to a harmonic 2-sphere in
S4 = HP 1. Hence the space of all harmonic 2-spheres in HPn of fixed energy
which are of class (I), (II) or (III) is path-connected.
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