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MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

GENERAL INTRODUCTION AND OUTLINE OF TALKS

Quantum Invariants of 3-manifolds

Turaev-Viro Invariants oo Modular Categories // Reshetikhin-Turaev invariants

• 6j-symbols & Triangulations • Surgery on links
The Volume Conjecture

Geometry-Physics Topology-Algebra
• Kashaev • Murakami-Murakami
–Non-symmetric 6j-symbols –Jones Polynomial specialized to
–Charges a root of unity

• Baseilhac-Benedetti • Akutsu-Deguchi-Ohtsuki
–Cyclic modules over the –Nilpotent modules over the full
quantum Borel of sl2 quantum algebra of sl2

Outline of Talks:
1 Discuss a renormalization of the R-T invariants.
2 Use 1 to define modified 6j-symbols which are symmetric.

Discuss the construction of the usual T-V invariants.
Explain obstructions to applying this construction to
nilpotent modules.

3 Give a modified T-V invariant for nilpotent modules.
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QUANTUM GROUPS

Let q = ei πN with N odd. Let Uq(sl2) be the C-algebra generated
by E ,F ,K ,K−1 satisfying the relation:

KK−1 = K−1K = 1, KEK−1 = q2E ,KFK−1 = q−2F , [E ,F ] =
K − K−1

q − q−1
. (1)

Example 1: Let U = Uq(sl2)/(EN = F N = 0,K 2N = 1).
Example 2: Let UH be the C-algebra generated by
E ,F ,H,K ,K−1 with relations (1) and the relations:

EN = F N = 0,HK = KH,HK−1 = K−1H, [H,E ] = 2E , [H,F ] = −2F .

Modules: Let C be the the modular category arising from U or
the category of finite dimensional weight modules over UH .
–The simple modules of U-mod↔ {0, ...,N − 1}.
–The simple modules of UH -mod↔ C.
For C let I be the set

Ex. 1: I ⊂ {0, ...,N − 1} representing simple objects of C,
Ex. 2: I = (C \ Z) ∪ NZ if C = UH -mod.
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R-T QUANTUM GROUP INVARIANTS

V V

dV ⊗ d ′V
idV∗⊗cV ,V⊗idV∗

idV∗⊗cV ,V⊗idV∗

idV∗⊗cV ,V⊗idV∗

b′V ⊗ bV

So the trefoil knot can be associated with:

F (K V
31
) := (dV⊗d ′V )◦(idV∗⊗cV ,V⊗idV∗)

3◦(b′V⊗bV ) ∈ End(C) ∼= C.

R2 holds because RR−1 = 1 implies cV ,V ◦ c−1
V ,V = Id .

R3 holds because R12R13R23 = R23R13R12 implies
(cV ,Ṽ⊗Id)◦(Id ◦cV ,V )◦(cV ,V⊗Id) = (Id ◦cV ,V )◦(cV ,V⊗Id)◦(Id ◦cV ,V ).
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If V simple object of C and TV be a 1-1 tangle whose open
string is colored by V then

F


V

��
TV

V

��


∈ End(V ) = C IdV

define

〈 V
��

TV

V

��

〉
by F


V

��
TV

V

��


=

〈 V
��

TV

V

��

〉
IdV .

THEOREM

Let L be a framed C-colored link with at least one edge colored
by an element V in I. Cutting such an edge, we obtain a
colored (1,1)-ribbon graph TV whose closure is L. There exists
d : I → C such that

F ′(L) := d(V ) < TV >∈ C

is independent of the choice of the edge to be cut and yields a
well defined invariant of L.
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Let a,b ∈ I. Define S′(a,b) =

b

a

〈 〉
.

LEMMA

For all a,b ∈ I, S′(a,b) 6= 0.

LEMMA

There exists c ∈ I such that V⊗2
c splits as a direct sum of simple

modules with weights in I with no multiplicity.

DEFINITION

Let a ∈ I. Define d(a) = S′(a,c)
S′(c,a) .
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LEMMA A
Let c be as in lemma above. Then we have

〈c

c T
〉

=

〈
T c

c〉
.

for all tangles T .

LEMMA B
Let a,b ∈ I. Then we have

d(a)

〈 a
b T
〉

= d(b)

〈
T

b 
 a

〉

for all tangles T .
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Proof of Lemma B. By definition we have〈
T c a

b c
〉

=

〈 c
a 
〉〈 a

b T

〉〈 b
c 
〉

= S′(a, c)S′(c,b)

〈 a

b T

〉
.

Similarly,〈
T

a
 c c 

b

〉
= S′(b, c)S′(c,a)

〈
T

b 
 a

〉
.

Lemma A implies

S′(a, c)S′(c,b)

〈 a

b T

〉
= S′(b, c)S′(c,a)

〈
T

b 
 a

〉
.

Then the proof follows from d(a) := S′(a, c)/S′(c,a).
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TALK 2: MODIFIED 6j -SYMBOLS AND THE USUAL TURAEV-VIRO INVARIANT

Recall: Let q = ei πN with N odd.
Ex. 1: Let U = Uq(sl2)/(EN = F N = 0,K 2N = 1).

Ex. 2: UH = Uq(sl2)⊕ < H > /(EN = F N = 0, relations with H).

Let I be the set:
Ex. 1: I ⊂ {0, ...,N − 1} representing simples of C =M(U-mod),
Ex. 2: I = (C \ Z) ∪ NZ if C = UH -mod.

Plan for talk:
1 Define modified 6j-symbols for C with entries in I.
2 Discuss the construction of the usual T-V invariants arising

from U-mod.
3 Explain obstructions to applying this construction to

UH -mod.
Notation: (1) Vi is the simple module corresponding to i ∈ I.

(2) If i ∈ I then there exists i∗ ∈ I such that (Vi)
∗ ∼= Vi∗ .

We identify (Vi)
∗ and Vi∗ .
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MODIFIED 6j -SYMBOLS

DEFINITION

For i , j , k ∈ I, the vector space H(i , j , k) has dimension 0 or 1.

We choose basis F

(
i j k

)
∈ H(i , j , k) globally dual with

respect to the natural duality H(i , j , k)⊗ H(k∗, j∗, i∗)→ C:

F ′

 i j k

 = 1.

Then the 6j-symbols are the scalars:

∣∣∣∣ i j k
l m n

∣∣∣∣ = F ′


l

j

i
n

k

m



∈ C
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MODIFIED 6j -SYMBOLS

PROPERTIES

Symmetries of the oriented tetrahedron:∣∣∣∣ i j k
l m n

∣∣∣∣ = ∣∣∣∣ j k∗ i∗

m n l

∣∣∣∣ = ∣∣∣∣ k l m
n∗ i j∗

∣∣∣∣ .

Under certain admissibility conditions on j1, ..., j9 ∈ I we have
Biendenharn-Elliott type identity:∣∣∣ j5 j3 j6
j4 j0 j8

∣∣∣ ∣∣∣ j1 j2 j5
j8 j0 j7

∣∣∣ =∑
j∈I

d(j)
∣∣∣ j1 j2 j5

j3 j6 j

∣∣∣ ∣∣∣ j1 j j6
j4 j0 j7

∣∣∣ ∣∣∣ j2 j3 j
j4 j7 j8

∣∣∣ .
Under certain admissibility conditions on i , j , k , l ,m ∈ I the
orthonormality relation holds:

d(k)
∑
n∈I

d(n)
∣∣∣∣ i j k

l m n

∣∣∣∣ ∣∣∣∣ k j∗ i
n m l

∣∣∣∣ = dim(H(k , l ,m∗)).

Admissibility conditions are required because the category
UH -mod is not semi-simple. Also, note that the admissibility
conditions imply that both sums are finite.
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MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

TURAEV-VIRO INVARIANT

DEFINITION

i
i −→

i
=

∣∣∣∣ i . .
. . .

∣∣∣∣
Here the red edges are the edges of the tetrahedron.

DEFINITION (PACHNER MOVES)

←→ (P23)

←→ (Bubble)

Allow triangulations where two tetrahedrons can have more
than one face in common.
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MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

TURAEV-VIRO INVARIANT

MAIN THEOREMS

THEOREM

Any two triangulations T and T ′ of M are related by a finite
sequence of Pachner moves

Recall Pachner moves:

←→ (P23)

←→ . (Bubble)

THEOREM

If T and T ′ two triangulations of M which differ by a Pachner
move then TV (T ) = TV (T ′).
Note here we have C =M(U-mod).



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

TURAEV-VIRO INVARIANT

MAIN THEOREMS

THEOREM

Any two triangulations T and T ′ of M are related by a finite
sequence of Pachner moves

Recall Pachner moves:

←→ (P23)

←→ . (Bubble)

THEOREM

If T and T ′ two triangulations of M which differ by a Pachner
move then TV (T ) = TV (T ′).
Note here we have C =M(U-mod).



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

TURAEV-VIRO INVARIANT

MAIN THEOREMS

THEOREM

Any two triangulations T and T ′ of M are related by a finite
sequence of Pachner moves

Recall Pachner moves:

←→ (P23)

←→ . (Bubble)

THEOREM

If T and T ′ two triangulations of M which differ by a Pachner
move then TV (T ) = TV (T ′).
Note here we have C =M(U-mod).



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

TURAEV-VIRO INVARIANT

PROOF OF INVARIANCE BY THE PACHNER MOVES

The first move

←→ (P23)

correspond to the Biendenharn-Elliott identity of 6j-symbols:∣∣∣∣ j5 j3 j6
j4 j0 j8

∣∣∣∣ ∣∣∣∣ j1 j2 j5
j8 j0 j7

∣∣∣∣ = (BE)

∑
j∈I

qdim(j)
∣∣∣∣ j1 j2 j5

j3 j6 j

∣∣∣∣ ∣∣∣∣ j1 j j6
j4 j0 j7

∣∣∣∣ ∣∣∣∣ j2 j3 j
j4 j7 j8

∣∣∣∣
where the red indicates the added edge and corresponding
color.
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TURAEV-VIRO INVARIANT

PROOF OF INVARIANCE BY THE PACHNER MOVES

The bubble move

←→ (Bubble)

is a consequence of the orthonormality relation of 6j-symbols:
if dim(H(i , j , k∗)) = 1 then

qdim(k)
∑
n∈I

qdim(n)
∣∣∣∣ i j k

l m n

∣∣∣∣ ∣∣∣∣ k j∗ i
n m l

∣∣∣∣ = dim(H(k , l ,m∗)).

(ON)
Here we fix the color of the edge which is blue.

Thus, the state
sum of the right hand side of the bubble move is D2 times the
state sum of the left hand side.
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MODIFIED TURAEV-VIRO INVARIANT

RECALL STANDARD TURAEV-VIRO INVARIANT

Recall the definition of the T-V invariant forM(U-mod).
M oriented manifold, T triangulation of M.

For a fixed state σ (a coloring of the oriented edges of T ),
assign a 6j-symbol |T |σ to each colored tetrahedron of T .

State sum over all possible states:

TV (M) = TV (T ) = D−2v
∑

σ state

∏
e∈T1

qdim(σ(e))

∏
T∈T3

|T |σ

 .

Obstructions to applying T-V construction to UH -mod:
1 qdim and |T |σ are zero for elements of I. Solution: Replace

by modified quantum dimensions and 6j-symbols.
2 The number of states are infinite, so sum undefined.

Solution: Use a cohomology class of M to select a finite
number of states.

3 D2 =
∑

i∈I qdim(i)2 is zero. Solution: Add a link in M and
modify the state sum and bubble move.
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MODIFIED TURAEV-VIRO INVARIANT

OBSTRUCTION 2

Work with Ũ-mod, Ũ = Uq(sl2)/(EN = F N = 0). The simple
modules of Ũ-mod are indexed by C/2NZ.

There are infinitely many states σ : T1 → C/2NZ. But if all the
6j-symbol in a state are non zero, then modulo 2, σ : T1 → C/2Z
satisfy a cocycle condition: if the colors of the 3 edges
bounding a face are i , j , k , then

H(i , j , k) 6= 0⇒ i + j + k = 0 mod 2.

We say that σ is an admissible σ-state.

Now for a fixed 1-cocycle σ on T with values in C/2Z, the set Sσ
of admissible σ-states is finite (Ne states). We will restrict the
state sum to these states.

TV (T ) =
∑

all states

 TV (T , σ) =
∑
σ∈Sσ

.



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

MODIFIED TURAEV-VIRO INVARIANT

OBSTRUCTION 2
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of admissible σ-states is finite (Ne states).

We will restrict the
state sum to these states.

TV (T ) =
∑

all states

 TV (T , σ) =
∑
σ∈Sσ

.
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OBSTRUCTION 2

T = ←→ T ′ = (P23)

{1-cocycle on T } ' {1-cocycle on T ′} so the C/2Z-cocycle σ
on T extend uniquely to a C/2Z-cocycle σ′ on T ′ with value x on
the new edge.

Let j0, . . . , j8 be the value of a state σ ∈ Sσ on the 9 edges. The
modified 6j-symbols satisfy a Biendenharn-Elliott type identity:

∣∣∣∣ j5 j3 j6
j4 j0 j8

∣∣∣∣ ∣∣∣∣ j1 j2 j5
j8 j0 j7

∣∣∣∣ = (BE)∑
j∈C/2NZ

d(j)
∣∣ j1 j2 j5

j3 j6 j

∣∣ ∣∣ j1 j j6
j4 j0 j7

∣∣ ∣∣ j2 j3 j
j4 j7 j8

∣∣
There are only N possible j equal to x mod 2 which produce
non zero 6j-symbols in the sum. This implies the (P23) move.
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OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

A link L is a set of unoriented edges of T such that every vertex
of T belongs to exactly two edges of L.

We allow bubble moves only along the link (in green):

T ←→ T ′ v . (L-Bubble)

And we modify the state sum as follow:

TV (T ,L, σ) = N−2v
∑
σ∈Sσ

 ∏
e∈T1\L

d(σ(e))

∏
T∈T3

|T |σ

 .

Then the L-Bubble move is satisfied if σ′ is an extension of σ.
THEOREM

Let T , T ′ be triangulations of M, L ⊂ T , L′ ⊂ T ′ isotopic links
in M and σ, σ′ be 1-cocycle on T and T ′ such that [σ] = [σ′] in
H1(M,C/2Z) then (T ,L, σ) and (T ′,L′, σ′) are related by a
finite sequence of L-bubble moves, “Pachner 2-3 moves outside
the link” and isotopies of M. Thus, TV (T ,L, σ) = TV (T ′,L′, σ′).



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

MODIFIED TURAEV-VIRO INVARIANT

OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

A link L is a set of unoriented edges of T such that every vertex
of T belongs to exactly two edges of L.
We allow bubble moves only along the link (in green):

T ←→ T ′ v . (L-Bubble)

And we modify the state sum as follow:

TV (T ,L, σ) = N−2v
∑
σ∈Sσ

 ∏
e∈T1\L

d(σ(e))

∏
T∈T3

|T |σ

 .

Then the L-Bubble move is satisfied if σ′ is an extension of σ.
THEOREM

Let T , T ′ be triangulations of M, L ⊂ T , L′ ⊂ T ′ isotopic links
in M and σ, σ′ be 1-cocycle on T and T ′ such that [σ] = [σ′] in
H1(M,C/2Z) then (T ,L, σ) and (T ′,L′, σ′) are related by a
finite sequence of L-bubble moves, “Pachner 2-3 moves outside
the link” and isotopies of M. Thus, TV (T ,L, σ) = TV (T ′,L′, σ′).



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

MODIFIED TURAEV-VIRO INVARIANT

OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

A link L is a set of unoriented edges of T such that every vertex
of T belongs to exactly two edges of L.
We allow bubble moves only along the link (in green):

T ←→ T ′ v . (L-Bubble)

And we modify the state sum as follow:

TV (T ,L, σ) = N−2v
∑
σ∈Sσ

 ∏
e∈T1\L

d(σ(e))

∏
T∈T3

|T |σ

 .

Then the L-Bubble move is satisfied if σ′ is an extension of σ.
THEOREM

Let T , T ′ be triangulations of M, L ⊂ T , L′ ⊂ T ′ isotopic links
in M and σ, σ′ be 1-cocycle on T and T ′ such that [σ] = [σ′] in
H1(M,C/2Z) then (T ,L, σ) and (T ′,L′, σ′) are related by a
finite sequence of L-bubble moves, “Pachner 2-3 moves outside
the link” and isotopies of M. Thus, TV (T ,L, σ) = TV (T ′,L′, σ′).



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

MODIFIED TURAEV-VIRO INVARIANT

OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

A link L is a set of unoriented edges of T such that every vertex
of T belongs to exactly two edges of L.
We allow bubble moves only along the link (in green):

T ←→ T ′ v . (L-Bubble)

And we modify the state sum as follow:

TV (T ,L, σ) = N−2v
∑
σ∈Sσ

 ∏
e∈T1\L

d(σ(e))

∏
T∈T3

|T |σ

 .

Then the L-Bubble move is satisfied if σ′ is an extension of σ.

THEOREM

Let T , T ′ be triangulations of M, L ⊂ T , L′ ⊂ T ′ isotopic links
in M and σ, σ′ be 1-cocycle on T and T ′ such that [σ] = [σ′] in
H1(M,C/2Z) then (T ,L, σ) and (T ′,L′, σ′) are related by a
finite sequence of L-bubble moves, “Pachner 2-3 moves outside
the link” and isotopies of M. Thus, TV (T ,L, σ) = TV (T ′,L′, σ′).



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

MODIFIED TURAEV-VIRO INVARIANT

OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

A link L is a set of unoriented edges of T such that every vertex
of T belongs to exactly two edges of L.
We allow bubble moves only along the link (in green):

T ←→ T ′ v . (L-Bubble)

And we modify the state sum as follow:

TV (T ,L, σ) = N−2v
∑
σ∈Sσ

 ∏
e∈T1\L

d(σ(e))

∏
T∈T3

|T |σ

 .

Then the L-Bubble move is satisfied if σ′ is an extension of σ.
THEOREM

Let T , T ′ be triangulations of M, L ⊂ T , L′ ⊂ T ′ isotopic links
in M and σ, σ′ be 1-cocycle on T and T ′ such that [σ] = [σ′] in
H1(M,C/2Z) then (T ,L, σ) and (T ′,L′, σ′) are related by a
finite sequence of L-bubble moves, “Pachner 2-3 moves outside
the link” and isotopies of M. Thus, TV (T ,L, σ) = TV (T ′,L′, σ′).



MODIFIED 6j -SYMBOLS AND 3-MANIFOLD INVARIANTS

MODIFIED TURAEV-VIRO INVARIANT

POLYNOMIAL 6j -SYMBOLS

 2i α
2j β
2k γ

 = α

β

γ

2i

2j

2k

=

∣∣∣∣ j1 j2 j3
j4 j5 j6

∣∣∣∣ =j1
j2

j3
j4

j6

j5

with
j1 = α j2 = −β j6 = −γ
j4 = β − γ − 2i j5 = α− γ + 2j j3 = α− β − 2k
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LEMMA

Let N ′ ∈ N such that N = 2N ′ − 1. If i ≤ N ′ and j ≥ −N ′ then

{
i + N′}{β − γ − i + N′ + 2

} 2i − 2 α
2j + 2 β

2k γ

 = {
γ + i + N′ − 1

}{
α + j + N′ + 1

} 2i α
2j β
2k γ − 2


+{γ − 1}

{
α− k − N′} 2i α + 1

2j β + 1
2k γ − 1



Let (i , j , k) ∈ Z such that −N ′ ≤ i , j , k , i + j + k ≤ N ′, and
i , k ≤ i + j + k . Set M = N ′ − i − j − k .
Then the following MAIN FORMULA holds:

 2i α
2j β
2k γ

 = {i , j , k}{α− N ′ − k ; j + k}!{γ − N ′ − j ; i + j}!

(
M∑

n=0

[
M
n

]
×

{β + k − α+ N ′ + 1;M − n}!{β + k − γ − i + j − N ′;M − n}!
{α− β − 2k −M;n}!{γ − β + i + N ′ + 1;n}!{β − N ′ − i − n;N ′ − j}!

)
.

where δ = β − γ − 2i , ε = γ − α− 2j , φ = α− β − 2k . A similar
relation holds for j , k ≥ i + j + k .
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Graphical proof of Lemma:

{γ}{α− N ′ − k}
α

β
γ

2j

2k 2i

= −{γ} =

{−γ}
α−1

β−1 = − =

{
i + N′}{γ − β + i + N′ − 1

}α−1

β−1
γ+1

2j+2

2k 2i−2

−{γ + i + N′}{α + j + N′}
α−1

β−1
γ−1

2j

2k 2i
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