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R2 holds because RR~" = 1 implies ¢y vy o ¢, = Id. J

R3 holds because R12R13R23 = R23R13R12 |mpI|es
(Cv’v®/d)O(/dOCV,v)O(CV,V@)/d) = (/dOC\/7v)O(CV,V®/d)O(/dOCVy). ’
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If V simple object of C and Ty be a 1-1 tangle whose open
string is colored by V then

v v v v
F D’ € End(V) = Cldy define <[TD> by FI[ v || = < Tv > Idy .
v v v v

THEOREM

Let L be a framed C-colored link with at least one edge colored
by an element V in I. Cutting such an edge, we obtain a
colored (1,1)-ribbon graph T\, whose closure is L. There exists
d: /| — C such that

F'(L):=d(V)< Ty > C

is independent of the choice of the edge to be cut and yields a
well defined invariant of L.
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")

Foralla,be I, S'(a,b) # 0.
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Let a,b € I. Define S'(a, b) = <Q> .

Foralla,be I, S'(a,b) # 0.

LEMMA

There exists ¢ € | such that V2 splits as a direct sum of simple
modules with weights in | with no multiplicity.

DEFINITION

Let a € /. Define d(a) = ${29.

\
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LEMMA A

Let ¢ be as in lemma above. Then we have

for all tangles T.

LEMMA B

Let a,b € I. Then we have

9 b
d(a)<LlT b>:d(b)<a LT>

for all tangles T.
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Proof of Lemma B. By definition we have
e g
R ERIEN]
(e J7° )
(i
Similarly,

<CQ wa> S’ch’(ca)< r\lb>

&

\;

b

= S(a,c)S(c, b)
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Proof of Lemma B. By definition we have

PREORCRIDIC

= S,(a> C)S/(C’ b) <L% b> :

Similarly,

Lemma A implies

“
S'(a,¢)S'(c, b) <lTUb> = 8'(b,c)S'(c, a)
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Proof of Lemma B. By definition we have

(RO

= S'(a,c)S'(c, b)< T

(_1\;
\/

Similarly,

(ot ) -swasea(F)
(

Lemma A implies

Then the proof follows from d(a) := S'(a,¢)/S'(c, a).
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Plan for talk:
O Define modified 6j-symbols for C with entries in /.
@ Discuss the construction of the usual T-V invariants arising
from U-mod.
@ Explain obstructions to applying this construction to
UH-mod.

Notation: (1) V; is the simple module corresponding to i € /.
(2) If i € Ithen there exists i* € I such that (V)* = V..
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TALK 2: MODIFIED 6j-SYMBOLS AND THE USUAL TURAEV-VIRO INVARIANT

Recall: Let g = €'~ with N odd.
Ex. 1: Let U = Uy(slp)/(EN = FN = 0, K2\ = 1).
Ex. 2: UM = Uy(sl)d < H> /(EN = FN = 0, relations with H).

Let / be the set:
Ex. 1: I c {0,...,N — 1} representing simples of C = M(U-mod),
Ex. 2: I = (C\ Z)UNZif ¢ = U"-mod.
Plan for talk:
O Define modified 6j-symbols for C with entries in /.
@ Discuss the construction of the usual T-V invariants arising
from U-mod.
@ Explain obstructions to applying this construction to
UH-mod.

Notation: (1) V; is the simple module corresponding to i € /.
(2) If i € Ithen there exists i* € I such that (V)* = V..
We identify (V;)* and Vi-.
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MODIFIED 6/-SYMBOLS

DEFINITION

For i,j, k € 1, the vector space H(i,j, k) has dimension O or 1.
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We choose basis F [ 1 € H(i,j, k) globally dual with

respect to the natural duality H(i, j, k) @ H(k*,j*,i*) — C:

F @a 1
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MODIFIED 6/-SYMBOLS

DEFINITION
For i,j, k € 1, the vector space H(i,j, k) has dimension O or 1.
y k

We choose basis F [ 1 € H(i,j, k) globally dual with

respect to the natural duality H(i, j, k) @ H(k*,j*,i*) — C:

F @a 1

Then the 6/-symbols are the scalars:

lr(, =F €C

i
I m
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Symmetries of the oriented tetrahedron:
k| | j k* i*
0=

i
I m
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MODIFIED 6/-SYMBOLS

PROPERTIES

Symmetries of the oriented tetrahedron:
i j k| | j k| | kK I m
I m n| |m n || | n* i j

Under certain admissibility conditions on ji, ..., jg € [ we have
Biendenharn-Elliott type identity:

=2d0| % %

jel

o
Ja o f7

h 2 s

s I3 Je o o )
I8 o f7

ja Jo Js

hobo
Ja J7 I8
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MODIFIED 6/-SYMBOLS

PROPERTIES

Symmetries of the oriented tetrahedron:
i j k| | j k| | kK I m
I m n| |m n || | n* i j

Under certain admissibility conditions on ji, ..., fjg € [ we have
Biendenharn-Elliott type identity:

=> d())

jel

hobo
Ja J7 I8

o
Ja o f7

h 2 s
I8 o f7

5 B

112/'5.
Ja Jo J8

B Je

Under certain admissibility conditions on i, j, k, I, m € | the
orthonormality relation holds:

iy k|| k i «
k)ze:/d(n) ol | = dim(Hk ).
n
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MODIFIED 6/-SYMBOLS

PROPERTIES

Symmetries of the oriented tetrahedron:
i j k| | j k* 0
I m n| | m n |

k | m
noqo g

Under certain admissibility conditions on ji, ..., fjg € [ we have
Biendenharn-Elliott type identity:

=> d())

jel

hobo
Ja J7 I8

o
Ja o f7

h 2 s
I8 o f7

5 B

112/'5.
Ja Jo J8

B Je

Under certain admissibility conditions on i, j, k, I, m € | the
orthonormality relation holds:

i j k
k) d(n) | mon

nel
Admissibility conditions are required because the category

UH-mod is not semi-simple. Also, note that the admissibility
conditions imply that both sums are finite.

kK j* i

nm | =dim(H(k, I, m")).




3-MANIFOLD INVARIANTS

DEFINITION

Here the red edges are the edges of the tetrahedron.
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TURAEV-VIRO INVA
DEFINITION

Here the red edges are the edges of the tetrahedron.

DEFINITION (PACHNER MOVES)

T -

Allow triangulations where two tetrahedrons can have more
than one face in common.
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Any two triangulations T and T’ of M are related by a finite
sequence of Pachner moves
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sequence of Pachner moves

Recall Pachner moves:

Dl
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TURAEV-VIRO INVARIANT
MAIN THEOREMS

Any two triangulations T and T’ of M are related by a finite
sequence of Pachner moves

Recall Pachner moves:

Dl

If T and T two triangulations of M which differ by a Pachner
move then TV(T) = TV(T").
Note here we have C = M(U-mod).
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TURAEV-VIRO INVARIANT

PROOF OF INVARIANCE BY THE PACHNER MOVES

The first move

P -

correspond to the Biendenharn-Elliott identity of 6/-symbols:

fs /3 Jo || N o Js ‘: (BE)
J4 Jo Js8 s o F7

> " qdim(j) hokob\| ko /:6‘ o f3

i B ] Ja Jo f7 Ja J7 8

where the red indicates the added edge and corresponding
color.
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TURAEV-VIRO INVARIANT
PROOF OF INVARIANCE BY THE PACHNER MOVES

The bubble move

is a consequence of the orthonormality relation of 6/-symbols:

if dim(H(i,j, k*)) = 1 then

i j k
n

ko jo i
n

qdim(k) » _ qdim(n)

nel

= dim(H(k, . m")).

(ON)
Here we fix the color of the edge which is blue.
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TURAEV-VIRO INVARIANT
PROOF OF INVARIANCE BY THE PACHNER MOVES

The bubble move

is a consequence of the orthonormality relation of 6/-symbols:

if dim(H(i,j, k*)) = 1 then

i j k
n

ko jo i

. = dim(H(k, . m")).

qdim(k) » _ qdim(n)

nel

(ON)
Here we fix the color of the edge which is blue. Thus, the state
sum of the right hand side of the bubble move is D? times the
state sum of the left hand side.
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MODIFIED TURAEV-VIRO INVARIANT
RECALL STANDARD TURAEV-VIRO INVARIANT

Recall the definition of the T-V invariant for M(U-mod).
e M oriented manifold, 7 triangulation of M.
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Recall the definition of the T-V invariant for M(U-mod).

e M oriented manifold, 7 triangulation of M.
e For a fixed state o (a coloring of the oriented edges of 7),
assign a 6j-symbol | T|, to each colored tetrahedron of 7.
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Recall the definition of the T-V invariant for M(U-mod).

e M oriented manifold, 7 triangulation of M.
e For a fixed state o (a coloring of the oriented edges of 7),
assign a 6j-symbol | T|, to each colored tetrahedron of 7.

State sum over all possible states:

V(M) =TV(T)=D"2" > | [] adim(e(e) | | T] ITl-

o state \ ecTq TeTs
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RECALL STANDARD TURAEV-VIRO INVARIANT

Recall the definition of the T-V invariant for M(U-mod).

e M oriented manifold, 7 triangulation of M.
e For a fixed state o (a coloring of the oriented edges of 7),
assign a 6j-symbol | T|, to each colored tetrahedron of 7.

State sum over all possible states:

V(M) =TV(T)=D"2" > | [] adim(e(e)) | | T] ITl-

o state \ ecTq TeTs

Obstructions to applying T-V construction to U"-mod:
@ qdim and | T|, are zero for elements of /.
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RECALL STANDARD TURAEV-VIRO INVARIANT

Recall the definition of the T-V invariant for M(U-mod).

e M oriented manifold, 7 triangulation of M.
e For a fixed state o (a coloring of the oriented edges of 7),
assign a 6j-symbol | T|, to each colored tetrahedron of 7.

State sum over all possible states:

V(M) =TV(T)=D"2" > | [] adim(e(e)) | | T] ITl-
o state \ ecTq TeTs
Obstructions to applying T-V construction to U"-mod:

@ qdim and |T|, are zero for elements of /. Solution: Replace
by modified quantum dimensions and 6j-symbols.
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RECALL STANDARD TURAEV-VIRO INVARIANT

Recall the definition of the T-V invariant for M(U-mod).

e M oriented manifold, 7 triangulation of M.
e For a fixed state o (a coloring of the oriented edges of 7),
assign a 6j-symbol | T|, to each colored tetrahedron of 7.

State sum over all possible states:

V(M) =TV(T)=D"2" > | [] adim(a(e)) | | T] ITlo

o state \ eeT; TeTs

Obstructions to applying T-V construction to U"-mod:
@ qdim and |T|, are zero for elements of /. Solution: Replace
by modified quantum dimensions and 6j-symbols.
© The number of states are infinite, so sum undefined.
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RECALL STANDARD TURAEV-VIRO INVARIANT

Recall the definition of the T-V invariant for M(U-mod).

e M oriented manifold, 7 triangulation of M.
e For afixed state o (a coloring of the oriented edges of 7),
assign a 6j-symbol | T|, to each colored tetrahedron of 7.
State sum over all possible states:

V(M) =TV(T)=D"2" > | [] adim(a(e)) | | T] ITlo

o state \ eeT; TeTs

Obstructions to applying T-V construction to U"-mod:
@ qdim and |T|, are zero for elements of /. Solution: Replace
by modified quantum dimensions and 6j-symbols.
© The number of states are infinite, so sum undefined.

Solution: Use a cohomology class of M to select a finite
number of states.
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RECALL STANDARD TURAEV-VIRO INVARIANT

Recall the definition of the T-V invariant for M(U-mod).

e M oriented manifold, 7 triangulation of M.
e For afixed state o (a coloring of the oriented edges of 7),
assign a 6j-symbol | T|, to each colored tetrahedron of 7.
State sum over all possible states:

TV(M) = TV(T) = > | IT adim(a(e)) | { IT 1Tl

o state \ eeT; TeTs

Obstructions to applying T-V construction to U"-mod:
@ qdim and |T|, are zero for elements of /. Solution: Replace
by modified quantum dimensions and 6j-symbols.
© The number of states are infinite, so sum undefined.
Solution: Use a cohomology class of M to select a finite
number of states.
o
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RECALL STANDARD TURAEV-VIRO INVARIANT

Recall the definition of the T-V invariant for M(U-mod).
e M oriented manifold, 7 triangulation of M.
e For a fixed state o (a coloring of the oriented edges of 7),
assign a 6j-symbol | T|, to each colored tetrahedron of 7.
State sum over all possible states:

TV(M) = TV(T) = > | IT adim(a(e)) | { IT 1Tl

o state \ eeT; TeTs

Obstructions to applying T-V construction to U"-mod:

@ qdim and |T|, are zero for elements of /. Solution: Replace
by modified quantum dimensions and 6j-symbols.

© The number of states are infinite, so sum undefined.
Solution: Use a cohomology class of M to select a finite
number of states.

o Solution: Add a link in M and
modify the state sum and bubble move.
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MODIFIED TURAEV-VIRO INVARIANT
OBSTRUCTION 2

Work with U-mod, U = Uy(slz)/(EN = FN = 0). The simple
modules of U-mod are indexed by C/2NZ.
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MODIFIED TURAEV-VIRO INVARIANT

OBSTRUCTION 2
Work with U-mod, U = Uy(slz)/(EN = FN = 0). The simple
modules of U-mod are indexed by C/2NZ.
There are infinitely many states o : 71 — C onz. But if all the
6/-symbol in a state are non zero, then modulo 2,7 : 71 — C 2y,

satisfy a cocycle condition: if the colors of the 3 edges
bounding a face are i, j, k, then

H(i,j, k) #0 = i+j+k =0mod 2.
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Work with U-mod, U = Uy(slz)/(EN = FN = 0). The simple
modules of U-mod are indexed by C/2NZ.

There are infinitely many states o : 71 — C onz. But if all the
6/-symbol in a state are non zero, then modulo 2,7 : 71 — C 2y,
satisfy a cocycle condition: if the colors of the 3 edges
bounding a face are i, j, k, then

H(i,j, k) #0 = i+j+k =0mod 2.

We say that ¢ is an admissible 7-state.
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OBSTRUCTION 2

Work with U-mod, U = Uy(slz)/(EN = FN = 0). The simple
modules of U-mod are indexed by C/2NZ.

There are infinitely many states o : 71 — C onz. But if all the
6/-symbol in a state are non zero, then modulo 2,7 : 71 — C 2y,
satisfy a cocycle condition: if the colors of the 3 edges
bounding a face are i, j, k, then

H(i,j, k) #0 = i+j+k =0mod 2.

We say that ¢ is an admissible 7-state.

Now for a fixed 1-cocycle @ on T with values in C»z, the set S5
of admissible 7-states is finite (N€ states).
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OBSTRUCTION 2

Work with U-mod, U = Uy(slz)/(EN = FN = 0). The simple
modules of U-mod are indexed by C/2NZ.

There are infinitely many states o : 71 — C onz. But if all the
6/-symbol in a state are non zero, then modulo 2,7 : 71 — C 2y,
satisfy a cocycle condition: if the colors of the 3 edges
bounding a face are i, j, k, then

H(i,j, k) #0 = i+j+k =0mod 2.

We say that ¢ is an admissible 7-state.

Now for a fixed 1-cocycle @ on T with values in C»z, the set S5
of admissible 7-states is finite (N¢ states). We will restrict the
state sum to these states.

V(T) = Y.

all states
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OBSTRUCTION 2

Work with U-mod, U = Uy(slz)/(EN = FN = 0). The simple
modules of U-mod are indexed by C/2NZ.

There are infinitely many states o : 71 — C onz. But if all the
6/-symbol in a state are non zero, then modulo 2,7 : 71 — C 2y,
satisfy a cocycle condition: if the colors of the 3 edges
bounding a face are i, j, k, then

H(i,j, k) #0 = i+j+k =0mod 2.

We say that ¢ is an admissible 7-state.

Now for a fixed 1-cocycle @ on T with values in C»z, the set S5
of admissible 7-states is finite (N¢ states). We will restrict the
state sum to these states.

TV Dy~ TV(T.7)= ) .

all states c€SF
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MODIFIED TURAEV-VIRO INVARIANT
OBSTRUCTION 2

7':<—>7": (P23)

{1-cocycle on T} ~ {1-cocycle on T’} so the C ,z-cocycle &
on 7 extend uniquely to a C,z-cocycle ¢’ on 7' with value x on
the new edge.
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OBSTRUCTION 2

7':<—>7": (P23)

{1-cocycle on T} ~ {1-cocycle on T’} so the C ,z-cocycle &
on 7 extend uniquely to a C,z-cocycle ¢’ on 7' with value x on

the new edge.
Let jo, ..., /g be the value of a state o € S5 on the 9 edges.
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OBSTRUCTION 2

7':<—>7": (P23)

{1-cocycle on T} ~ {1-cocycle on T’} so the C ,z-cocycle &
on 7 extend uniquely to a C,z-cocycle ¢’ on 7' with value x on
the new edge.

Let jo, ..., Jg be the value of a state 0 € Sz on the 9 edges. The
modified 6j-symbols satisfy a Biendenharn-Elliott type identity:

5o || A R s ‘: (BE)
4o Jo I8 I8 o 77

dg)| n & B[4 Lok ||k B
3 e J Ja o 7 a7 I8

JeCang

There are only N possible j equal to X mod 2 which produce
non zero 6/-symbols in the sum.
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OBSTRUCTION 2

7':<—>7": (P23)

{1-cocycle on T} ~ {1-cocycle on T’} so the C ,z-cocycle &
on 7 extend uniquely to a C,z-cocycle ¢’ on 7' with value x on
the new edge.

Let jo, ..., Jg be the value of a state 0 € Sz on the 9 edges. The
modified 6j-symbols satisfy a Biendenharn-Elliott type identity:

5o || A R s ‘: (BE)
4o Jo I8 I8 o 77

dg)| n & B[4 Lok ||k B
3 e J Ja o 7 a7 I8

JEC jangz,

There are only N possible j equal to X mod 2 which produce
non zero 6/-symbols in the sum. This implies the (P23) move.
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OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

Alink £ is a set of unoriented edges of 7 such that every vertex
of 7 belongs to exactly two edges of L.
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OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

Alink £ is a set of unoriented edges of 7 such that every vertex
of 7 belongs to exactly two edges of L.
We allow bubble moves only along the link (in green):

”r( — T’. (L-Bubble)
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OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

Alink £ is a set of unoriented edges of 7 such that every vertex
of 7 belongs to exactly two edges of L.
We allow bubble moves only along the link (in green):

”r( — T’. (L-Bubble)

And we modify the state sum as follow:

TV(T,L,0)=N"2">"| T[] d(e)] | []ITl

ccSs \e€Ty TETs
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OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

Alink £ is a set of unoriented edges of 7 such that every vertex
of 7 belongs to exactly two edges of L.
We allow bubble moves only along the link (in green):

”r( — T’. (L-Bubble)

And we modify the state sum as follow:

TV(T,L,0)=N"2">"| T[] d(e)] | []ITl

0€Ss \ecTq TeTs
Then the L-Bubble move is satisfied if ¢’ is an extension of ¢.
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OBSTRUCTION 3 AND DEFINITION OF MODIFIED T-V INVARIANT.

Alink £ is a set of unoriented edges of 7 such that every vertex
of 7 belongs to exactly two edges of L.
We allow bubble moves only along the link (in green):

”r( — T’. (L-Bubble)

And we modify the state sum as follow:

TV(T,L,0)=N"2">" ( 11 d(a(e))) (H TU).

0€Ss \ecTq TeTs
Then the L-Bubble move is satisfied if ¢’ is an extension of ¢.

Let T, T’ be triangulations of M, L C T, L C T’ isotopic links
in M and o, o’ be 1-cocycle on T and T’ such that [c] = [0'] in
HY(M,C/2Z) then (T, L,c) and (T', L', ') are related by a
finite sequence of L-bubble moves, “Pachner 2-3 moves outside
the link” and isotopies of M. Thus, TV(T,L,0) = TV(T',L,d").
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POLYNOMIAL 6j-SYMBOLS

2k

—
U
2 wR

[
I

:‘IH kB
Ja J5 Js
ok I3

with . , : , )
Ja=B—v-2i js=a-v+2] fp=a—-p-2k
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POLYNOMIAL 6j-SYMBOLS

LEMMA

LetN' € NsuchthatN =2N —1.Ifi <N andj> —N' then

« 2i @
{i+N’}{ﬁ7w7i+N'+2}|: 2j+2 B ] = {-y+i+N’71}{o<+j+N’+1}|: 2j B }
2k y 2k

2 a+1
+{’7—1}{a—k—N’} 2 B+1
2k

Let (/,/, k) € Z such that =N’ <i,j, k,i+j+ k <N, and
ibk<i+j+k.SetM=N —j—j—k.
Then the following MAIN FORMULA holds:
2 a .. , , ;e M oM
[fﬁ 5}2{’7/,/(}{04—’\’—k?H‘k}[{W—N_/?"H}!(ZO{,JX
(Brk—a+N+1:M—np{B+k—n—itj—N:M—n}
{a—ﬂ—Zk—M;n}!{y—ﬁ+i+N’+1;n}!{B—N’—i—n;N’—j}!).

where§ =0 —~v—2i,e=~v—a—2f,¢ =a— 3 — 2k. A similar
relation holds for j. k > i +j + k.
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POLYNOMIAL 6j-SYMBOLS

Graphical proof of Lemma:

{"Ha—-N -k} = —{7} —
{—} = O ] =

{i+ N}y —-B+i+N -1}
y+1

2k
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POLYNOMIAL 6j-SYMBOLS

[ Y. Akutsu, T. Deguchi, and T. Ohtsuki - Invariants of colored
links. J. Knot Theory Ramifications 1 (1992), no. 2,
161-184.

@ S. Baseilhac, R. Benedetti - Quantum hyperbolic invariants
of 3-manifolds with PSL(2, C)-characters. Topology 43
(2004), no. 6, 1373—-1423.

[§ N. Geer, B. Patureau-Mirand - Polynomial 6j-Symbols and
States Sums. preprint, arXiv:0911.1353.

@ N. Geer, B. Patureau-Mirand, V. Turaev - Modified quantum
dimensions and re-normalized link invariants. Compos.
Math. 145 (2009), no. 1, 196-212.

[3 N. Geer, B. Patureau-Mirand, V. Turaev - Modified
6j-symbols and 3-Manifold Invariants. preprint,
arXiv:0910.1624.



MODIFIED 6j-SYMBOLS AND 3-MANIFOLD INVARIANTS
MODIFIED TURAEV-VIRO INVARIANT

POLYNOMIAL 6j-SYMBOLS

[{ R. M. Kashaev - A link invariant from quantum dilogarithm.
Modern Phys. Lett. A 10 (1995), no. 19, 1409-1418.

[§ H. Murakami, J. Murakami - The colored Jones polynomials
and the simplicial volume of a knot. Acta Math. 186 (2001),
no. 1, 85-104.

[§ J. Murakami - Colored Alexander Invariants and
Cone-Manifolds. Acta Math. 186 (2001), no. 1, 85—-104.

[3 V. Turaev, O. Viro - State sum invariants of 3-manifolds and
quantum 6j-symbols. Topology 31 (1992), no. 4, 865—902.



	General introduction and Outline of Talks
	Quantum Groups
	R-T quantum group invariants
	Talk 2: Modified 6j-symbols and the usual Turaev-Viro invariant
	Modified 6j-symbols
	Definition
	Properties

	Turaev-Viro invariant
	Definition
	Main theorems
	Proof of invariance by the Pachner moves

	Obstructions to applying T-V construction to UH-mod.
	Modified Turaev-Viro Invariant
	Recall standard Turaev-Viro Invariant
	Obstruction 2
	Obstruction 3 and definition of modified T-V invariant.
	Polynomial 6j-symbols


