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A genus g handlebody V embedded in the 3-sphere S3 is called a
genus g handlebody-knot.

In this talk we are concerned only with genus 2 handlebody-knots.

If V is a handlebody-knot, E (V ) = S3 − intV denotes the exterior
of V .
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Remember that a surface properly embedded in a 3-manifold M is
essential if it is incompressible, boundary-incompressible and not
boundary parallel.

We are interested in handlebody-knots whose exteriors are
non-simple, i.e., whose exteriors contain an essential disk, annulus
Möbius band or torus.

For the case of genus 1 handlebody-knots, i.e. usual knots, it is
well known that the exterior of a knot K is non-simple if and only if
K is the trivial knot, a torus knot, a cable knot or a satellite knot.
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Recently, Yuya Koda and Makoto Ozawa have given a kind of
classification of genus 2 handlebody-knots whose exteriors are
non-simple. This is done in the paper Essential surfaces of
non-negative Euler characteristic in genus 2 handlebody exteriors,
Trans. Amer. Math. Soc. 367 (2015), 2874–2904.

They show that there are 3 types of handlebody-knots V such that
E (V ) contains an essential disk, 4 types that contain an essential
annulus, 2 types that contain a Möbius band, and 3 types that
contain an essential torus.

Here, we are concerned with ∂-irreducible handlebody-knots whose
exteriors contain essential annuli or Möbius bands.
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For a genus 2 handlebody-knot V , there are the following types of
essential annuli in E (V ). The Figures are from Koda and Ozawa’s
paper.

Type 1: 2-decomposing sphere type.



Type 2: Hopf tangle type.



Type 3: knot / link type.

Some explicit examples are:.



Type 4: EM type. These come from a family of knots k(`,m, n, p)
that I constructed a long time ago. These knots are hyperbolic and
have a toroidal p/2-Dehn surgery.

It follows also that if E (V ) contains an essential Möbius band, then
E (V ) also contains an essential annulus, and it is of Type 3 or 4.
In particular, all handlebody-knots of Type 4 also contain an
essential Möbius band.

However, there is not an explicit description of the
handlebody-knots of Type 4. The purpose of this talk is to give a
description of some of these handlebody-knots.
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Now I recall the construction of the handlebody-knots of Type 4.

Remember that a 2-string tangle consist of a 3-ball B and a pair of
arcs t properly embedded in B .

Consider the following tangle, denoted by B(`,m, n, p), where B is
a 3-ball in S3 that contains the point ∞. We assume that always
n = 0 or p = 0. (These tangles appeared first on my paper
Non-hyperbolic manifolds obtained by Dehn surgery on hyperbolic
knots, Geometric topology (Athens, GA, 1993), AMS/IP Stud.
Adv. Math., vol. 2, Amer. Math. Soc., Providence, RI, 1997, pp.
35–61.
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The tangle B(`,m, n, p): some small values of the parameters are
excluded. Always n = 0 or p = 0.



Let B ′ be the complementary ball of B in S3, i.e. S3 = B ∪ B ′,
and denote by B ′(a/b) the rational tangle R(a/b) inside of B ′.

Note that K0 = B(`,m, n, p) + B ′(1/0) is the trivial knot.



Note that K2 = B(`,m, n, p) + B ′(1/2) is a knot containing a
Conway sphere P , that is, there is a sphere intersecting K2 in 4
points which divide it into two essential 2-string tangles.



Note that P intersects B ′ in a disk, and then P̂ = P ∩ B is a disk
properly embedded in B , which intersects the strings of
B(`,m, n, p) in 4 points.

Note that P̂ divides B(`,m, n, p) into two 3-string trivial tangles,
say, (h, t) and (w , t ′).

(w,t')
(h,t)



Now we take double branched covers. Let π : S3 → S3 be the
double cover of S3 branched along K0, and remember that K0 is
the trivial knot.

π−1(B ′) is a solid torus, whose core determines a knot in S3. This
knot is denoted by K = k(`,m, n, p). π−1(B(`,m, n, p)) is just the
exterior of the knot K = k(`,m, n, p).

Let T̂ = π−1(P̂). This is an essential twice punctured torus
properly embedded in E (K ). Note that ∂T̂ consists of two curves
of slope a/2 in ∂E (K ), for some integer a.

(In fact, by performing a/2-Dehn surgery on K , we get a
3-manifold containing an essential torus T .)
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Now, let H = π−1((h, t)) and W = π−1((w , t
′)). Note that H and

W are genus 2 handlebodies, for (h, t) and (w , t ′) are 3-string
trivial tangles.

That is, T̂ divides E (K ) into 2 handlebodies H and W .

Schematically, we have something like in the following figure.
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So, H and W can be considered as genus 2 handlebody-knots.
Furthermore, it can be shown that H and W are ∂-irreducible.

Note that ∂H ∩ ∂N(K ) is an annulus with slope a/2.

As the slope is a/2, there is a Möbius band M, properly embedded
in N(K ), such that its boundary is the center of the annulus
∂H ∩ ∂N(K ), and the center of the band M is the knot K .
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That is, there is an essential Möbius band properly embedded in
E (H). The frontier A of a regular neighborhood of M is then an
essential annulus properly embedded in E (H) .

Similarly, for W there is another essential Möbius band M ′.

The handlebody-knots V coming from this construction correspond
to the handlebody-knots of Type 4-1 described by Koda and
Ozawa. There is a related family of Type 4-2, which is obtained by
taking reembeddings of H ∪M into S3.
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However, we make the question: How the handlebody-knot H really
looks like?

That is, we showed the existence of such an H, but can we draw it
in S3?
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To draw a picture, we need a genus 2 handlebody H embedded in
S3 such that:

1 H is ∂-irreducible, i.e. ∂H is incompresible in E (H).
2 There exists a Möbius band M properly embedded in E (H).
3 Furthermore, ∂H − ∂M is incompresible in H.



We make now an explicit construction for a particular
handlebody-knot. Let H be the following handlebody-knot. It can
be shown that it is ∂-irreducible.



Now we see that there is Möbius band M in the exterior of H with
the required properties.

The next figures show the Möbius band.
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In H, ∂M look like follows:



It is not difficult to prove that ∂H − ∂M is incompresible in M.
Then H and M have the required properties.



Take now the center of the Möbius band. It is the following knot.



A simple isotopy shows that K is our old friend, the pretzel knot
(−2, 3, 7). This shows in a direct way that this knot has a
half-integer toroidal surgery.



Another handlebody-knot with the required properties is the
following.



The center of the corresponding Möbius band is the following knot.



Two more handlebodies-knots are the following.





In fact, a subfamily of such handlebody-knots is obtained from the
torus knots of type (n, 3n + 1), by adding certain arc.

Now we are in the process of constructing in this way all the knots
k(`,m, n, p) and the corresponding handlebody-knots.



Thanks very much for your attention !!!!


