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§1. Deformation of fg

Let f,g : (C2,0) — (C,0) be convenient complex polynomials.

Assume f, g have no-common branches.

Theorem [Pichon 2005].

There exists g > 0 such that % 1S3\ Kj — Stisa
locally trivial fibration where ¢ < €. The fibered link

K =5S3N(fg)"1(0) is Ky U —K,.

Assume f, g are weighted homogeneous. Then f(z)g(z) is a polar
weighted homogeneous mixed polynomial, i.e.,

f(soz)g(soz) = sPI™m=") f(z)g(z) (m > n), where

soz = (s921,5P23), s € S, gecd(p,q) = 1.

A connected component of K¢g is a (p, g)-torus knot.
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We define a deformation F; of f(z)g(z) as follows:
Fi(z) = f(2)g9(z) + th(z) (0<t<<1),

2T 4028 (g(2) # Brzi + Baza)

h(Z) = — m—1 m—1
z"Z1+ 2z 77 (9(z) = B1z1 + B222).

F; satisfies
Fy(s0z) = sP1™") £(2)g(z) + tsPI "™ p(z) = sPI=) Fy(2).

So F; is a polar weighted homogeneous mixed polynomial.
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§2. Main results
Set Si(f) ={z € U | rank df(z) = 2 — k} (k=0,1,2).

S1(F;) and Sz (F}) satisfy the following properties:
o S;(F) is the set of orbits the S-action,
e Sy (F;) = {o} or 0,

o F;(S1(Ft)) are circles centered at the origin.

Theorem 1 [l 2014].

There exist 1,2 such that S;(F}) is the set of indefinite fold
singularities and the link F;'(0) N S3 is
a (p(m —n),q(m — n))-torus link in U \ {o} for any 0 < t << 1.
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Let Fi(z) be a deformation of f(z)g(z) in Theorem 1.
Fi,o(2) i= £(2)3(2) + th(z) + s£(2),

where £(z) = c121 4+ c222,c1,c2 € C\ {0}, 0 < s << t << 1.

Theorem 2 [l 2014].

There exist c1, c2 such that F; ; satisfies the following properties:

o Si(Fi,s) is the set of indefinite fold singularities,

e Sy(Fys) is the set of mixed Morse singularities.

If the link Ft’_s1 (Ft,s(w)) N S2»—1 is isotopic to a positive Hopf link,
w € S2(Fy,s) is called a mixed Morse singularity, where S2"—1 s
the 3-sphere centered at w.

Definition.

f : X* — Y2 with only indefinite fold singularities and Morse
singularities is called a broken Lefschetz fibration.
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Sketch of the proof

p € S1(f) is a fold singularity if and only if w satisfies the following
conditions:

o
jlf . R4 N Jl(R4,R2)

fr

o
pH(p,f(p),3$Cj>1§k§2, 1<j<4

is transversal to
51(R*,R?) = {5 f(p) € J'(R*,R?) | rank df;, = 1},

@ rank d(f | S1(f))(p) = 1.
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We define the matrix H(P) as follows:

a%p a%p

o 0z;0zp 0z;0Z
H(P) = 2P 2P ’

BZszk afjafk

where P(z,Zz) is a mixed polynomial.

Let w € S1(P). det H(P) # 0, w satisfies condition (1).

There exist 1,2 such that det H(F;) # 0 on Sy (F}).
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A connected component of S;(F;) can be represented by
{(e%%2;,e92,) | 0 < 6 < 27}.

F, |Sl(Ft) = Ft(eiqezl, eipgz2)
— eiPQ(m_")eFt(zl, Zz) (Ft(zla Z2) # O)'
d

%Ft |5:(F)= iPg(m — n)ePI ™ O Fy (21, 25) # 0.

Thus F; satisfies condition (2).
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Let ¢kn(K) denote the number of connected components of
the link K.

tkn(F; *(0) N 83) = Lkn(h™(0) N S3)
=m —n,
where 'ylzf(m_n) + 'ygzg(m_n).
h~1(0) is an invariant set of the S'-action. The connected
component of h='(0) N S2 is isotopic to a (p, q)-torus knot.
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§3. Applications

Set My = D*n Ft_l(an_) and M; = M, U(U;:1 ONj) where
D2 N Fy(S1(F;)) = 0 and Nj is a neighborhood of a connected
component of S;(F;). By using the S'-action, M; is a locally trivial
fibration over S! for i = 0,...,£.

Lemma 2.

Let Sy be the fiber surface of the fibration of ]\710. Then

So = S3USEU--.U Sk, where S is the fiber surface of the
fibration of a (p(m — n), g(m — n))-torus link and Sg is an annulus
for1,...,k.

Lemma 3.

Let S; be the fiber surface of the fibration of Mi. Then

Si =(Si—1 \ (Ui, D2))U(US2, A;), where D? C S;_ is a disk

and A; is an annulus, d, = pg(m — n).

| A\

.
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Let h : S — S be a homeomorphism of a surface S. We define

A1(h)
Ag(h)’

A.(h) =

where Ay (h) is the characteristic polynomial of

h,: Hk(S, Z) — Hk(S, Z) for k = 0, 1.

The monodromy h; of the fibration of Mi satisfies
® hi(S;—1) C Si—1 and h; |s,_,= h;_1,

2d 2d d d
° hi(szpl Dg?)c Uj:pl DJZ' and h"i(Ujil Aj) C Ujil Aj-

Theorem 3 [I 2015].

A (hi) = A(hi_q) (% — 1)2.
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Since the fiber surface Sy is diffeomorphic to the fiber surface of
F,: D*n F; ' (dD3?) — dD3,

(tdp _ 1)m—|—n

Axlhe) = (tdr/P — 1) (tdr/a — 1) )

By lemma 2, Sj is diffeomorphic to SO U S U --- U Sk and S} is
an annulus for j # 0. Thus
k (tdp _ 1)m—n

A, (ho) = jl;[o Ax(holgs) = Ax(holsg) = (td/p — 1) (tdn/a — 1)

So we obtain A, (h¢) = A, (ho)(t% — 1)2 = A, (ho)(t% — 1)?",

Let £ be the number of connected components of S;(F;). Then

L =n.
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Thank you for your attention!
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