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Abstract

In this paper we show a family of infinitely many knots whose alternation and
dealternating numbers are distinct and arbitrary. Furthermore, the difference between
both invariants is arbitrary large.

1 Introduction
Links can be divided into alternating and non-alternating depending on if they possess

an alternating diagram or not. Furthermore, after the proof of the Tait flype conjecture
on alternating links given by Menasco and Thistlethwaite in [17], it became an important
question to ask how a non-alternating link is “close to” alternating links [9]. For example,
Adams et al. in [3] introduced the dealternating number. The dealternating number of a
link diagram D is the minimum number of crossing changes necessary to transform D into
an alternating diagram. The dealternating number of a link L, denoted dalt(L), is the min-
imum dealternating number of any diagram of L. A link L with dealternating number k is
also called k-almost alternating and we say that a link is almost alternating if it is 1-almost
alternating. Likewise, Kawauchi in [9] introduced the concept of alternation number. The
alternation number of a link diagram D is the minimum number of crossing changes nec-
essary to transform D into some (possibly non-alternating) diagram of an alternating link.
The alternation number of a link L, denoted alt(L), is the minimum alternation number of
any diagram of L. He constructed infinitely many hyperbolic links with Gordian distance
far from the set of (possibly, splittable) alternating links in the concordance class of every
link. It is immediate from their definitions that alt(L)≤ dalt(L) for any link L.

In 1978, W. Thurston proved that every knot is either a torus knot, a satellite knot, or
a hyperbolic knot and these categories are mutually exclusive. Adams et al. proved that a
prime almost alternating knot is either torus knot or hyperbolic knot [3], this generalizes
Menasco’s proof of the same fact in the case of alternating links [16]. Moreover they
also demonstrated that the result does not extend to almost alternating links or to 2-almost
alternating knots or links.

Another invariant which is used as an obstruction to the knot being alternating is the
Turaev genus of a knot: Given a knot diagram D of a knot K, Turaev [20] associated a
closed orientable surface embedded in S3, called the Turaev surface (see also [12], [6]),
From it the Turaev genus, denoted by gT (K), was defined as the minimal number of the
genera of the Turaev surfaces of all diagrams of K [6].

Several authors that have worked with these invariants, for instance Abe and Kishi-
moto gave examples where the alternation number equals the dealternating number [2]. In
particular, they determined the dealternating and alternation numbers, and Turaev genus
for a family of closed positive 3-braids. They also showed that there exist infinitely many
positive knots with any dealternating number (or any alternation number) and any braid
index.

On the other hand, recently Lowrance demonstrated that there exist families of links
for which the difference between certain alternating distances is arbitrarily large [13]. In
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particular, he showed a knot family, which consists of iterated Whitehead doubles of the
figure-eight knot, where for each positive integer n there exists a knot K in this family such
that alt(K) = 1 and n ≤ dalt(K). In addition in [7], for each n we gave an infinite family
of hyperbolic prime knots such that alt(K) = 1 and dalt(K) = gT (K) = n.

The content of this paper is organized of the following form: In section 2 we recall
definitions and results needed later, in particular an lower bound of the alternation number,
the Khovanov width, and the relation between the Khovanov width, the Turaev genus and
dealternating number. In section 3 we will introduce a knot family and we will estimate
their alternation and dealternating numbers.

2 Preliminary
A link L is a disjoint union of circles embedded in S3, a knot K is a link with one

component.Throughout this paper, all links are oriented.
An n-tangle is a pair (B3,T ) where B3 is a 3-ball and T is a one-dimensional, embedded

submanifold with nonempty boundary, which contains n arcs (i.e., n subsets homeomorphic
to [0,1]) and satisfies ∂T = T ∩∂B3.

A particular case of n-tangle is an n-braid. An n-braid is an element of the n-braid
group Bn which can be expressed as a word in generators σ1, · · · ,σn−1 where σi is the
braid involving a single crossing of the ith and i+ 1st strands. They are related by the
following relations:

1. σiσ j = σ jσi, if |i− j|> 1;

2. σiσi+1σi = σi+1σiσi+1, if i = 1, . . . ,n−2.

A braid β is said to be alternating if, and only if, it admits an alternating diagram, that is, if
even numbered generators have the opposite sign of odd numbered generators. Similarly, a
link is said to be alternating if, and only if, it admits an alternating diagram.

For positive integers m, r with r odd and r≥ 5 denote by Km,r the closure of the 3-braid
(σ1σ2)

3mσr
1σ2, where the braid (σiσi+1)

3 is a full twist on three strands.

Theorem 2.1. [8] For positive integers m, r with r odd and r ≥ 5

alt(Km,r) = |σ̃(Km,r)− s(Km,r)|/2 = m.

Figure 1: The closure of the 3-braid (σ1σ2)
3mσr

1σ2.

Where σ̃(K) and s(K) are the signature and Rasmussen s-invariant [19] of a knot K,
respectively, and both invariants are equal to 2 for the positive trefoil knot.

To prove the Theorem 2.1 it was used the following proposition.

Proposition 2.1. [1] If K is a knot, then

|σ̃(K)− s(K)|/2≤ alt(K). (1)
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Above proposition was derived of the following results.

Proposition 2.2. Suppose K+ and K− are knots that differ by a single crossing change from
a positive crossing in K+ to a negative one in K−. Then

0≤ σ̃(K+)− σ̃(K−)≤ 2. (2)

0≤ s(K+)− s(K−)≤ 2. (3)

See [5], [19] for Equations (2) and (3), respectively.

Proposition 2.3. [19] If K is an alternating knot, then σ̃(K) = s(K).

Abe and Kishimoto gave a family of knots, which include Km,r, where for each knot the
alternation number and the dealternating number coincide.

Theorem 2.2. [2] Let β be a 3-braid of the form (σ1σ2)
3n

∏
r
i=1 σ

pi
1 σ

qi
2 such that its closure

β̂ is a knot, n≥ 0 and pi, qi ≥ 2 for i= 1,2, ...,r. Then we have alt(β̂) = dalt(β̂) = n+r−1.

Khovanov in [10] introduced an invariant of links, now called the Khovanov homol-
ogy, which is a bigraded Z-module with homological grading i and polynomial (or Jones)
grading j so that Kh(L) =

⊕
i, j Khi, j(L) and whose graded Euler characteristic is the Jones

polynomial. We will focus in the Khovanov homology over the rational numbers and follow
the notation used by Lowrance [11] throughout this paper.

The support of Kh(L) lies on a finite number of slope 2 lines with respect to the bi-
grading. Therefore, it is convenient to define the δ-grading by δ = j−2i so that Kh(L) =⊕

δ Khδ(L). Also, all the δ-gradings of Kh(L) are either odd or even. Let δmin and δmax be
the minimum and the maximum δ-grading, respectively, where Kh(L) is nontrivial. Then
Kh(L) is said to be [δmin,δmax]-thick, and the Khovanov width of L is defined as

wKh(L) =
1
2
(δmax−δmin)+1.

If D is a diagram for L, we will call them indistinctly. In particular, denote the Kho-
vanov homology of L by either Kh(L) or Kh(D). Similarly, let wKh(L) and wKh(D) equiv-
alently denote the Khovanov width of L.

Let L be an oriented link, and let C be a component of L, denote by l the linking number
of C with its complement L−C. Let L′ be the link L with the orientation of C reversed, and
let D be a diagram for L and D′ be the diagram D with the component C reversed. Denote
the number of negative and positive crossings in D by neg(D) and pos(D), respectively,
where the sign of a crossing is as in Figure 2.
Each Khi, j(D) can be obtained by suitable normalization from a homology group of the
following form:

Khi, j(D) := H i+neg(D), j−pos(D)+2neg(D)(D).

Since D′ is the diagram D with the component C reversed, it follows that

pos(D′) = pos(D)−2l and neg(D′) = neg(D)+2l.

Therefore, we have that for i, j ∈ Z there are isomorphisms of groups

Khi, j(D′) = Khi+2l, j+6l(D). (4)
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Considering the δ-grading and setting s = neg(D′)−neg(D) it follows that:

Khδ(D′) = Khδ+s(D). (5)

Let D+,D−,Dv and Dh be diagrams of links that agree outside a neighborhood of a
distinguished crossing as in Figure 2 and define e = neg(Dh)− neg(D+). There are long
exact sequences relating the Khovanov homology of each of these links, as indicated in
Theorem 2.3. Khovanov [10] implicitly describes these sequences. The graded versions
are taken from Rasmussen [18] and Manolescu-Ozsvath [14].

Figure 2: The crossings D+,D−,Dv,Dh respectively.

Theorem 2.3. [10] There are long exact sequences relating the Khovanov homology of
D+,D−,Dv and Dh as follows:

· · ·Khi−e−1, j−3e−2(Dh)→ Khi, j(D+)→ Khi, j−1(Dv)→ Khi−e, j−3e−2(Dh)→ ···
and
· · ·Khi, j+1(Dv)→ Khi, j(D−)→ Khi−e+1, j−3e+2(Dh)→ Khi+1, j+1(Dv)→ ··· .

When only the δ = j−2i grading is considered, the long exact sequence become

· · ·Khδ−e(Dh)
f δ−e
+−−→ Khδ(D+)

gδ
+−→ Khδ−1(Dv)

hδ−1
+−−→ Khδ−e−2(Dh)→ ···

and

· · ·Khδ+1(Dv)
f δ+1
−−−−→ Khδ(D−)

gδ
−−→ Khδ−e(Dh)

hδ−e
−−−→ Khδ−1(Dv)→ ·· · .

Lowrance pointed out that Theorem 2.3 directly implies the following corollary:

Corollary 2.1. [11] Let D+,D−,Dv and Dh be as in Figure 2. Suppose Kh(Dv) is [vmin,vmax]-
thick and Kh(Dh) is [hmin,hmax]-thick. Then Kh(D±) is [δ±min,δ

±
max]-thick, where

δ
±
min =

min{vmin±1,hmin + e} if vmin 6= hmin + e±1
vmin +1 if vmin = hmin + e±1 and hvmin

± is surjective
vmin−1 if vmin = hmin + e±1 and hvmin

± is not surjective,
and

δ±max =

max{vmax±1,hmax + e} if vmax 6= hmax + e±1
vmax−1 if vmax = hmax + e±1 and hvmax

± is injective
vmax +1 if vmax = hmax + e±1 and hvmax

± is not injective.

The following results show the relation between the Khovanov width, the Turaev genus
and the dealternating number. Lemma 2.1 was proved by Manturov [15] and Champaner-
kar, Kofman and Stoltzfus [4], and Corollary 2.2 was proved by Abe and Kishimoto.

Lemma 2.1. [15][4] Let K be a knot then we have

wKh(K)−2≤ gT (K).

Corollary 2.2. [2] Let L be a non-split link then we have

gT (L)≤ dalt(L).
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In [11] Lowrance determined the Khovanov width of closed 3-braids based upon Mura-
sugi’s classification of closed 3-braids up to conjugation. In particular, he showed the fol-
lowing proposition.

Proposition 2.4. [11] Let D be the closure of the braid (σ1σ2)
3kσa

1σ
−1
2 where a and k are

positive integers. Then Kh(D) is [4k+a−2,6k+a−2]-thick and wKh(D) = k+1.

Previously, in [7] for each integer n we gave a knot family of hyperbolic prime knots
with dealternating number and Turaev genus equal to n and alternation number equal to
1. In the following section we will describe a family of knots whose dealternating and
alternation numbers are arbitrarily large and different. In order to estimate them, we will
use the Khovanov width of some knots to obtain a lower bound for the delternating number
(also for the Turaev genus) of knots in this family.

3 Families of knots with arbitrary alternation and deal-
ternating numbers

Let c be the 4-tangle delimited for the red rectangle in Figure 3 and N(·) be the usual
closure of an n-tangle. Also, let N((σ2σ3)

3(m+1)σl
2σ
−1
3 (σ1σ2)

3n · c) be the closure of the
concatenation of the unoriented 4-braid (σ2σ3)

3(m+1)σl
2σ
−1
3 (σ1σ2)

3n with the 4-tangle c as
shown in Figure 3, where l,m,n ∈ N. We will consider the orientation given in Figure 3.

Figure 3: Unoriented and oriented diagram N((σ2σ3)
3(m+1)σl

2σ
−1
3 (σ1σ2)

3n · c).

In order to obtain the Khovanov width of N((σ2σ3)
3(m+1)σl

2σ
−1
3 (σ1σ2)

3n · c) it will be
obtained the Khovanov width for a specific 4-braid, by using the Khovanov width of some
closed 3-braids.

Lemma 3.1. Let D∗ be the closure of the 3-braid (σ2σ3)
3kσr

2σ
−1
3 (σ1σ2)

3n with k,r,m ∈ N
and k ≥ 2, then Kh(D∗) is [4(k+n)+ r−3,6(k+n)+ r−3]-thick.

Proof. By induction on n with D∗ = N(σr
2σ
−1
3 (σ2σ3)

3k(σ1σ2)
3n), see Figure 5.

For n = 1, let D− be the first diagram showed in Figure 4. Resolve a crossing to obtain
Dv and Dh as shown in Figure 4. Note that the closure of the braids σr

1σ
−1
2 (σ1σ2)

3(k+1) and
σ

r+4
1 σ

−1
2 (σ1σ2)

3(k−1) are other diagrams for Dv and Dh, respectively.
And so, by Proposition 2.4, Dv is [4(k+ 1)+ r− 2,6(k+ 1)+ r− 2]-thick and Dh is

[4(k+ 1)+ r− 6,6(k+ 1)+ r− 10]-thick. Since e = 5 and due to Corollary 2.1 we have
that D− is [4(k+1)+ r−3,6(k+1)+ r−3]-thick.

Let us see the case n = m. Let D+ be another diagram of D∗ and resolve a cross-
ing on D+ to obtain Dv and Dh as shown in Figure 5. Furthermore, resolve a cross-
ing on Dv− , which is another diagram of Dv, to obtain Dvv and Dvh as shown in Fig-
ure 6. Note that N(σr+4

2 σ
−1
3 (σ2σ3)

3k(σ1σ2)
m−2), N(σr

2σ
−1
3 (σ2σ3)

3(k+1)(σ1σ2)
m−1), and

N(σr+4
2 σ

−1
3 (σ2σ3)

3(k−1)(σ1σ2)
m−1) are diagrams for Dh, Dvv , and Dvh , respectively.
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So, by inductive hypothesis we have that Dh is [4(k+(m−2))+r+1,6(k+(m−2))+
r+ 1]-thick, Dvv is [4((k+ 1)+ (m− 1))+ r− 3,6((k+ 1)+ (m− 1))+ r− 3]-thick, and
Dvh is [4((k−1)+(m−1))+ r+1,6((k−1)+(m−1))+ r+1]-thick.

Due to Corollary 2.1, since neg(Dvh)−neg(Dv) = 6−1 and neg(Dh)−neg(D) = 5−1
then Dv is [4(k+m)+ r−4,6(k+m)+ r−4]-thick and D∗ is [4(k+m)+ r−3,6(k+m)+
r−3]-thick.

�

D− Dv

Dh D′h

Figure 4: Diagrams D−, Dv, Dh and D′h.

D∗ D+

Dv Dh

Figure 5: Diagrams D∗, D+, Dv, and Dh.

Dv− Dvv

Figure 6: Diagrams Dv− and Dvv .

The Khovanov width of N((σ2σ3)
3(m+1)σl

2σ
−1
3 (σ1σ2)

3n ·c) is obtained by using Corol-
lary 2.1 and Lemma 3.1.

Lemma 3.2. If D = N((σ2σ3)
3(m+1)σl

2σ
−1
3 (σ1σ2)

3n · c) then Kh(D) is [4m+ l + 2,6m+
2n+ l +4]-thick. Hence, wKh(D) = m+n+2.

Proof. Let D+ be the diagram D. Resolve a crossing on D+ to obtain Dv and Dh (see
Figure 7). So, Dv is a diagram for the closure of (σ2σ3)

3(m+1)σl
2σ
−1
3 (σ1σ2)

3n, which is a
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closed 4-braid, which has a component with reverse orientation and Dh is a diagram for
(σ2σ3)

3(m+1)σl
2σ
−1
3 (σ1σ2)

3nσ1, which has the usual orientation for 4-braids. In order to
obtain δmin and δmax of Kh(D+) we will calculate δmin and δmax of Kh(Dv) and Kh(Dh),
respectively.

Let D∗v be the diagram N((σ2σ3)
3(m+1)σl

2σ
−1
3 (σ1σ2)

3n) with the usual orientation for
4-braids, and, by Lemma 3.1, Kh(D∗v) is [4(m+ n)+ l + 1,6(m+ n)+ l + 3]-thick. Note
that Dv has a component with reverse orientation to D∗v , also note that neg(Dv) = 4n+ 1
and neg(D∗v) = 1, then Equation (5) implies that Khδ(Dv) ∼= Khδ+s(D∗v) therefore Kh(Dv)
is [4m+ l +1,6m+ l +3]-thick.

Resolve Dh = (σ2σ3)
3(m+1)σl

2σ
−1
3 (σ1σ2)

3nσ1 at the last σ1 to obtain Dhv and Dhh . Note
that Dhv = D∗v then Kh(Dhv) is [4(m+n)+ l+1,6(m+n)+ l+3]-thick. Also note that Dhh

is a diagram for σl
1σ
−1
2 (σ1σ2)

3(m+1), then by Proposition 2.4 Kh(Dhh) is [4m+ l+2,6m+
l+4]-thick. Since neg(Dhh) = 4n+1 and neg(Dh) = 1, then e = 4n. Corollary 2.1 implies
that Kh(Dh) is [4(m+n)+ l +2,6(m+n)+ l +4]-thick.

Now, e = neg(Dh)− neg(D+) = −4n, since 4m+ l + 1 6= (4(m+ n)+ l + 2)+ e+ 1
and 6m+ l+3 6= (6(m+n)+ l+4)+e+1 Corollary 2.1 implies that Kh(D+) is [4m+ l+
2,6m+2n+ l +4]-thick. Hence, wKh(D) = m+n+2. �

D+ D−

Dv Dh

Figure 7: Diagrams D+ = N((σ2σ3)
3(m+1)σl

2σ
−1
3 (σ1σ2)

3n · c), D−, Dv, and Dh.

Theorem 3.1. For all pair m, n of positive integers there exists a family of knots F m,n =
{K} such that, if K ∈ F m,n then dalt(K) = m+n and m−1≤ alt(K)≤ m+1.

Proof. Let D+ = N((σ2σ3)
3(m+1)σl

2σ
−1
3 (σ1σ2)

3n · c) be a diagram of K ∈ F m,n. Since
(σ2σ3)

3(m+1) are full twists on three strands, then

N((σ2σ3)
3(m+1)

σ
l
2σ
−1
3 (σ1σ2)

3n · c) = N(σl
2σ
−1
3 (σ2σ3)

3(m+1)(σ1σ2)
3n · c).

Besides, by braid relations, we have that

N(σl
2σ
−1
3 (σ2σ3)

3(m+1)(σ1σ2)
3n · c) = N(σl

2σ
−1
3 σ2σ3σ2σ3σ2σ3(σ2σ3)

3m(σ1σ2)
3n · c)

= N(σl
2σ
−1
3 σ3σ2σ3σ3σ2σ3(σ2σ3)

3m(σ1σ2)
3n · c)

= N(σl+1
2 σ2

3σ2σ3(σ2σ3)
3m(σ1σ2)

3n · c)
= N(σl+1

2 σ2σ3σ2
2(σ2σ3)

3m(σ1σ2)
3n · c)

= N(σl+2
2 σ3(σ2σ3)

3mσ2
2(σ1σ2)

3n · c)
Also, (σiσi+1)

3r = σ2r
i+1(σiσ

2
i+1σi)

r.
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Then,

N((σ2σ3)
3(m+1)

σ
l
2σ
−1
3 (σ1σ2)

3n · c) = N(σl+2
2 σ

2m+1
3 (σ2σ

2
3σ2)

m
σ

2n+2
2 (σ1σ

2
2σ1)

n · c).

The diagram N(σl+2
2 σ

2m+1
3 (σ2σ2

3σ2)
mσ

2n+2
2 (σ1σ2

2σ1)
n · c) can be rewritten as diagram

D in Figure 8 (c). The m+n crossings that we will change in order to obtain an alternating
diagram are marked in D. Since D is another diagram for K, it follows that

dalt(K)≤ m+n. (6)

Due to Lemma 3.2 states that wKh(K) = m+n+2 and, by Lemma 2.1 and Corollary 2.2,
we have the following inequalities:

wKh(K)−2≤ gT (K)≤ dalt(K). (7)

From Inequalities (6) and (7) it follows that gT (K) = dalt(K) = m+n.
On the other hand, after one crossing change on the diagram D+ we obtain D−, which

by severals Reidemeister moves can be deformed into N((σ1σ2)
3(m+1)σl

1σ
−1
2 ), see Figure

9.
Note that the braid (σ1σ2)

3(m+1)σl
1σ
−1
2 is conjugate to (σ1σ2)

3mσ
l+4
1 σ2. So, due to

Theorem 2.1 we have that alt(Km,l+4) = m and therefore alt(K)≤ m+1.
Moreover, ∣∣σ̃(Km,l+4)− s(Km,l+4)

∣∣/2 = m, (8)

and by Equations (2) and (3) it follows that m− 1 ≤ |σ̃(K)− s(K)|/2 ≤ m+ 1. Hence,
m−1≤ alt(K)≤ m+1. �

(a) (b)

(c) (d)

Figure 8: Equivalent diagrams.

Figure 9: Two equivalent diagrams; D− and N((σ1σ2)
3(m+1)σl

1σ
−1
2 ).
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