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Quandle

Definition (Quandle)

X: a non-empty set, *: X x X — X : a binary operation
X = (X,*): a quandle

Q xxx=x (Vx € X).
@ A map xx: X — X (e — exx) is bijective (Vx € X).
Q (xxy)xz=(xx2z)x(y*z)(Vx,y,z € X).

def

Rs == ({0,1,2}, %) Ss:=({0,1,2,3}, )
01 2 HO 1 2 3
ollo 2 1 0|0 2 3 1
112 10 13 1 0 2
2101 0 2 2111 3 20
3112 01 3
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Quandle coloring

X: a finite quandle
K: an oriented knot, D: a diagram of K

Definition

Colx(D) := { c : {arcs of D} — X | condition [«] }

condition [a]: x,y € X
X*y y

|Colx(K)|:= |Colx(D)| : X-coloring number of K
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X =5 =({0.123}%), K =4

|Colx(K)| = 16
2
o123
3 00 2 3 1
103 10 2
0 1 211 3 20
32 01 3
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Shadow coloring

Definition

SColx(D) := { c® : {arcs of D} U {regions of D} — X |

condition [ar] + }

condition :

Important remark

SColx(D) «+25 Colx(D) x X
c — (C5|{arcs of D} Cs(oo-region))
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X =5,= ({0123} %), K =4,

o123
o0 2 3 1
113 1 0 2
0 3 1 211 3 20
312 01 3
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X =5,= ({0123} %), K =4,

|o 123
oflo 2 31
113 10 2
2101 3 20
312 01 3
|Colx(D)| = 16
|SColx(D)| = 64

(=16 x 4)
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Quandle cocycles

X: a quandle, A: an abelian group

Definition (Quandle 2-cocycle)

¢ : X2 — A: a quandle 2-cocycle

Q ¢(x,x) =0 (¥Vx € X)
def

= Q@ o(x,y)+o(x*xy,z)=o(x,z) +o(x*z,y* z)
(Vx,y,z € X)

Definition (Quandle 3-cocycle)
Y : X3 — A: a quandle 3-cocycle

Q@ U(x,x,y) =v(x,y,y) =0 (Vx,y € X)
df. @ U(x,y,z) +U(x,z,w) +U(x*xz,y*zy*z w)
=
(Vx,y,z,w € X)
b 4, 2018 12




Quandle 2-cocycle invariant

K: an oriented knot, D: a diagram of K

Definition [CJKLS (1999)]

X: a quandle, A: an abelian group, c € Colx(D)
¢ : X?> = A: a quandle 2-cocycle

y X
W, (v, c) = {+90(x,y) (v : positive) V \/\4
o —@(x,y) (v : negative) \( /
y
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K =4

1 (x#yandx,ye{0,1,3})
0 (otherwise)

0 S54xSy = Ly, (x,y) = {

We(D, c)

= —¢(0,2) = ¢(1,3)
+¢(1,0) + ¢(0,1)

=1

o, (K) = {04, 112}
(|Cols,(K)| = 16)
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Shadow 3-cocycle invariant

K: an oriented knot, D: a diagram of K
Definition [CKS (2001)]

X: a quandle, A: an abelian group, c¢® € SColx(D)
Y X3 — A: a quandle 3-cocycle

s/ s . JTu¥(a,x,y) (v:positive) \ }1
L {_¢(37XaY) (v : negative) / \

Wi(D, c*) =5, Wilv, ¢®)
‘DS( )= (WolD, &) | €5C0/x( )}

&7 (K) := ®;(D): a shadow 3-cocycle invariant
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Example 1

K =4,
2 Sy X S4 X S4 — Zo: a specific quandle 3-cocycle

(0,0,2)=0
W (D, c*)
= —w(o, 0, 2) - w(27 1, 3)
+14(3,1,0) + ¢(3,0,1)

'lb(?vla?)):l

%,(K) = {016, Lus}

(|SCols, (K)| = 64) +1(3,1,0)=1

+(3.0,1)=1
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Example 2

K=3
I/J:R3XR3XR3—>Z3
Y(x,y,z) = (x — y)(y — )’z : Mochizuki's 3-cocycle

&5 (K) = {00, 115}
®2,(K*) = {00, 215}

Vo : R3 x Ry — Z3 : a quandle 2-cocycle, ®,(K) = {00}

(|Colg,(K)| =9, |SColg,(K)| = 27)
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Theorem 1

Theorem 1
X: a finite quandle, A: an abelian group
¢ : X?> = A: a quandle 2-cocycle
(1) ¥, : X3 = A
Yu(x,y,2) = oy, z) — ¢(x,z) + ¢(x, y) is a quandle 3-cocycle.
(2) 3, (K) = 1X| &,(K)

Notation
A=17s
3{0y, 15,25}
= {03, ].g, 215}
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Notation V

3{0y, 15,25} {X-coloring numbers}
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extend
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Proof of Thm1 (2)

Interpret the weights on crossings as follow.
¢¢(3aX,Y) = gO(X,y) - 90(3,_)/) + 90(37 X)

"
\
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Proof of Thm1 (2)

K=4,X=25,
@ : X x X — A:aquandle 2-cocycle
c® € SColx(D)
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Proof of Thm1 (2)

We want to prove W (D, c*) = W,(D, c).

c = Cs’{arcs of D}
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Proof of Thm1 (2)

©(0,0)  +9(0,2)

SO

~p(3,1) +p(3,1) -p(0
+¢(3,0) -9(3,0)
@ o -p(2,1)

The sum of e is W,,(D, c)

—0(0,0) + ¢(0,2) + ¢(2,3) — ¢(2,1) =0 77
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Proposition [Murasugi (1965)]

Every knot posseses a special diagram.

Definition(Special diagram)
not special

special

Yu HASHIMOTO (Tokyo Gakugei Univ.) Cocycle inv & Shadow cocycle inv December 24, 2018 24 /29



Proposition [Murasugi (1965)]
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Definition(Special dlagram
not special ecial

@ smoothmg ( é ; )
eCI ;
@ smoothlng
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Proof of Thm1 (2)
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Proof of Thm1 (2)

(3100 [0] 3

+¢’~P (370)1) O

We want to prove W (D, c*) = W,(D, c).

c = Cs’{arcs of D}
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Proof of Thm1 (2)

-@(3,1) —|—&p(371)

+o(3,0)  -9(3,0) H

R 2)
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Proof of Thm1 (2)

-@(3,1) —|—&p(371)
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X: a quandle, A: an abelian group '

oy : CO(X) — CO LX), (X1, ..., Xn) S (D)™ (X, e Ky ey Xn)
Then

oy CA(X) — C2,(X) is a chain map.

oy induces the cochain map o : C57'(X; A) = C5(X; A).
< ¢ :(n-1)-cocycle = () :n-cocycle
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X: a quandle, A: an abelian group '

oy : CO(X) — CO LX), (X1, ..., Xn) S (D)™ (X, e Ky ey Xn)
Then

oy CA(X) — C2,(X) is a chain map.

oy induces the cochain map o : C57'(X; A) = C5(X; A).
< ¢ :(n-1)-cocycle = () :n-cocycle

¢ : X2 — A: a quandle 2-cocycle
Yo(x,y,2) = (y,z) — p(x,2) + ¢(x,y) is a quandle 3-cocycle.
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