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X
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X
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X
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j 実交点の irBbi2/ FMQi の分類表

E�Q`B PFm#Q
L�;Qv� *Biv lMBp2`bBiv

研究集会「結び目の数理」

kyR3fRkfkj@ke
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R hrBbi2/ FMQib

k � +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

j S`Q#H2Kb

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke k f j9



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X
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hrBbi2/ FMQib

hrBbi2/ FMQib

.2}MBiBQM
� irBbi2/ HBMF /B�;`�K⇔ � pB`im�H HBMF /B�;`�K UTQbbB#HvV rBi? #�`bX

.2}MBiBQM
hrBbi2/ HBMFb⇔ 1[mBp�H2M+2 +H�bb2b Q7 irBbi2/ HBMF /B�;`�Kb mM/2`
2ti2M/2/ _ KQp2b U_ KQp2b- o_ KQp2b �M/ irBbi2/ _ KQp2bVX
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hrBbi2/ FMQib

1ti2M/2/ _ KQp2b

_ KQp2 A _ KQp2 AA _ KQp2 AAA

o_ KQp2 A o_ KQp2 AA

o_ KQp2 AAA o_ KQp2 Ao

h_ KQp2 A h_ KQp2 AA h_ KQp2 AAA
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hrBbi2/ FMQib

Sm`TQb2
hQ +QMbi`m+i � i�#H2 Q7 T`BK2 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;bX

⟨EMQrM `2bmHi⟩
� i�#H2 Q7 pB`im�H FMQib rBi? +`QbbBM; MmK#2` mT iQ e r�b +QMbi`m+i2/
#v C2`2Kv :`22MX

[
C2`2Kv :`22M- ?iiTb,ffrrrXK�i?XiQ`QMiQX2/mf/`Q`#Mfaim/2Mibf:`22MCf

]

� i�#H2 Q7 irBbi2/ FMQib rBi? +`QbbBM; MmK#2` mT iQ k r�b
+QMbi`m+i2/ #v LXE�K�/�X

[
LX E�K�/�- On twisted knots- *QMi2KTQ`�`v J�i?2K�iB+b- EMQi h?2@
Q`v �M/ Bib �TTHB+�iBQMb-edyUkyReV- TTXjk3@j9R

]

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke 8 f j9
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X
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hrBbi2/ FMQib

� :�mbb +?Q`/ /B�;`�K Q7 irBbi2/ FMQi
.2}MBiBQM
� :�mbb +?Q`/ /B�;`�K Q7 pB`im�H FMQi⇔ h?2 T`2@BK�;2 Q7 i?2 BKK2`b2/
HQQT Q7 � FMQi /B�;`�K rBi? Q`B2Mi2/ +?Q`/b r?Qb2 bi�`iBM; �M/ 2M/ TQBMib
�`2 QM � +B`+H2Xh?2 bi�`iBM; TQBMi UQ` 2M/ TQBMiV Q7 � +?Q`/ BM/B+�i2b �M
Qp2` �`+ UQ` �M mM/2` �`+VX 1�+? +?Q`/ Bb H�#2H2/ rBi? + Q` −- r?B+? Bb
i?2 bB;M Q7 � +`QbbBM; +Q``2bTQM/BM; i?2 +?Q`/X

� irBbi2/ FMQi /B�;`�K Bb T`2b2Mi2/ #v � :�mbb +?Q`/ /B�;`�K rBi? bQK2
#�`b QM i?2 �`+b r?B+? +Q``2bTQM/ iQ 2/;2b Q7 � irBbi2/ HBMF /B�;`�KX

1t�KTH2 +

+
↔

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke e f j9
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X

hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

R GBbi mT iQ T`QD2+iBQMb Q7 :�mbb +?Q`/ /B�;`�Kb rBi? j +H�bbB+�H
+`QbbBM;b- r?2`2 � T`QD2+iBQM Q7 � :�mbb +?Q`/ /B�;`�K Bb � +B`+H2 rBi?
+?Q`/bX

q?22H ivT2 hm`iH2 ivT2

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke d f j9
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hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

k :Bp2 /B`2+iBQMb- bB;Mb �M/ #�`b iQ +?Q`/bX
j _2KQp2 2[mBp�H2Mi :�mbb +?Q`/ /B�;`�Kb mM/2` 2ti2M/2/ _ KQp2bX

_ KQp2 A
±

↔

_ KQp2 AA
± ±

± ±

↔ ↔

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke 3 f j9
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hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

_ KQp2 AAA
+-

+

+ -

+

+

-

- +

-

-

↔ ↔

++
+ +

+

+ -
+

+
- +

+
↔ ↔

-

-
+

-

-
+ +

-

+

-

+
+

↔ ↔

- -

+

- -

+

- -

-

- -

-↔ ↔
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X

hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

h_ KQp2 AA h_ KQp2 AAA
±

±

↔ ↔

↔ ↔

ke q?22H ivT2bX
eR hm`iH2 ivT2bX
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hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

9 *QMbi`m+i /B�;`�Kb DO- −D- �M/ −DO 7Q` � irBbi2/ HBMF /B�;`�K
D BM i?2 i�#H2- r?2`2 DO Bb � KB``Q` BK�;2 Q7 D- �M/ −D Bb �
/B�;`�K Q#i�BM2/ #v `2p2`bBM; i?2 Q`B2Mi�iBQM Q7 DX
*�H+mH�i2 KmHiBp�`B�#H2 TQHvMQKB�H BMp�`B�Mib U�``Qr TQHvMQKB�H Q`
JBv�x�r� TQHvMQKB�HV XD ∈ Z[A,A−1,M, d1, d2, . . .] Q7 i?2KX

_2K�`F D ∼ DO∗ �M/ DO ∼ D∗ �b � irBbi2/ HBMFX UD∗ Bb i?2
`2~2+iBQM Q7 DV
ULXE�K�/�- aXE�K�/�- oB`im�H HBMFb r?B+? �`2 2[mBp�H2Mi �b irBbi2/ HBMFb-
T`2T`BMi- ?iiTb,ff�`tBpXQ`;f�#bfR3y9XyeRN3V
h?2`2 �`2 pB`im�H HBMFb bm+? i?�i DO ̸∼ D∗X

ky q?22H ivT2b �M/ kR hm`iH2 ivT2b �`2 /2i2`KBM2/ #v
KmHiBp�`B�#H2 TQHvMQKB�H BMp�`B�MibX

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke RR f j9
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hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

8 *�H+mH�i2 qCEaa BMp�`B�Mib Ua�rQHH2F BMp�`B�Mi 7Q` /Qm#H2 +Qp2`BM;
/B�;`�KV Q7 e q?22H ivT2b �M/ 9y hm`iH2 ivT2bX

kR hm`iH2 ivT2b �`2 /2i2`KBM2/ #v qCEaa BMp�`B�MibX

e �TTHv 2ti2M/2/ _ KQp2b iQ 2�+? T�B` Q7 irBbi2/ FMQi /B�;`�Kb r?Qb2
BMp�`B�Mib UKmHiBp�`B�#H2 TQHvMQKB�H BMp�`B�Mi �M/ qCEaa BMp�`B�MiV
�`2 2[m�HX

k q?22H ivT2b �M/ j hm`iH2 ivT2b �`2 /2i2`KBM2/ #v �TTHvBM;
2ti2M/2/ _ KQp2bX

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke Rk f j9
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X

hrBbi2/ FMQib

1t�KTH2 , .27Q`KBM; /B�;`�Kb U321 BM i�#H2V

D D′

KmHiBp�`B�#H2 TQHvMQKB�H BMp�`B�Mi qCEaa BMp�`B�Mi
D

(
A4+1

)(
A8M2+A4

(
2M2+1

)
−

(
2A8+3A4+1

)
M2+M2

)

A10

(y−1)(y+1)(x−y)(x+y)
y2

D′
(
A4+1

)(
A8M2+A4

(
2M2+1

)
−

(
2A8+3A4+1

)
M2+M2

)

A10

(y−1)(y+1)(x−y)(x+y)
y2

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke Rj f j9
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X

hrBbi2/ FMQib

1t�KTH2 , .27Q`KBM; /B�;`�Kb U321 BM i�#H2V
Q`B2Mi�iBQM `2p2`bBM; T�B` 1t�KTH2 Q7 r?22H ivT2
+ +

-

+

+ -
D′ Bb 2[mBp�H2Mi iQ −D

D D′

D h_KQp2 A

o_KQp2 AA h_KQp2 AAA k h_KQp2 AA

↔ ↔ ↔

↕Q`B2Mi�iBQM `2p2`bBM;

D′

k /2iQm` KQp2b `Qi�iBQM

↔ ↔
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X

hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

d *�H+mH�i2 KmHiBp�`B�#H2 TQHvMQKB�H BMp�`B�Mib 7Q` /Qm#H2 +Qp2`BM; /B�;`�Kb Q7
i?2 `2K�BMBM; /B�;`�Kb UR8 hm`iH2 ivT2bVX

.Qm#H2 +Qp2`BM; /B�;`�K
URV 6Q` � irBbi2/ HBMF /B�;`�K D- Tmi DO∗U`2~2+iBQM �M/ KB``Q` BK�;2V QM `B;?i Q7 DX
UkV .27Q`K i?2b2 /B�;`�Kb �b BM i?2 7QHHQrBM; };m`2 r?2`2 � #�` b Q7 D

+Q``2bTQM/ iQ � #�` b′ Q7 DO∗X

...... ..................
b b'

D DO∗ D̃

(1) (2)
→ →

D D DO∗ D̃
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X

hrBbi2/ FMQib

h?2Q`2K (LXE�K�/�- aXE�K�/�)
D ∼ D′ ⇒ D̃ ∼ D̃′

XD̃ Bb �M BMp�`B�Mi Q7 DX

Rj hm`iH2 ivT2b �`2 /2i2`KBM2/ #v i?Bb K2i?Q/X
k hm`iH2 ivT2b �`2 biBHH iQ #2 /2i2`KBM2/X

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke Re f j9
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X

hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

3 *�H+mH�i2 +̃QH3(D) 7Q` i?2 `2K�BMBM; /B�;`�Kb Uk hm`iH2 ivT2bVX
h?2 [m�M/H2 Bb � b2i X rBi? � #BM�`v QT2`�iQ` ∗- r?B+? b�iBb}2b i?2
7QHHQrBM;X

6Q` �Mv x ∈ X-x ∗ x = x

6Q` �Mv y ∈ X- i?2 K�T Sy : X −→ X /2}M2/ #v x ,→ x ∗ y Bb �
#BD2+iBQMX
6Q` �Mv x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z)X

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke Rd f j9
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hrBbi2/ FMQib

� +H�bbB}+�iBQM Q7 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b

Q(D) , irBbi2/ [m�M/H2 Q7 DX

xi+1 = xi xi+1 = xi xi+1 = xi

xj+1 = xj ∗ xi xj = xj+1 ∗ xi xj+1 = xj xi+1 = yi

yi+1 = yi ∗ yj yi = yi+1 ∗ yj yi+1 = yi yi+1 = xi

yj+1 = yj yj+1 = yj yj+1 = yj

Xn = {1, 2, . . . , n} � /B?2/`�H [m�M/H2 x ∗ y = 2yƐx

+̃QHn(D) , i?2 MmK#2` Q7 ?QKQKQ`T?BbKb 7`QK Q(D) iQ Xn U+QHQ`BM;V

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke R3 f j9
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hrBbi2/ FMQib

D D′

+̃QH3(D) = 3 +̃QH3(D′) = 9

k hm`iH2 ivT2b �`2 /2i2`KBM2/ #v i?Bb K2i?Q/X
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hrBbi2/ FMQib

*QM+HmbBQM

h?2Q`2K R
3k T`BK2 irBbi2/ FMQib rBi? j +H�bbB+�H +`QbbBM;b �`2 /2i2`KBM2/X

h?2Q`2K k
UBV 31- 34- 35- 37- 38- 39- 310- 311- 312- 313- 314- 315- 316- 317- 318-

319- 320- 331- 340- 342- 344- 346- 347- 350- 358- 360- 362- 365- 366-
367- 368- 369- 370- 372- 374- 379- �M/ 380 �`2 BMp2`iB#H2X

UBBV 324- 325- 326- 328- 329- 330- 333- 334- 335- 336- 337- 338- 343- 345-
348- 349- 351- 352- 353- 354- 356- 357- 359- 361- 363- 364- 373- 375-
377- �M/ 378 �`2 MQM BMp2`iB#H2X

S`QQ7 , UBV D Bb /27Q`K2/ iQ −D #v 2ti2M/2/ _ KQp2bX
UBBV h?2 p�Hm2 Q7 qCEaa BMp�`B�Mi Q7 D Bb /Bz2`2Mi 7`QK i?�i Q7 −DX

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke ky f j9



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

hrBbi2/ FMQib

*QM+HmbBQM

S`QTQbBiBQM j
�HH /B�;`�Kb BM Qm` i�#H2 �`2 +?B`�H X

S`QQ7 , Ai Bb T`Qp2/ #v b?QrBM; i?�i i?2 KmHiBp�`B�#H2 TQHvMQKB�H BMp�`B�Mi
XD Q7 D Bb MQi 2[m�H iQ i?�i Q7 KB``Q` BK�;2 Q7 D X
S`QTQbBiBQM 9
344- 358- 367- 370- 381- 382 �`2 +?2+F2`#Q�`/ +QHQ`�#H2- �M/ Qi?2`
/B�;`�Kb BM Qm` i�#H2 �`2 MQi +?2+F2`#Q�`/ +QHQ`�#H2X

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke kR f j9
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X

hrBbi2/ FMQib

344

D , � irBbi2/ HBMF /B�;`�K
A(D) , �M �#bi`�+i HBMF /B�;`�K �bbQ+B�i2/ rBi? D
D , +?2+F2`#Q�`/ +QHQ`�#H2⇔ A(D) �/KBib +?2+F2`#Q�`/ +QHQ`BM;

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke kk f j9
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X
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X
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X
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X
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X

hrBbi2/ FMQib

*QM+HmbBQM

S`QQ7 Q7 h?2Q`2K 9 , h?2`2 �`2 +?2+F2`#Q�`/ +QHQ`�#H2 /B�;`�Kb Q7 344-
358- 367- 370- 381- 382 BM i?2 i�#H2X
6Q` i?2 `2bi Q7 i?2K- BM i?2B` KmHiBp�`B�#H2 BMp�`B�Mib i?2`2 �`2 i2`Kb r?B+?
BM+Hm/2 M X

XD = −(A4+1)(A12+A4−1)M
A18

32

h?2Q`2K (LXE�K�/�)
A7 D Bb � irBbi2/ HBMF /B�;`�K Q7 � +?2+F2`#Q�`/ +QHQ`�#H2 irBbi2/ HBMF-
i?2M XD Bb BM Z[A,A−1, d1, d2, . . .]X

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke kj f j9
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hrBbi2/ FMQib

*QM+HmbBQM

S`QTQbBiBQM 8
UBV h?2 KBMBKmK MmK#2`b Q7 #�`b Q7 i?2 7QHHQrBM; irBbi2/ FMQib �`2 1X
31- 32- 33- 34- 35- 36- 324- 325- 326- 327- 328- 329- 330- 331- 332- 333-
334- 335- 336- 337- 338- 339- 340- 341- 342
UBBV h?2 KBMBKmK MmK#2`b Q7 #�`b Q7 i?2 7QHHQrBM; irBbi2/ FMQib �`2 2X
37- 38- 39- 310- 311- 312- 313- 314- 315- 316- 343- 345- 346- 347- 348-
349- 350- 351- 352- 353- 354- 355- 356- 357- 359- 360- 361- 362- 363-
364- 365- 366- 368- 369- 371- 372

S`QQ7 , h?2 MmK#2` Q7 #�`b BM+`2�b2 UQ` /2+`2�b2V �Hr�vb 2p2M MmK#2` #v
�Mv irBbi2/ _2B/2K2Bbi2` KQp2bX
UBV h?2`2 �`2 /B�;`�Kb rBi? R #�`X
UBBV A7 i?2 p�Hm2 Q7 KmHiBp�`B�#H2 TQHvMQKB�H BMp�`B�Mi Q7 i?2 irBbi2/ HBMF
/B�;`�K D ?�b i2`Kb r?B+? BM+Hm/2 M - D ?�b bQK2 #�`bX h?2`2 �`2
/B�;`�Kb rBi? k #�`b �M/ i?2B` KmHiBp�`B�#H2 TQHvMQKB�H BMp�`B�Mib ?�p2
bm+? i2`KbX

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke k9 f j9
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X
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X
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X

hrBbi2/ FMQib

S`Q#H2Kb

R hQ +QMbi`m+i i?2 i�#H2 Q7 +QKTQbBi2 irBbi2/ FMQi /B�;`�Kb rBi? j
+H�bbB+�H +`QbbBM;bX

k hQ /2i2`KBM2 BMp2`iB#BHBiv Q7 7QHHQrBM; /B�;`�KbX

32- 36- 321- 322- 323- 327- 332-
339- 341- 355- 371- 376- 381- 382X

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke k8 f j9
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hrBbi2/ FMQib

h?�MF vQm5

E�Q`B PFm#Q L�;Qv� *Biv lMBp2`bBiv U 研究集会「結び目の数理」Vj 実交点の irBbi2/ FMQi の分類表 kyR3fRkfkj@ke ke f j9


