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Introduction

G : connected loopless 4-regular planar graph on S?
o f,(G) := f of n-sided faced of G

Example
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Introduction

G : connected loopless 4-regular planar graph on S?
o f,(G) := f of n-sided faced of G

Example
’A‘ 2 (n=2)
: 5 (n=23)
L o
G 0 (otherwise)




afaceof P
G : 4-regular planar graph P :knot/link projection

Projections are non trivial and reduced. \




P : knot projection (4-regular planar graph)
f;(P) : the number of faces of i sides of P.
we have

e(P) — 2fz(P)+3f3(P)+4ﬂ;(P)+,,.:4V§P)7

f(P) = B(P)+H(P)+ (P + ...

where v : the number of vertices, e : the number of edges,
f : the number of faces



P : knot projection (4-regular planar graph)
f;(P) : the number of faces of i sides of P.
we have

e(P) — 2fz(P)+3f3(P)+4ﬂ;(P)+,,.:4V§P)7

f(P) = (P)+ H(P)+ (P) + ...

where v : the number of vertices, e : the number of edges,
f : the number of faces

(¥) 26(P) + (P) = 8 + f5(P) + 2f5(P) + 3 (P) + ....



Theorem 1 [Jeong 1995]

{f, s, 15, ..., fn} : seq. of non-nega. int. satisfying (x)

df; : non-negative integer

f2:0:>EIP: knot proj. s.t ;,(P)="f (2<i<m)




Theorem 1 [Jeong 1995]

{f, s, 15, ..., fn} : seq. of non-nega. int. satisfying (x)

df; : non-negative integer

f2:OZ>EIP: knot proj. s.t fi(P) =1 (2<i<m)

Using Theorem 1, we showed the following before.

Theorem 2 [S-T]

VK : knot
{f,f, 15, ..., fn} : seq. of non-nega. int. satisfying (*)

df; : non-negative integer

2=0="3p. projof K . st f(P)=F (2 < i < m)




VK : knot

V{f, fs, 15, -+, fn} 12 seq. of non neg. int.s satisfying ()
df, : non negative integer
3P : projection of K s.t. fi(P) =1 (2<i<m)




Previous results.

Combining Theorem 1 and the following lemma, we obtain
Theorem 2.

Lemma 1 (S-T)
. . 1 2 2 1
VP, : knot projection with Oﬁ_l_, or (_l_l_o

VK : knot/link
3P projection of K s.t. f,(P) = f,(Po) (n#4)

Recall (Theorem 1[Jeong 1995])
{h,f, 15, ..., fn} : seq. of non-nega. int. satisfying ()

df; : non-negative integer

r=U—gp. knot proj. s.t i(P) =f (2<i<m)




Example of an application of Lemma 1

:2-gons
:3-gons

{ 2 (n=2)
fm(Po) =4 4 (n=23)
1 2 0

: (otherwise)
e

A projection P s.t. H(P) =4, (P)=2, f,(P)=0
(n # 2,3,4) can be constructed for any knot/link by Lemma 1.



Recall(Theorem 1 [Jeong 1995])
{f, B3, fs, ..., fn}: seq. of nonnega. int.s satisfying ()

df; : non negative integer
fr =0 = JP : knot projection
st. fi(P)=1(2<i<m).

4

The projection P in Jeong's Theorem has




Main Result
Recall (Theorem 1 [Jeong 1995])

{f, s, f5,...,fn} : seq. of nonnega. int. satisfying (x)

df; : non-negative integer
3P : knot proj. s.t f;,(P) =1 (2 <i < m)

{f, 5,15, ..., fn} : seq. non-nega. int. satisfying (x)

>0, f—-2+2>0
df, : non-negative integer
3P : knot projection s.t. f;}(P) =1 (2 <i< m)




We prepare the following two lemmas to prove our main
theorem.

Lemma 2
{f, 5, f5,...,fn} : seq. of non-nega. int. satisfying ()
df; : non-negative integer

3P : knot proj. s.t. f(P)=f
Moreover, the 2-gon can be taken as

Lemma 3

VneN
VP : knot proj. with ><>< or ><><
3P’ : knot projection '
st. H(P') = 6(P)+ n, K(P") = f(P) + 2n,
f;('D,) - ﬁ('D) (’ 7é 27475)'




A sketch proof of Lemma 3.

Recall (Lemma 3)
VneN

VP : knot proj. with ><>< oif ><><

3P’ : knot projection
st. h(P') = K(P)+n, K(P') = f(P) +2n,

£(P') = £(P) (i #2,4,5). )




P : knot proj. with a 2-gon
® : 3-comp. link proj. obtained by taking a 3-parallel of P

1 P L p
: O,

D takine s 5
. taking 3-parallel ! 4 I ! ( 4 4

> <
1 Ja] 4 L 4
q 4 4 r q 4 4 r

P Q@ : projection of 3 component link P’ : knot projection

Using the operation, we obtain a knot proj. P’ satisfying
B(P) = f(P)+ 1, f5(P) = &5(P') + 2, f(P") = fu(P)

(k #2,4,5).
Repeating the operation, we obtain the desired projection. [



Proof of Main Theorem

Recall (Main Theorem)

{f, 5, f5,..., fn} : seq. nonnega. int. satisfying (x)
h>0ff—2+22>0

df; : non-negative integer

3P : knot projection s.t. f;(P) = f;

{fy,f,f,...,f.} : aseq. non-nega. int.
st. =1, f=1Ff-26+2 f =1 (i #2,4,5).
By Lemma 2,

3Q : knot projection £;(Q) = f/ (2 <i < m)
Moreover, the 2-gon can be taken as




By Lemma 3 with n=£ — 1,

H(P) = HL(Q)+(L—-1)=1+(L-1)
f-27
fs(P) = f(Q)+2(H 1)
(5 —=26+2)+2(H—1)=f,
fi(P) = fi(Q) =1 (i #2,4,5).

3P : knot proj. s.t

The projection P is desired one. Il



Lemma 3 can be extended as follows. l

VneN, VP : knot proj. with 222
3P’ : knot proj. s.t. HL(P') = hH(P) +2k —1,

forakt1(P') = foroka(P) + 1,

fok+3(P') = faxy3(P) + 1,

fi(P) = fi(P) (i # 2,4,p + 2k + 1),

p 1 1 q q
> PFIRH] )
¢ 12k+lhalf twist
a taking 3-para. 4 4 4 4 . s
3 (- (2k+3) -gon

4 4] 4 4 ((+

r 1 ! s " 4 4 s

Q : proj. of 3 comp. link P’ : knot projection



We obtain the following as a corollary of Lemma 3'.

Corollary

Vn € N, V/,Vk : non-nega. integer

VP : knot projection with a 2-gon.

Jp4 : non-nega. integer

3P’ : knot projection s.t. H,(P') = H(P) + (2n— 1)/
f2n+3(P/) — 6n+3(P) + 2/
fi(P")=f(P) (i #2,4,2n+ 3)




Qutline of a proof of Lemma 2

To prove Lemma 2, we use the following operations introduced
by Jeong.

Jeong's operations




Recall (Lemma 2)
{f, 5, f5,...,fn} : seq. of nonnega. int. satisfying (x)

df, : non-negative integer
3P : knot proj. s.t. f;(P)="1;
Moreover, the 2-gon can be taken as




{fZaﬁ%f&'-

Recall (Lemma 2)
., fm} : seq. of nonnega. int. satisfying ()

df, : non-negative integer
3P : knot proj. s.t. fi(P)=1f;

Moreover, the 2-gon can be taken as

We start with an appropriate knot projecion Py.

(&

Py




Recall (Lemma 2)
{f, s, f5,..., fn} : seq. of nonnega. int. satisfying (x)

df; : non-negative integer
3P : knot proj. s.t. f;(P)=f
Moreover, the 2-gon can be taken as

We start with an appropriate knot projecion Py.

KK [
3\Fo) =Y,
%‘ ) 0
P

The knot projection Py has A; and Bz as subprojections.

(k #2,3,4).




Recall (Lemma 2)
{f, s, f5,..., fn} : seq. of nonnega. int. satisfying (x)

df; : non-negative integer
3P : knot proj. s.t. f;(P)=f
Moreover, the 2-gon can be taken as

We start with an appropriate knot projecion Py.

f(Po) = 1,
f:’;('DO) = 67
fa(Po) =5,
fk(PO) =0 (k 7é 27374)

Py

The knot projection Py has A; and Bz as subprojections.




Using Jeong's operation the number of k-gons (Vn > 5) can
be increased by one without changing the number of 3 and

4-gons.
g‘ ‘ 4n-gon
" N — ' (4n+1) -gon

(4n+2) -gon

(4n+3) -gon

In the resulting projection, A, or A}, and Bs or B} can be
found.
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We can repeat these operations until the number of k-gons
become f, (Vk > 5).
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