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1. Jones polynomial and Khovanov homology

M. Khovanov constructed a homological link invariant whose graded
Euler characteristic is Jones polynomial.

z
Zmodule category [Po

KII(L): Khovanor homology

[Reference: M. Khovanov, A functor-valued invariant of tangles, Algebraic
& Geometric Topology 2 (2002) 665 741.]

(A) From this fact, T have been working on a natural question:
Can we construct homological invariants which refine
other (quantum) invariants?

Yes, to some quantum link invariants.
(B) The following question is also interesting.

Can we construct homological invariants using other
categories?

Yes, to some homological link invariants. For instance, matrix fac-
torizations, Soergel bimodule, zigzag algebra, affine Grassmannian,
quiver varieties, etel It makes this field so interesting!! )

Our approach

rep. via Howe dual

U (al,) IR VI SOV @D Homy, oy (Sym®, Sym*)
ﬂmtegunﬁal i categorified

ug,) - @ (fT)-bimed ?

Question Can we construct a 2-category categorifying
Homy, (o1, (Sym®, Sym) and a functor from U(gl,) to the
2-category?

Fact Webster defined an algebra Ty categorifying a tensor product
of irreducible representations of Uy(g). That is, we have an algebra
Ty categorifying the representation s
[Reference: B. Webster, Knot invariants and higher representation theory.
Mem. Amer. Math. Soc., 250, 141.]

However, there are extra complications using the original Webster

algebra. We need a deformed Webster algebra W(s,k) getting a

functor, where & is a non-negative integer.

Remark: (1) Khovanov-Sussan define deformed Webster algebra
, s P (o)

W (m, k) of type Ay which is related to categorification of Sym! .

(2) Cautis-Kamnitzer constuct the representation in the case

s =(1,..., 1) using affine Grassmannian.

[Reference: M. Khovanov and J. Sussan, The Soergel category and the re-
dotted Webster algebra, Journal of Pure and Applied Algebra 222 (2018)
1957-2000.]

[Reference: S. Cautis and J. Kamnitzer, Categorical geometric symmetric
\[Lowe duality, Selecta Mathematica 24 (2018), 1593-1631.] )

(Khovanov-Lauda-Sussan-Y)
There exists a functor Ty i : U(gl,,) — Bim(m, k), where

Bim(m. k)= @ (W(t.k), W(s. k)-bimod
o

Remark The algebra W(s,k) is non-cyclotomic. So
(W(t,k),W(s,k)-bimod is mot a categorification  of
kI-Imnu,,(sh, (Sym®, Sym*). )

4. Categorical bra up act

A categorical braid group action on derived categories of coherent
ves on affine Grassmannian is defined by Caut

sl {ammitzer.
It's obtained generalizing the Chuang-Rouquier construction in
sy categorification. Let s = (s1,...,5,). Consider the formal
unbounded complexes of U(gl,,)
ety £ G0, e 0,
o eiir 2o (omisson or og > si4)
A PSRN SRR
for g1 2 o6 (omiesion for og > 0i11)

Applying the above functor from U(gl,,) to a 2-category to the
unbounded complexes, we obtain the bounded complexes.

The bounded complexes T (). T o (TZ) satisty the
braid group relations as a functor from K’(W(s,k)-mod) to
KP(W (3,8, k)-mod).

In the case of k =0,

Tmo(T) =
_

5. Diagram description of braid p

om=1)
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Braid group By, is generated by elements b, and b, " (i
subject to the following relations

biby = bjb, i li—jl>1

M —2

bibisiby = bisibibisr i

bl K X
S Y-y
Sala )

group Sy, is generated by clements a; (i = 1,...,m — 1)
the following relations

ot
0i0; = 004

0i0i410; = 0i410i0i41
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gram description of Hecke algebra

Hecke algebra H,,(q1.q2) is a q-deformation of the group ring of
symmetric group C[S,,] whose generators are T; (i = 1,..,m — 1)
and relations are

TP =+ @)Ti—ae i m—1
I = T, if i - j| > 1
TTinTi =TinTiTiyy i=1,...m—2

where (q1,¢2) € C2.

Remark: (1) When (g1, ¢2) = (1, —1) or (=1,1), Hyn (g1, g2) is C[Si].
(2) When (g1,42) € C2 — {(0,0)}, Hyn(q1, g2) is well known.

(T} = quT; and g = — 2 if g, #0)
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Diagram description of nil Hecke algebi

(a1,92)~(0,0) 9.

T;

Nil Hecke algebra HY, is H,,(0,0). Write T}

?=0 i=1,
0:0; if i —
0i0i410; = 0100501 i =1,y
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9. Diagram description of nil affi cke algebra

e algebra HY, is generated by
1,..,m —1) and x; (j = 1,...,m) subject to the following

unless j =i,i+ 1
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a graded algebra with degd; = —2 and degz;
This is the (half) A, quiver Hecke algebrall
e module category of this algebra

(3) The proje
Ltion of U (sta).

Quiver He

Quiver Hecke algebra U(g) (KLR algebra, categorified quantum
group) is introduced by Khovanov-Lauda and Rouquier.

Quiver Hecke algebra U(g) is generated by the following colored ori-
ented diagrams subject to some relations (omit).
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where colorings are corresponding to Dynkin verteces of g.
(Khovanov-Lauda, Rouquier) The projective mod-

ule category is a categorification of Uq(g)

[Reference: M. Khovanov and A. Lauda, A categorification of quantum

sl(n), Quantum Topology 1 (2010) 1-92.

k[Refs-rem-e. R. Rouquier, 2-Kac-Moody algebras, arXiv:0812.5023.] )

algebra gl,,

11. Cyclotomic quotient of half quiver Hecke alg

Let U~ (g) be the subalgebra of (g) generated by

[THE] FIXL

Cyclotomic quotient of U (g) is introduced for categorifying repre-
sentations of quantum group.

Cyclotomic quotient 2*(g) of weight A is the quotient algebra
U~ (g)/1Ix, where Iy is the cyclotomic ideal of A (2-sided ideal gen-
erated by elements associated with the weight A)

]|

(Kang-Kashiwara) ~The projective module category

Ag) is a categorificati .
Ct UNg) is a categorification of Vy. )

Webster algebra

Webster introduced red strands in U~ (g) for categorifying tensor
preduct representations Va, ® - - @ Vi, of quantum group U, (g).

o (Non-cyclotomic) Webster uloebm TA(g) is generated by colored
oriented diagrams of ¢~ (g) with red strands and the red-bla 55—
ings subject to some relations (omit).

LT FL
XL X

© Webster algebra 72(g) of multiweight A = (A1 ... An) is the quo-
tient algebra T2(g)/J, where J is the 2-sided ideal generated by
colored oriented strands whose the left-most strand is black.

FUT LT
T ]

(Webster)  The projective module category of T2(g)
is a categorification of Vi, ®--- @ Vi, of Uy(g).

Remark
\When m = 1, that is A = \, T*(g) is isomorphic to U (g). )

13. Deformed Webster algebra W (s, k) of type A;

It’s enough to consider Webster algebra for getting a categorifica-

tion of tensor product ion but we need a ation for

gotting a categorification of intertwining operators (R-matices).
(Khovanov-Lauda-Sussan-Y)

m,k € Zso, 8 = (81,..8m) € ZTy. Seq(s. k) is the set of all se-

quences i = (i1, i) in which

o k entries in sequence are b,
o s; appears exactly once and in the order of s,

where ij: the j-th entry of i and I: the set {s;|1 <i <m}.
Let W (s, k) be the algebra over k generated by

o c(i), where i € Seq(s, k)

o oy, B(d);, where 1 < j <m+k,d>1

o gy where 1< j<m+k—1

satisfying the following relations

@) = b 4o e Use®) =0 iy € T
« Bl e() = cE@); RN TE T Ry
e B em =0 i1 = @ VB = B@pw; W 0F S and 04541

CB@em =0 ids el VB = B@j419;

By = v B

o) — Vi) = 8y o)

o xjee =g wmless 1 € g and 41 € Ia
o B = W, o0y~ e = b e
BB = BB unless 1) € I and 14y € Is
e = ety ey ugee = vevs Wli—t>1
o P
e ,{ pIFIREIE ;e ’,",m W0 € dniggr = b
At ey e et

gt — e e

P
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14 m description of W (s, k
1. Generators e(i) for i € Seq(s, k) represent (m + k) vertical
strands s.t.
o j-th strand is black if i; is b
~th strand is red with i;-labelling if i; is in I,
2. Dots on black j-strand correspond to generators z;
3. Eg-dot on red j-strand corresponds to generators E(d);
4. Crossing of (j, j + 1)-strands corresponds to a generatos
tenerators:
ze)) = I ifi; = b,
B(d)je(i) = E‘lu it eland 1 <d<ij,
1
pje(i) = >< ifi; = b, ij41 = b,
bet) = K =il
i1
wel)) = X if4) € I, e = b.
1
Relations:

o Diagram isotopy relation
 Diagram relations of categorified quantum sl

K-K=ll=X-X 8- K

 The following diagram relations:
KK KX
_oNE BN
A K
§ e HIE § e deEd,“d;
e e

K- s ot

X

L MM i i )
Conclusio

s

] ¢ group ring of sym. gp.
Huulde,g2) ¢ Hecke alg,
HY, < Nil Hecke alg, HMED,
Hye : Nil aff. Hecke alg.
I
U (sly) U(g) + quiver Hecke als, ——U(gl,,)

U (@) (half) quiver Hecke alg

U () eyclotomic quot Bim(m. k)
;

L “TA(g) : Webster alg----> IW(8, ) : deformed T2(sly) )




