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Abstract

We show that typability for a natural form of polymor-
phic recursive typing for rank-2 intersection types is unde-
cidable. Our proof involves characterizing typability as a
context free language (CFL) graph problem, which may be
of independent interest, and reduction from the bounded-
ness problem for Turing machines. We also show a property
of the type system which, in conjunction with the undecid-
ability result, disproves a misconception about the Milner-
Mycroft type system. We also show undecidability of a re-
lated program analysis problem.

1 Introduction

Among the interesting aspects of intersection types is the
decidability of type inference for any finite rank for the pure
λ-calculus (i.e., without recursive definitions) [8, 6], prin-
cipal typing [5, 16, 8], the rank-2 fragment [9, 4], which
is closely related to ML-types, and connections with poly-
variant flow analysis [12]. Recursive definitions such as
fix x.e are important in practice. Indeed, it is difficult
to find a real-world programming language without some
form of recursive definitions. Ifx appears more than once
in the body ofe of the recursive definition, it may be de-
sirable to give an polymorphic type tox, which leads to
polymorphic recursive typing. Jim [4] proposed a natural
way to use intersection types for this purpose in the rank-2
fragment. He named the type systemI2+REC-INT , where
I2 refers to rank-2 intersection types andREC-INT is the
name of the rule used to type recursive definitions. While it
is known that type inference without polymorphic recursion
is decidable for any finite rank intersection types [8, 6], the
decidability question has been open forI2 + REC-INT .

I 2 +REC-INT is not the most powerful polymorphic re-
cursive type system, but it appears to be capable of typing
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many programming situations requiring polymorphic recur-
sion (for example, see [2] which studies a similar system).
To the best of our knowledge, there is no known polymor-
phic recursive type system with decidable typability that is
both sound and more powerful thanI2 + REC-INT . This
paper shows that typability for evenI2 + REC-INT is un-
decidable.

The rest of the paper is organized as follows. Section 2
discusses related work. Section 3 gives an overview of
I2 + REC-INT . Section 4 gives a novel reduction of a
context free language (CFL) graph problem to typability for
I2+REC-INT . Section 5 reduces the boundedness problem
to the CFL graph problem to complete the proof of undecid-
ability of typability of I 2+REC-INT . The last two sections
show related results that follow from the proof of undecid-
ability. Section 6 shows a property ofI2 + REC-INT that
disproves a misconception about the Milner-Mycroft type
system. Section 7 proves undecidability of a related pro-
gram analysis problem. The appendix contains the proofs
omitted from the main body.

2 Related Work

While being careful to leave the question open, Jim in his
original paper [4] considered the possibility of undecidabil-
ity of I2+REC-INT typability citing the resemblance to the
Milner-Mycroft type system [10] whose typability was al-
ready known to be undecidable [7, 3]. More recently, Dami-
ani [1] noted that there seems to be no “obvious way” to
find a bound on the size of|I| (see the type ruleREC-INT
in Section 3). Our result confirms these suspicions.

Our proof reduces typability to the boundedness problem
of Turing machines. The boundedness problem was also
used in the undecidability proof of semi-unification [7].

A step in our proof shows an equivalence between unifi-
cation type constraints and a CFL graph problem that may
be of independent interest to researchers interested in re-
lating type-based program analysis to CFL-based program
analysis. While it is suspected that many CFL-based pro-
gram analyses correspond closely to type-based ones, there
have been few formal results [14, 13]. One benefit of such



e ::= x | e e′ | λx.e | fix x.e
τ ::= α | τ→τ
σ ::= τ | (

∧
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Figure 1. Terms and types language.
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Figure 2. I 2 + REC-INT .

correspondences is for proving the soundness of a CFL-
based program analysis, which is almost never done, by
proving the soundness of an equivalent type-based one,
which is, in contrast, a common practice.

Our work seems to be the second time CFL graphs have
been used to prove an undecidability result in program
analysis. Reps proved undecidability of context-sensitive
data-dependence analysis via undecidability of a CFL graph
reachability problem [15]. However, the proof strategy used
in this paper is different from his.

3 I2 + REC-INT

Terms and types are defined in Figure 1. Function ap-
plicatione e′ is left associative, i.e.,e1 e2 e3 = (e1 e2) e3.
Binding of variables extends as far to the right as possi-
ble. Types consist of rank-0 typesτ and rank-2 typesσ.
(Rank-1 types are of the form

∧

i∈I τi.) I is a finite non-
empty set of indices. Function types are right associative,
i.e.,τ1→τ2→τ3 = τ1→(τ2→τ3).

The rank-2 intersection type system with recursive def-
initions, I2 + REC-INT , is defined in Figure 2. I 2 +
REC-INT is similar to the Milner-Mycroft type system,
though not exactly equivalent. For examplefix x.x x
is typable in the Milner-Mycroft type system but not in
I2 + REC-INT .

I 2 + REC-INT with a monomorphism restriction for

id ≡ λx.x
e; e′ ≡ (id (λx.e′)) e

wherex /∈ fvars(e′)
same(e, e′) ≡ id (λx.x e; x e′)

wherex /∈ fvars(e) ∪ fvars(e′)
e × e′ ≡ id (λx.same(x, e); e′)

wherex /∈ fvars(e) ∪ fvars(e′)

Figure 3. Encoding of e; e′, e × e′, and
same(e, e′).

REC-INT , i.e.,

Γ, x:τ ⊢ e : τ

Γ ⊢ fix x.e : τ
REC-INT’

is closely related to ML-types and the type inference is de-
cidable, in fact, it is DEXP-time complete [4].

The main result of this paper is the undecidability ofI 2+
REC-INT typability. Formally, the typability problem of
I2 +REC-INT is defined as follows: Given a closed terme,
ise typable, i.e., is there a type derivationΓ ⊢ e : τ for some
τ andΓ? Note that it is safe to restrictdom(Γ) = fvars(e).
(Here,fvars(e) denotes the set of free variables ofe.) Our
proof shows that even whene is restricted to closed terms
(i.e., fvars(e) = ∅), the typability problem is undecidable.

3.1 Example

One might naively think that, at eachREC-INT , |I|
should at most be the number of occurrences ofx in e (see
Figure 2). Such a bound on|I| would make type infer-
ence easy. However, because any computable bound on|I|
would imply decidability, the result in this paper shows that
there is no computable way to obtain a bound in general.

We define some syntactic shortcuts to show an exam-
ple where|I| is greater than the number of variable occur-
rences. Lete; e′ be a sequential composition,e×e′ be a pair,
and letsame(e, e′) force the types ofe ande′ to be equal.
Sequential composition associates to the left and has the
weakest precedence, e.g.,e1 e2; e3; e4 = ((e1 e2); e3); e4.
These expressions are encoded as shown in Figure 3. The
reason for the use ofid in the encodings is to force types
to be of rank 0. For example, if we want to ensure thate
can be typed rank-0, we applyid to e to force existence of a
sub-derivation wheree has a rank-0 type. (See theAPP rule
in Figure 2.) Note that in this encoding, a pairτ × τ ′ has a
function typeτ→τ ′. While the encoded pair does not have
the expected semantics, it has the expected types. Both pair
terms and pair types are right associative.



Let e be the following term:

λx.λy.λz. (λu.λv.λw.same(f u v w, x × y));
(λu.λv.λw.same(f u v w, (x × x) × y));
y × z

We show thatfix f.e is typable. Let

τ1 = α→α→α→(α × α)
τ2 = α→α→(α × α)→(α × (α × α))
τ3 = α→(α × α)→α→((α × α) × α)
τ4 = α→(α × α)→(α × α)→((α × α) × (α × α))

Note thatf : τ1 ∧ τ3 ⊢ e : τ1 by assigningτ1 to the first
occurrence off andτ3 to the second occurrence off . Sim-
ilarly,

f :τ1 ∧ τ3 ⊢ e : τ2

f :τ2 ∧ τ4 ⊢ e : τ3

f :τ2 ∧ τ4 ⊢ e : τ4

Therefore,

∀i ∈ I.(f :
∧

j∈I τj ⊢ e : τi) k ∈ I

∅ ⊢ fix f.e : τk

whereI = {1, 2, 3, 4}.
On the other hand, there is no derivation that can type

this term with|I| < 4. It is immediately obvious fromx ×
y and (x × x) × y that f u v w must be given the types
τx × τy and (τx × τx) × τy for someτx, τy. But due to
y×z, this implies thaty must have the typesτx andτx×τx.
Therefore, we actually need two kinds ofτy ’s, i.e., τx and
τx × τx, which implies that there must be at least four types
for f u v w.

4 Typability as a CFL Graph Problem

For this proof, we introduce the simpler type system
I + REC-INT shown in Figure 4. In general, typabil-
ity in I + REC-INT does not coincide with typability in
I2 + REC-INT (e.g., λx.x x). However, we prove that
even when restricted to the set of terms that are typable in
I2 + REC-INT iff typable in I + REC-INT , the typability
problem is undecidable. More generally, let us define the
subset of termsB as follows:

B ::= x | id (λx.B) | B B | fix x.B

Lemma 4.1 For all closedB, ∅ ⊢0 B : σ iff ∅ ⊢ B : σ.

Closed B terms do not include all of the terms whose
typability in I2 + REC-INT coincides with typability in
I + REC-INT but are sufficient for our purpose. In the rest
of the paper, typable means typable in⊢0 and type means
rank-0 type unless stated otherwise.
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Figure 4. I + REC-INT .

4.1 Type Constraints

As in conventional type inference algorithms, we formu-
late the typability problem as a constraint satisfaction prob-
lem. However, the purpose here is not to solve the con-
straints but to show its undecidability.

We warn that the phrase “constraint generation” is some-
what misleading because there is no terminating algorithm
to generate the constraints. (The set of constraints may be
infinite.) When we say that the set of constraints is gener-
ated, we mean that the set exists (in standard set theory).
Existence is sufficient for our purpose of proving undecid-
ability.

The generated constraint set may contain infinitely many
type variables. To this end, we annotate type variables with
superscripts. LetBase be the set of type variables without
superscripts, or equivalently, with an empty string as the
superscript. Let meta variablesα, β, etc. range over type
variables with a (possibly empty) superscript. For a type
variableα and a strings, αs is a type variable whose super-
script is a concatenation of the superscript ofα followed by
s. For example,(βs1)s2 = βs1s2 . For a typeτ and a string
s, τs is a type obtained by replacing each type variableα
in τ by αs. For example,(αs1→βs1)s2 = αs1s2→βs1s2 .
For a set of type equality constraintsC, Cs = {(τs

1 = τs
2 ) |

(τ1 = τ2) ∈ C}.
We annotate term variables with superscripts so that each

occurrence of afix-bound variable is annotated with a
distinct number, e.g.,fix x.fix y.x0 λz.x1 y2 z. These
numbers form the alphabet of the strings annotating the type
variables. We use meta variablesx, y, etc. to range over
variables with a (possibly empty) superscript.

Constraint generation is shown in Figure 5. A mapping
Γ from variables to types is atype environment. Intuitively,
[[e]]Γ returns a triple(τ, C, X) such thatτ is the type ofe, X
is the set of base type variables introduced while analyzing



[[λx.e]]Γ = (β, C ∪ {β = α→τ}, X ∪ {α, β})
where α ∈ Base \ (X ∪ ran(Γ))

β ∈ Base \ (X ∪ ran(Γ) ∪ {α})
(τ, C, X) = [[e]]Γ,x:α

[[e1 e2]]Γ = (β, C, X1 ∪ X2 ∪ {α, β})
where α ∈ Base \ (X1 ∪ X2 ∪ ran(Γ))

β ∈ Base \ (X1 ∪ X2 ∪ ran(Γ) ∪ {α})
X1 ∩ X2 = ∅
(τ1, C1, X1) = [[e1]]Γ
(τ2, C2, X2) = [[e2]]Γ
C = C1 ∪ C2 ∪ {τ1 = α→β, τ2 = α}

[[x]]Γ = (Γ(x), ∅, ∅)
wherex ∈ dom(Γ)

[[fix x.e]]Γ = (τ, C, X ′)
where Σ = {a | xa ∈ fvars(e)}

X ′ = X ∪ {αa | a ∈ Σ}
∀a ∈ Σ.αa ∈ Base \ (ran(Γ) ∪ X ′ \ {αa})
(τ, C′, X) = [[e]]Γ∪

S

a∈Σ
{xa:αa}

C′′ =
⋃

a∈Σ{τ
′a = τ ′ | τ ′ ∈ ran(Γ)} ∪ {τa = αa}

C =
⋃

s∈Σ∗(C′ ∪ C′′)s

Figure 5. Constraint generation.

e, andC is the set of constraints generated while analyzing
e. The use of setX is a standard technique for avoiding
unnecessary introduction of the same type variable in two
different contexts. The first three rules are self-explanatory,
and coincide with a typical constraint-based type inference
algorithm for simply typedλ-calculus.

The fourth rule handlesfix x.e. The goal is to build
a constraint set representing the infinite unrolling of the re-
cursive bodye. Recall that occurrences offix-bound vari-
ables are annotated with distinct numbers. In the rule,Σ
is the set of numbers annotatingx. Eacha ∈ Σ has the
associated base type variableαa. The line∀a ∈ Σ.αa ∈
Base \ (ran(Γ) ∪ X ′ \ {αa}) ensures that these variables
are distinct. Thus(τ, C′, X) is the result of analyzing the
body of the recursive definitione by assigning a distinct
type variable to eachxa. Intuitively,C′ is the template con-
straint that should be repeated indefinitely, andC contains
infinitely many copies ofC′ distinguished by superscripts.
Therefore,C′as represents the constraint of the bodye un-
rolled atxa appearing in the bodye that itself was unrolled
from the root according tos. C also contains copies ofC′′,
which is used to connect the copies ofC′ (note thatC′s1 and
C′s2 share no type variables whens1 6= s2). C′′ consists of
two parts. The first part,

⋃

a∈Σ{τ
′a = τ ′ | τ ′ ∈ ran(Γ)},

ensures that free variables ine get the same types in the un-

rolling.1 The second part,
⋃

a∈Σ{τ
a = αa}, equates the

type ofxa (i.e.,αa) with the type of the bodye unrolled at
xa (i.e.,τa).

We connect typability to constraint satisfaction as fol-
lows. An assignmentS is a mapping from type variables to
types. Forτ , S(τ) is the type obtained by replacing each
type variableα in τ by S(α). An assignmentS is a so-
lution of C, written S |= C, if for each τ = τ ′ ∈ C,
S(τ) = S(τ ′). We say thatS is a finite-range solutionif
the range ofS, ran(S), is a finite set. We writeS |=fin C
if S is finite-range andS |= C. We write|= C if C is sat-
isfiable, i.e., if there existsS such thatS |= C. We write
|=fin C if C is finitary-satisfiable, i.e., if there existsS such
thatS |=fin C. A terme is typable iff the constraints gener-
ated fore are finitary-satisfiable, i.e.,

Lemma 4.2 Let e be a closed term. Lete′ be e such that
each occurrence of afix-bound variable is annotated with
a distinct number. Thene is typable inI + REC-INT iff
|=fin C where(τ, C, X) = [[e′]]∅ for someτ andX .

Example Consider the termfix x.x0 x1. Then,

[[x0]]x0:γ,x1:κ = (γ, ∅, ∅)
[[x1]]x0:γ,x1:κ = (κ, ∅, ∅)
[[x0 x1]]x0:γ,x1:κ = (β, {γ = α→β, κ = α}, {α, β})
[[fix x.x0 x1]]∅ = (β, C, {α, β, γ, κ})

where

C =
⋃

s∈{0,1}∗

{γ = α→β, κ = α, β0 = γ, β1 = κ}s

For anyS such thatS |= C, it must be the case thatS |= C′

whereC′ = {β0s = β1s→βs | s ∈ {0, 1}∗}. But C′

clearly has no finite range solution. Therefore,C has no
finite range solution, andfix x.x x is not typable. (Note
that there is an infinite-range solution forC′. However, it is
not always the case that an untypable term has an infinite-
range solution.)

4.2 Constraints as a CFL Graph

The next step of the proof is to represent constraints as
a context free language (CFL) graph. We treat constraints
symmetrically, i.e,τ = τ ′ is equivalent toτ ′ = τ . Let
C be a constraint generated from a closed terme, i.e.,
(τ, C, X) = [[e]]∅ for someτ andX . Note that all of the
constraints inC are of the formα = β or α = β→γ. We
use the notationftvars(τ) to denote the set of types variables
in τ . Let ftvars(C) =

⋃

(τ=τ ′)∈C(ftvars(τ) ∪ ftvars(τ ′)).

1Technically, this part is inessential as allfix x.e used in the rest of
the paper are closed. However, it is included here for completeness and to
make the proof of Lemma 4.2 succinct.
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Figure 6. Example.

proj(τ, ǫ) = τ
proj(τ→τ ′, )))s) = proj(τ, s)
proj(τ→τ ′, ]]]s) = proj(τ ′, s)

Figure 7. Path projection.

The CFL graph ofC, writtengraph(C), is the graph(V, E)
where

V = ftvars(C)

E = {α
ǫ
→ β | (α = β) ∈ C}

∪{α
(((
→ γ, β

[[[
→ γ | (α→β = γ) ∈ C}

∪{γ
)))
→ α, γ

]]]
→ β | (α→β = γ) ∈ C}

For example, letC = {β0 = α1→β1, β1 = α2→β2, β0 =
β4, β4 = α3→β3}. Thengraph(C) is as shown in Figure 6.

Given a pathp in the graph, lets(p) be the string ob-
tained by concatenating in order the labels of edges inp.
Let ǫ denote an empty string. LetL(A) be the set of strings
generated by the following grammar:

A ::= ǫ | A A | ((( A ))) | [[[ A ]]]

A match elimination→m is defined as follows:

t1 ((( ))) t2 →m t1t2
t1 [[[ ]]] t2 →m t1t2

For a pathp, the match-eliminated stringof p, written
sm(p), is a→m-normalizeds(p), i.e., a stringt such that
s(p) →∗

m t where no substring oft is in L(A). We write

α
t

; β to denote a pathp from α to β such thatsm(p) = t.

For example, there is a pathβ2
]]]

; β3 in Figure 6.
We callp amatched pathif sm(p) is an empty string. For

convenience, we say that every variable has a (self) matched
path to itself, i.e.,α

ǫ
; α. We say that a stringt is positive

if t consists only of ’)))’ and ’]]]’. We call p apositive pathif it
is a matched path or ifsm(p) is a positive string. Thedepth
of a positive pathp, depth(p), is the length ofsm(p).

We want to show that|=fin C iff the depth of positive
paths ingraph(C) is bounded. To this end, we relate types
to paths as follows. For a positive stringt and a typeτ ,

the t-projection ofτ , proj(τ, t) is defined as shown in Fig-
ure 7. Note thatproj(τ, t) may be undefined. For example,
proj(α→α→β, ))))))) is undefined. The following lemma says
that positive paths imply type-structural constraints.

Lemma 4.3 Let p be a path fromα to β in graph(C) such
that sm(p) is a positive string. SupposeS |= C. Then there
existsτ such that proj(τ, sm(p)) = β andS(α) = S(τ).

We sayτ is smaller thanτ ′ if size(τ) < size(τ ′) where
sizeis defined

size(α) = 1
size(τ→τ ′) = size(τ) + size(τ ′)

For a setX of positive strings and a type variableα, we
definepathsType(X, α) to be the smallest typeτ containing
only α such that for eacht ∈ X , proj(τ, t) is defined (so
proj(τ, t) = α). For example,

pathsType({ )))]]]))), ]]]]]] }, α) = (α→(α→α))→α→α

Note that for X finite, pathsType(X, α) is always de-
fined. Given a type variableα in a CFL graphG, let
posPaths(α, G) be the set of all positive paths fromα. We
are now ready to prove the main result of this section.

Lemma 4.4 |=fin C iff there exists a positive integern such
that for any positive pathp in graph(C), depth(p) ≤ n.

Proof:
If

Let n be a positive integer such that for any positive path
p in graph(C) = G = (V, E), depth(p) ≤ n. Fix a type
variableδ. LetF be a mapping from type variables to sets of
positive strings such that for eachα ∈ V , F (α) = {sm(p) |
p ∈ posPaths(α, G)}. DefineS as follows

S = {α 7→ pathsType(F (α), δ) | α ∈ V }

Because depths of positive paths are bounded,F (α) must
be finite for everyα. Hence eachpathsType(F (α), δ) is
defined, and soS is defined. Furthermore,ran(S) is finite,
in particular,|ran(S)| < 2n+1. Hence it suffices to show
thatS |= C.

Pick(α = β) ∈ C. By construction,α
ǫ
→ β andβ

ǫ
→ α.

HenceF (α) = F (β). ThereforeS(α) = S(β) as required.
Pick (α = β→γ) ∈ C. Supposet ∈ F (β). then there

exists a pathβ
t

; κ for someκ. By construction, there is

an edgeα
)))
→ β. Hence there is a pathα

)))
→ β

t
; κ, and

so there is a pathp′ from α such thatsm(p′) = )))t. Thus,
)))t ∈ F (α). Conversely, suppose)))t ∈ F (α). Let p be a
path fromα such thatsm(p) = )))t. Let β′ be a node such

thatp is α
)))
; β′ t

; κ whereκ is the end vertex ofp. By

construction, there is an edgeβ
(((
→ α. Therefore, there is a



pathβ
(((
→ α

)))
; β′ t

; γ, and so there is a pathp′ from β
such thatsm(p′) = t. Thus,t ∈ F (β).

Hencet ∈ F (β) iff )))t ∈ F (α). By a similar argument,
t ∈ F (γ) iff ]]]t ∈ F (α). ThereforeS(α) = S(β)→S(γ) as
required, andS |= C.
Only If

Suppose there exists non such that for any positive pathp in
graph(C), depth(p) ≤ n. For the sake of obtaining a con-
tradiction, suppose there existsS such thatS |=fin C. Let
m be a number such that for anyτ ∈ ran(S), size(τ) < m.
Pick a pathp in graph(C) such thatdepth(p) > m. Let α
be the starting vertex andβ be the ending vertex ofp. Then
by Lemma 4.3, there existsτ such thatproj(τ, sm(p)) = β
andS(α) = S(τ). But |sm(p)| > m impliessize(S(α)) =
size(S(τ)) > m, a contradiction.
2

5 Reduction from the Boundedness Problem

We reduce theboundedness problemto the problem of
finding a bound on the depth of positive paths ingraph(C).
The boundedness problem is known to be undecidable [7],
and hence this reduction shall show that the problem of find-
ing a bound on the depth of positive paths ingraph(C) is
undecidable, which in turn implies the undecidability of ty-
pability. Here, we present the boundedness problem as it is
defined in [7].

An Intercell Turing Machine (symmetric ITM) is a triple
of the formY = 〈Q, A, T 〉, where

• Q is a finite set of states,

• A is a finite tape alphabet, and

• T ⊆ Q×{−1, +1}×A×A×Q is a transition relation.

An instantaneous description (ID) ofY takes the form
〈w1, α, m, w2〉 wherew1w2 is the tape content with all but
finitely many blank symbols and the head is positioned be-
tween the(m − 1)-th and them-th cells, which is between
w1 andw2. 2 The next move relation⊢Y on ID’s of Y is
defined as follows:

for 〈α,−1, a, b, β〉 ∈ T
〈w1a, α, m, w2〉 ⊢Y 〈w1, β, m − 1, bw2〉

for 〈α, +1, a, b, β〉 ∈ T
〈w1, α, m, aw2〉 ⊢Y 〈w1b, β, m + 1, w2〉

An ITM Y is boundedif there exists a positive integern
such that ifM is an arbitrary ID ofY , then the number of
different ID’s reachable byY from M is at mostn.

2Strictly speaking,m is redundant sincew1 andw2 precisely deter-
mine the location of the head. Butm makes the proof more readable.

Let Y = 〈Q, A, T 〉 be an ITM. Thesymmetric closure
of Y is YS = 〈Q, A, TS〉 where

TS = T ∪ {〈α,−x, a, b, β〉 | 〈β, x, b, a, α〉 ∈ T }

The boundedness problem for symmetrically-closedITMs
is the problem of deciding for a given deterministic ITM
Y = 〈Q, {0, 1}, T 〉with 0 as the blank symbol, whetherYS

is bounded.

Theorem 5.1 ([7]) The boundedness problem for
symmetrically-closedITMs is undecidable.

We now reduce the boundedness problem of
symmetrically-closed ITMs to the problem of finding
a bound on the depth of positive paths. Our goal is to
construct a closed termeY for an ITM Y such thatYS

is bounded iff the depth of positive paths ingraph(C) is
bounded where(τ, C, X) = [[eY ]]∅ for someX andτ . The
idea is thatC would look like an infinite binary tree in
which each left move ofYS is represented by a down move
in the tree (from a parent to a child), and each right move
of YS is represented by an up move in the tree (from a child
to the parent). The tape content to the right of the head
records which branch was taken at each down move. This
ensures that up moves use the edges actually belonging to
the tree. The tape content to the left of the head records
whether a((( edge or a[[[ edge is followed at each up move
so that a down move must use a))) edge to match a((( up
move and a]]] edge to match a[[[ up move. Symmetry
of ITM is needed in part because our CFL graphs are

bi-directional, i.e.,(α
)))
→ β) ∈ E iff (β

(((
→ α) ∈ E, and

similarly for ]]], [[[, andǫ edges. However, it turns out that the
CFL graphs must be bi-directional anyway to simulate a
symmetric-or-asymmetric ITM with our proof technique.

Instead of introducingeY at this point, it is more helpful
to describe the constraintCY such thatgraph(CY ) simu-
latesYS in the way described above. We then construct the
termeY that generatesCY . LetY = 〈Q, {0, 1}, T 〉 be a de-
terministic ITM. Let{M1, . . . , Mn} ⊆ TS be the set of all
left transitions ofYS . For eachMℓ ∈ TS , letγℓ be a distinct
type variable. For eachMℓ = 〈α,−1, b, a, β〉, define types
τa,ℓ andκa,ℓ as follows:

τa,ℓ ≡

{

β × γℓ if b = 0

γℓ × β if b = 1

κa,ℓ ≡ α

Note that we have intentionally picked type variable names
that correspond to the state names inY . CY is defined as
follows:

CY =
⋃

s∈{0,1}∗

{κa,ℓ = τa
a,ℓ | a ∈ {0, 1}, ℓ ∈ {1, . . . , p}}s
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Figure 8. Example.

As an example, considerY = {{α1, α2, α3}, {0, 1}, T }
where

T = {〈α1,−1, 1, 0, α3〉, 〈α3,−1, 0, 1, α2〉}

Figure 8 shows the subgraph ofgraph(CY ) for the vari-
ables with superscriptss, 0s, and1s. The entiregraph(CY )
is infinite. In particular,graph(CY ) can be obtained by re-
peating the structure in the diagram. That is, there are edges
betweenα0s

1 andα00s
3 , edges betweenα0s

1 andγ00s
1 , edges

betweenα0s
3 andα10s

2 , and so on. Pictorially,graph(CY )
is an infinite binary tree such that for anys, variables with
the superscripts collectively form a node (s-node) with the
0s-node being the left child and the1s-node being the right
child. Note that any edge may only connect a variable in a
parent node with a variable in its child node.

We now construct the termeY . We use the vector no-
tation −→x to denote a sequence of variables. We write
λ−→x .e to meanid(λx1.id (λx2. . . . id (λxn.e))) where−→x =
x1, . . . , xn. We writee′−→x to mean the sequence of function
applicationse′ x1 x2 . . . xn where−→x = x1, . . . , xn.

For eachα ∈ Q, let xα be a distinct variable. For each
γℓ, let yℓ be a distinct program variable. For eachMℓ =
〈α,−1, b, a, β〉, define termsea,ℓ andva,ℓ as follows:

ea,ℓ ≡

{

xβ × yℓ if b = 0

yℓ × xβ if b = 1

va,ℓ ≡ xα

For eacha ∈ {0, 1}, let ea = ea,1 × ea,2 × . . . × ea,n and
va = va,1 × va,2 × . . . × va,n. Recall thate × e′ is defined
in Figure 3. LetX = fvars(e0) ∪ fvars(e1) ∪ fvars(v0) ∪
fvars(v1). Let d0 andd1 be distinct variables not inX . Let
−→x be a sequence of variables fromX ∪ {d0, d1}. Let−→z be
distinct variables not in−→x such that|−→z | = |−→x |. Let

eY = fix f.λ−→x .
(λ−→z .same(f0 −→z , v0 × d0));
(λ−→z .same(f1 −→z , d1 × v1));
(e0 × e1)

Recall thate; e′ andsame(e, e′) are defined in Figure 3.
Let (τ, C, X) = [[eY ]]∅. C is not exactlyCY , but simple
algebraic manipulation shows that|=fin C iff |=fin CY .

We now show thatYS is bounded iff positive paths in
graph(CY ) have a bounded depth. For a positive stringt, let
r(t) be reverse oft with ))) replaced by0 and]]] replaced by1.
For an infinitely long sequencew, letw|n be the string con-
sisting of the firstn symbols ofw. For a strings ∈ {0, 1}∗,
let s0∞ be an infinitely long sequencew such thatw||s| = s
and theith symbol ofw is 0 for all i > |s|. For clarity, we
sometimes writes1@s2 to mean the concatenations1s2. We
show that ifYS is bounded then positive paths ingraph(CY )
have a bounded depth.

Lemma 5.2 Let p be a path from αs1 to βs2 in
graph(CY ) such that sm(p) is a positive string. Then
〈w@r(sm(p)), α, m, s10

∞〉 and〈w, β, m − |sm(p)|, s20
∞〉

are reachable from each other inYS .

We now prove the other direction, i.e., if positive paths
in graph(CY ) have a bounded depth thenYS is bounded.

Lemma 5.3 Suppose 〈w@r(t1), α, m, s10
∞〉 and

〈w@r(t2), β, m − |t1| + |t2|, s20
∞〉 are reachable

from each other inYS without moving the head below the
positionm − |t1| and without moving the head above the
positionm+ |s1|. Further suppose|t1|+ |s1| = |t2|+ |s2|.

Supposeαs1
t1
; γs3 in graph(CY ). Thenβs2

t2
; γs3 in

graph(CY ).

Lemma 5.4 Suppose there is an ID ofYS from which the
head can be movedn positions left or right. Then there
exists a positive path of depthn in graph(YS).

Proof: Suppose〈w1, α, m, w′
1〉 and 〈w2, β, m + n, w′

2〉
are reachable from each other. Consider a series of tran-
sitions from 〈w1, α, m, w′

1〉 to 〈w2, β, m + n, w′
2〉. Let

〈w3, γ, m, w′
3〉 be an intermediate ID in this series such that

following transitions in the series do not move the head be-
low the positionm. Note that such an ID must always exist.
Let m′ be the highest position reached during the series of
transitions. Lets3 = w′

3|m′−m ands2 = w′
2|m′−(m+n).

Let t be the string such thatw3t = w2. Note that|t| = n.
We thus have〈w3, γ, m, s30

∞〉 and〈w3t, β, m−|t|, s20
∞〉

reachable from each other without moving the head below
the positionm and without moving the head above the posi-
tion m′ = m+ |s3|. Also, |s3| = m′−m = |t|+ |s2|. Triv-



ially, γs3
ǫ

; γs3 . Therefore, by Lemma 5.3,βs2
t

; γs3 .
2

From Lemma 5.2 and Lemma 5.4, it follows that,

Lemma 5.5 YS is bounded iff there exists a positive in-
teger n such that for any positive pathp in graph(CY ),
depth(p) ≤ n.

Finally, by Lemma 4.1, Lemma 4.2, Lemma 4.4,
Lemma 5.5 and Theorem 5.1,

Theorem 5.6 Typability ofI2 + REC-INT is undecidable.

6 Insufficiency of Unification Tests

One way to cope with the undecidability result is to re-
ject some typable terms for the sake of an incomplete but
terminating typability algorithm. Mycroft [10] proposed the
following test as a rejection method for the Milner-Mycroft
type system. For eachfix x.e and each occurrence ofx in
e, unify the type of the bodye with the type of the occur-
rence ofx and check that the constraints are satisfiable. The
test rejects the term if any of the constraints are unsatisfi-
able, and otherwise runs the actual type inference algorithm
hoping to have rejected any “bad” term that would make
the algorithm diverge. For example, this method rejects the
term fix x.x x (which is typable in the Milner-Mycroft
type system) because unifying the type of the first occur-
rence ofx with the type of the bodyx x results in a con-
straint of the formα→β = β, which is unsatisfiable. Here,
we show that not only is this test insufficient for designing
a terminating typability algorithm forI2 + REC-INT , but
it is actually not sufficient even for the Milner-Mycroft type
system.

We claim the following.

Lemma 6.1 Suppose[[fix x.e]]∅ = (τ, C, X) and C is
finitary satisfiable. Then for anys ∈ {a | xa ∈ fvars(e)}∗,
C ∪ {τs = τ} is still finitary satisfiable.

Let [[fix x.e]]∅ = (τ, C, X). Supposee contains no oc-
currence offix. Then, applying the unification test in
Lemma 6.1 for each string of length1 (i.e., single charac-
ters) is more conservative than Mycroft’s unification test.
That is, ifC ∪ {τ = τa} is satisfiable for eacha in the al-
phabet{a | xa ∈ fvars(e)}, thenfix x.e passes Mycroft’s
unification test. However, Lemma 4.2 and Lemma 6.1 im-
ply that these tests do not reject any typable term of the form
fix x.e. RecalleY from Section 5 is of the formfix x.e
such thate contains no occurrence offix. Because the
proof of Theorem 5.6 shows that even typability ofeY terms
is undecidable forI2 + REC-INT , it follows that Mycroft’s
unification test is insufficient for designing an incomplete
but terminating typability algorithm forI2 + REC-INT .

α ⊔ β =

{

α if β < α

β otherwise
α ⊔ (τ→τ ′) = τ→τ ′

(τ→τ ′) ⊔ α = τ→τ ′

(τ1→τ2) ⊔ (τ ′
1→τ ′

2) = (τ1 ⊔ τ ′
1)→(τ2 ⊔ τ2)

Figure 9. S1 ⊔ S2.

Furthermore, it can be shown from the proof of undecid-
ability of the Milner-Mycroft type system [7, 3] that a term
of the formeY is typable in the Milner-Mycroft type system
iff YS is bounded. Therefore, somewhat surprisingly,eY is
typable in the Milner-Mycroft type system iff it is typable in
I2 + REC-INT . Thus, Mycroft’s unification test is insuffi-
cient for an incomplete but terminating typability algorithm
even for the Milner-Mycroft type system.

In fact, Lemma 6.1 implies an even stronger result. An
algorithm that testsτ = τs for all stringss (not just single
characters), regardless of whether such an algorithm exists
or not, would be insufficient. More precisely,

Corollary 6.2 Let

A = {fix x.e | [[fix x.e]]∅ = (τ, C, X)
∧∀s ∈ {a | xa ∈ fvars(e)}∗.
|= C ∪ {τs = τ}}

The following problem is undecidable. Lete be a closed
term such that there existse′ ∈ A such thate′ is e with each
occurrence of afix-bound variable annotated with a dis-
tinct number. Decide whethere is typable inI2+REC-INT .

Corollary 6.2 follows from the fact that untypability ofI2 +
REC-INT is not recursively enumerable (since typability is
recursively enumerable). An analogous result holds for the
Milner-Mycroft type system.

We now prove Lemma 6.1. Let< be some total ordering
over the type variables. Figure 9 defines the operation⊔
over the types. Note that⊔ is associative and commutative.
We extend⊔ to constraint assignments as follows:

S1⊔S2 = {α 7→ S1(α)⊔S2(α) | α ∈ dom(S1)∩dom(S2)}

Clearly, if S1 andS2 are both finite range then so isS1 ⊔
S2. Furthermore, ifS1 andS2 both satisfyC, then so does
S1 ⊔ S2, i.e.,

Lemma 6.3 SupposeS1 |= C and S2 |= C. ThenS1 ⊔
S2 |= C.

The following lemma says that we may “shift up” solutions
for a constraint set of the form

⋃

s∈Σ∗ Cs.



Lemma 6.4 Let C be a set of constraints andΣ be an al-
phabet. LetC′ =

⋃

s∈Σ∗ Cs. SupposeS |= C′. Then for
anys ∈ Σ∗, {α 7→ S(αs)} |= C′.

We are now ready to prove Lemma 6.1, restated here.

Lemma 6.1 Suppose[[fix x.e]]∅ = (τ, C, X) and C is
finitary satisfiable. Then for anys ∈ {a | xa ∈ fvars(e)}∗,
C ∪ {τs = τ} is still finitary satisfiable.

Proof: By inspection of the constraint generation rules
(Figure 5), it must be the case thatτ is a base type variable,
sayτ = α. Let S |=fin C. We use the notationti to mean
a stringt concatenatedi times. Sinceran(S) is finite, there
must bem andn such thatm < n andS(αsm

) = S(αsn

).
For eachi ≥ 0, let Si = {β 7→ S(βsi

) | β ∈ dom(S)}.
By Lemma 6.4, it must be the case thatSi |= C for eachSi.
Furthermore, sinceran(Si) ⊆ ran(S), eachSi is a finite
range solution. Note that for eachi > 0 and a type variable
β, Si(β) = Si−1(β

s). Also, S(αsm

) = S(αsn

) implies
thatSm(α) = Sn(α) = Sn−1(α

s). Therefore,

(
⊔

m≤i≤(n−1) Si)(α)

= Sm(α) ⊔ Sm+1(α) ⊔ . . . ⊔ Sn−1(α)
= Sn−1(α

s) ⊔ Sm(αs) ⊔ . . . ⊔ Sn−2(α
s)

= (
⊔

m≤i≤(n−1) Si)(α
s)

But by Lemma 6.3,(
⊔

m≤i≤(n−1) Si) |= C. Since
eachSi is finite range, so is

⊔

m≤i≤(n−1) Si. Therefore,
(
⊔

m≤i≤(n−1) Si) |=fin C ∪ {α = αs}. 2

7 Undecidability of REC-REACH

The constraint generation in Section 4 motivates the fol-
lowing program analysis problem. We extend the language
with two constants,red andblue, and extend the con-
straint generation as follows:

[[red]]Γ = (red, ∅, ∅)
[[blue]]Γ = (blue, ∅, ∅)

Here,red andblueare base type variables distinct from all
other type variables. The problem is to check that there ex-
ists no path of the formreds1

ǫ
; blues2 . Let us call this

program analysisREC-REACH . This kind of reachabil-
ity query is commonly seen in CFL-based program analy-
ses [14] with applications in control flow analysis, points-
to analysis, and other safety analyses.REC-REACH is a
straightforward polymorphic recursive extension of a sim-
ple monomorphic unification-based flow analysis.

We use the framework developed in this paper to prove
that REC-REACH is undecidable. In fact, it is not even
recursively enumerable, which implies that there exists no
type system equivalent toREC-REACH (in the sense of

[11, 12]). WhileREC-REACH looks similar to the prob-
lem studied by Reps [15], our CFL graphs are more con-
strained, and we do not know whether his proof approach
can be adopted.

Let Y = 〈Q, A, T 〉 be an ITM such thatred, blue∈ Q.
We buildeY and obtainCY as in Section 5. Obviously, both
Lemma 5.2 and Lemma 5.3 still hold. Furthermore, it is
apparent from its proof that Lemma 5.2 can be strengthened
to the following:

Lemma 7.1 Let p be a path from αs1 to βs2 in
graph(CY ) such that sm(p) is a positive string. Then
〈w@r(sm(p)), α, m, s10

∞〉 and〈w, β, m − |sm(p)|, s20
∞〉

are reachable from each other inYS without moving the
head below the positionm − |sm(p)|.

Combining Lemma 7.1 and Lemma 5.3, we have the fol-
lowing:

Lemma 7.2 The following are equivalent:

(1) There existss1 and s2 such that there exists a path
reds1

ǫ
; blues2 in graph(CY ).

(2) There existsw1 andw2 such that〈w, red, m, w1〉 and
〈w, blue, m, w2〉 are reachable from each other inYS

without moving the head below the positionm.

(3) There existsw1, w2, and an ID W such that
〈w, red, m, w1〉 reaches W in Y without moving
the head below the positionm and 〈w, blue, m, w2〉
reachesW in Y without moving the head below the
positionm.

Problem (3) can be proved to be undecidable via the reduc-
tion from the halting problem. Therefore, problem (1) is
undecidable. It is easy to see that problem (1) is recursively
enumerable. SinceREC-REACH is the dual of problem
(1), it follows that

Theorem 7.3 REC-REACH is not recursively enumer-
able.

8 Conclusions

This paper shows that typability ofI 2 +REC-INT is un-
decidable by means of characterizing typability as a CFL
graph problem and reducing from the boundedness prob-
lem of Turing machines. We found reducing to an infinite
graph problem leads to a more understandable proof than
reasoning directly on infinite type constraints. We suspect
that a similar proof can be used to show that the problem
remains undecidable for extensions to any higher rank (e.g.,
the system investigated in [2]).

As a corollary of the undecidability result, we showed
that the unification test is insufficient to build an incomplete



but terminating typability algorithm forI2 + REC-INT or
the Milner-Mycroft type system. We also proved undecid-
ability of the related program analysisREC-REACH by
using the same CFL graph framework.

One open question is whether the following problem is
decidable. Given a closede, is thereS such thatS |= C
where[[e]]∅ = (τ, C, X) for someτ andX? Note that if
we strengthened the requirement toS |=fin C then the prob-
lem becomes the typability problem forI 2 +REC-INT and
therefore becomes undecidable. There is a larger open ques-
tion: where the boundary between decidability and undecid-
ability is when it comes to polymorphic recursion (and how
to state this question in a formal way).
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A Omitted Proofs

Lemma 4.1 For all B closed,∅ ⊢0 B : σ iff ∅ ⊢ B : σ.

Proof: The if direction is trivial. For the only if direction,
we prove the following stronger statement. LetB be closed
or open. LetΓ be a type environment such thatΓ(x) is a
rank-1 type for eachx ∈ dom(Γ). SupposeΓ ⊢ B : σ.
Thenσ is a rank-0 type andΓ ⊢0 B : σ.

We prove the result by the structural induction onB.
SupposeB is a variable. That is,Γ ⊢ x : σ. Then it must be
the case thatΓ(x) = (

∧

i∈I τi) such thatσ = τj for some
j ∈ I. Therefore,Γ ⊢0 x : σ.



SupposeΓ ⊢ B1 B2 : σ. Then by inspection of the type
checking rules,Γ ⊢ B1 : (

∧

i∈I τi)→σ and∀i ∈ I.(Γ ⊢
B2 : τi). But by the induction hypothesis,(

∧

i∈I τi)→σ is
a rank 0 type, i.e.,(

∧

i∈I τi) = τ andσ = τ ′ for someτ and
τ ′. Therefore by the induction hypothesis,Γ ⊢0 B1 : τ→τ ′

andΓ ⊢0 B2 : τ . Therefore, it follows thatΓ ⊢0 B1B2 : τ ′.
SupposeΓ ⊢ id (λx.B′) : σ. Recall id = λx.x. By

inspection of the type rules, it must be the case thatΓ ⊢ id :
(
∧

i∈I τi)→τj for somej ∈ I, τj = σ, andΓ ⊢ λx.B′ : τj .
Let τ→τ ′ = τj . ThenΓ, x : τ ⊢ B′ : τ ′. By the induction
hypothesis,Γ, x :τ ⊢0 B′ : τ ′. Therefore,Γ ⊢0 λx.B′ : τj .
SinceΓ ⊢0 id : τj→τj , it follows thatΓ ⊢0 id (λx.B′) : τj .

SupposeΓ ⊢ fix x.B : σ. By inspection of the type
rules, it must be the case that∀i ∈ I.(Γ, x :

∧

j∈I τj ⊢
B : τi) andσ = τk for somek ∈ I. By the induction
hypothesis,∀i ∈ I.(Γ, x :

∧

j∈I τj ⊢0 B : τi). Therefore it
follows thatΓ ⊢0 fix x.B : τk. 2

Lemma 4.2 Let e be a closed term. Lete′ be e such that
each occurrence of afix-bound variable is annotated with
a distinct number. Thene is typable inI + REC-INT iff
|=fin C where(τ, C, X) = [[e′]]∅ for someτ andX .

Proof: We introduce the following notations:

S(Γ) = {x:S(τ) | (x:τ) ∈ Γ}
ftvars(Γ) =

⋃

τ∈ran(Γ) ftvars(τ)

To simplify the proof, we introduce the type system
I + REC-INT2 which uses the superscript annotations to
determine the type selected at each instantiation of the
VAR rule in the derivation. Formally,I + REC-INT2 is
I + REC-INT with the type ruleREC-INT replaced by the
following rule:

Σ = {a | xa ∈ fvars(e)} T is a finite set of types
∀τ ∈ T.∀a ∈ Σ.R(τ, a) ∈ T

∀τ ∈ T.(Γ ∪ {xa :R(τ, a) | a ∈ Σ} ⊢0 e : τ) τ ′ ∈ T

Γ ⊢0 fix x.e : τ ′

and theVAR rule is replaced by the following rule:

Γ(x) = τ

Γ ⊢0 x : τ

Note thatx may be a variable with non-empty superscript
annotation. It is easy to see thate is typable inI +REC-INT
iff e′ is typable inI + REC-INT2 . Therefore, it suffices to
show thate′ is typable inI + REC-INT2 iff |=fin C where
(τ, C, X) = [[e′]]∅ for someτ andX .

If
We show the following by induction on any terme (closed
or open) whosefix-bound variables are annotated with

distinct numbers. Let(τ, C, X) = [[e]]Γ. SupposeS |=fin C.
Then,S(Γ) ⊢0 e : S(τ).

Supposee is a variable, sayx. By inspection of the con-
straint generation rules, we haveτ = Γ(x) andC = ∅.
Therefore,S(Γ) ⊢0 x : S(τ).

Supposee is e1 e2. By inspection of the constraint gen-
eration rules, we have[[e1]]Γ = (τ1, C1, X1) and[[e2]]Γ =
(τ2, C2, X2) whereC1 ∪ C2 ∪ {τ1 = α→τ, τ2 = α} = C.
We haveS |=fin C1 andS |=fin C2. Hence by the induction
hypothesis,S(Γ) ⊢0 e1 : S(τ1) andS(Γ) ⊢0 e2 : S(τ2).
SinceS(τ1) = S(α)→S(τ) = S(τ2)→S(τ), it follows that
S(Γ) ⊢0 e1 e2 : S(τ).

Supposee is λx.e′. By inspection of the constraint
generation rules, we have[[e′]]Γ,x:α = (τ ′, C′, X ′) where
C′ ∪ {τ = α→τ ′} = C. We haveS |=fin C′. Hence by
the induction hypothesis,S(Γ, x : α) ⊢0 e′ : S(τ ′). Since
S(τ) = S(α)→S(τ ′), it follows thatS(Γ) ⊢0 λx.e′ : S(τ).

Supposee is fix x.e′. By inspection of the con-
straint generation rules, we have[[e′]]Γ∪S

a∈Σ
{xa:αa} =

(τ ′, C′, X ′) whereC =

⋃

s∈Σ∗

(C′ ∪
⋃

a∈Σ

{τ ′a = τ ′ | τ ′ ∈ ran(Γ)} ∪ {τa = αa})
s

whereΣ = {a | xa ∈ fvars(e′)}. For eachs ∈ Σ∗, letSs =
{α 7→ S(αs) | α ∈ dom(S)}. Then by Lemma 6.4,Ss |=
C for all s ∈ Σ∗. Therefore, by the induction hypothesis,
for all s ∈ Σ∗,

Ss(Γ) ∪
⋃

a∈Σ

{xa :Ss(α
a)} ⊢0 e′ : Ss(τ)

BecauseS |=
⋃

s∈Σ∗(
⋃

a∈Σ{τ
′a = τ ′ | τ ′ ∈ ran(Γ)})s,

we haveSs(Γ) = S(Γ) for all s ∈ Σ∗. Also, because
S |= (

⋃

a∈Σ{τ
a = αa})s, we haveSas(τ) = Ss(αa) for

all s ∈ Σ∗ anda ∈ Σ.
Let T = {Ss(τ) | s ∈ Σ∗}. Becauseran(S) is finite,T

is finite. LetR′ ⊆ {Ss(τ) 7→ {a 7→ Ss(αa) | a ∈ Σ} |
Ss(τ) ∈ T } be a function such thatdom(R′) = T . Note
that ran(R) ⊆ Σ → T . DefineR by currying:R(τ, a) =
R′(τ)(a) for all (τ, a) ∈ T × Σ. Then,

∀τ ′ ∈ T.S(Γ) ∪ {xa :R(τ ′, a) | a ∈ Σ} ⊢0 e′ : τ ′

Note that for all τ ′ ∈ T and all a ∈ Σ, we have
R(τ ′, a) ∈ T . Also, S(τ) = Sǫ(τ) ∈ T . Therefore,
S(Γ) ⊢0 fix x.e′ : S(τ).

Only If
We show the following by induction on any terme (closed
or open) whosefix-bound variables are annotated with
distinct numbers. SupposeΓ ⊢0 e : τ . Let Γ′ be a type
environment such thatran(Γ′) ⊆ Base andΓ′(x) is distinct
for eachx ∈ dom(Γ′). Let (τ ′, C, X) = [[e]]Γ′ . Then there
existsS such thatS(Γ′) = Γ, S(τ ′) = τ , andS |=fin C.



Supposee is a variable, sayx. By inspection of the type
checking rules, it must be the case thatΓ(x) = τ . We have
τ ′ = Γ′(x) andC = ∅. Let S = {Γ′(x) 7→ Γ(x) | x ∈
dom(Γ′)}. ThenS(Γ′) = Γ, S(τ ′) = S(Γ′(x)) = Γ(x) =
τ , andS |=fin C.

Supposee is e1 e2. By inspection of the type checking
rules, it must be the case thatΓ ⊢0 e1 : τ2→τ andΓ ⊢0

e2 : τ2. By inspection of the constraint generation rules,
(τ ′

1, C1, X1) = [[e1]]Γ′ , (τ ′
2, C2, X2) = [[e2]]Γ′ , andC =

C1 ∪ C2 ∪ {τ ′
1 = α→τ ′, τ ′

2 = α} such thatX1 ∩ X2 = ∅
andτ ′ andα are distinct base type variables not inX1 ∪
X2 ∪ ran(Γ′).

By the induction hypothesis, there existsS1 andS2 such
thatS1(Γ

′) = S2(Γ
′) = Γ, S1(τ

′
1) = τ2→τ , S2(τ

′
2) = τ2,

S1 |=fin C1, andS2 |=fin C2. By inspection of the constraint
generation rules, we may assumedom(S1) ∩ dom(S2) =
ran(Γ′) andτ ′, α /∈ dom(S1) ∪ dom(S2) without loss of
generality. Therefore,S = S1 ∪ S2 ∪ {τ ′ 7→ τ, α 7→ τ2} is
a valid mapping, and we haveS(Γ′) = Γ, S(τ ′) = τ , and
S |=fin C.

Supposee is λx.e′. By inspection of the type checking
rules, it must be the case thatΓ, x :τ1 ⊢0 e′ : τ2 whereτ =
τ1→τ2. By inspection of the constraint generation rules,
(τ ′′, C′, X) = [[e′]]Γ′,x:α andC = C′ ∪ {τ ′ = α→τ ′′}
such thatα and τ ′ are distinct base type variables not in
X ∪ ran(Γ′).

By the induction hypothesis, there existsS′ such that
S′(Γ′, x : α) = (Γ, x : τ1), S′(τ ′′) = τ2, andS′ |=fin C′.
By inspection of the constraint generation rules, we may
assumeτ ′ /∈ dom(S′) without loss of generality. Therefore,
S = S′ ∪ {τ ′ 7→ τ1→τ2} is a valid mapping, and we have
S(Γ′) = Γ, S(τ ′) = τ1→τ2 = τ , andS |=fin C.

Supposee is fix x.e′. By inspection of the type check-
ing rules, it must be the case that

Σ = {a | xa ∈ fvars(e′)}
T is a finite set of types
∀τ ∈ T.∀a ∈ Σ.R(τ, a) ∈ T
∀τ ∈ T.Γ ∪ {xa :R(τ, a) | a ∈ Σ} ⊢0 e′ : τ
τ ∈ T

By inspection of the constraint generation rules, we have

Σ = {a | xa ∈ fvars(e′)}
X ′ = X ∪ {αa | a ∈ Σ}
∀a ∈ Σ.αa ∈ Base \ (ran(Γ′) ∪ X ′ \ {αa})
(τ ′, C′, X) = [[e′]]Γ′∪

S

a∈Σ
{xa:αa}

C′′ =
⋃

a∈Σ{τ
a
1 = τ1 | τ1 ∈ ran(Γ′)} ∪ {τ ′a = αa}

C =
⋃

s∈Σ∗(C′ ∪ C′′)s

Let Γ′′ = Γ′ ∪
⋃

a∈Σ{x
a : αa}. By the induction hypoth-

esis, for everyτ ∈ T (not to be confused withτ from the

assumption), there existsSτ such that

Sτ (Γ′′) = Γ ∪ {xa :R(τ, a) | a ∈ Σ}
Sτ (τ ′) = τ
Sτ |=fin C′

We define the mappingK from T × Σ∗ to T as follows:

∀τ ∈ T.K(τ, ǫ) = τ
∀τ ∈ T.∀a ∈ Σ.K(τ, as) = R(K(τ, s), a)

For s ∈ Σ∗ and an assignmentS, we defineSs = {αs 7→
S(α) | α ∈ dom(S)}. Let S =

⋃

s∈Σ∗(SK(τ,s))
s. By in-

spection of the constraint generation rules,S is a function
(recall thatfix-bound variable annotations are distinct).
Note thatran(S) is finite becauseran(S) =

⋃

τ∈T ran(Sτ ).
Clearly,S |=

⋃

s∈Σ∗ C′s andS |=
⋃

s∈Σ∗{τa
1 = τ1 | τ1 ∈

ran(Γ′)}. Also,

S(αs
a) = (SK(τ,s))

s(αs
a) = SK(τ,s)(αa) = R(K(τ, s), a)

and

S(τ ′as) = (SK(τ,as))
as(τ ′as) = SK(τ,as)(τ

′) = K(τ, as)

HenceS(αs
a) = R(K(τ, s), a) = K(τ, as) = S(τ ′as).

Therefore,S(Γ′) = Γ, S(τ ′) = τ , andS |=fin C.
2

Lemma 4.3 Let p be a path fromα to β in graph(C) such
that sm(p) is a positive string. SupposeS |= C. Then there
existsτ such that proj(τ, sm(p)) = β andS(α) = S(τ).

Proof: We prove the result by induction on the structure of
positive paths. Base case: Supposeα

ǫ
; β. By Lemma B.1,

S(α) = S(β). So letτ = β, and we haveproj(τ, ǫ) = β
andS(α) = S(τ).

Supposeα
ǫ
; γ

t
; β. By the induction hypothesis,

there existsτ such thatproj(τ, t) = β andS(γ) = S(τ).
But by Lemma B.1,S(α) = S(γ). ThereforeS(α) =
S(τ).

Supposeα
)))
→ γ

t
; β. Then by construction,(α =

γ→κ) ∈ C for someκ. HenceS(α) = S(γ→κ). By the
induction hypothesis, there existsτ ′ such thatproj(τ ′, t) =
β and S(γ) = S(τ ′). Let τ = τ ′→κ. Note that
proj(τ ′→κ, )))) = τ ′. Thereforeproj(τ, )))t) = β andS(α) =

S(τ). The caseα
]]]
→ γ

t
; β is similar.2

Lemma 5.2 Let p be a path from αs1 to βs2 in
graph(CY ) such that sm(p) is a positive string. Then
〈w@r(sm(p)), α, m, s10

∞〉 and〈w, β, m − |sm(p)|, s20
∞〉

are reachable from each other inYS .



Proof: We prove the result by induction on the struc-
ture of positive paths. Base case: Supposeαs1

ǫ
; βs2 .

By Lemma B.2,〈w, α, m, s10
∞〉 and〈w, β, m, s20

∞〉 are
reachable from each other.

Suppose αs1
ǫ

; γs3
t

; βs2 . By the in-
duction hypothesis, 〈w@r(t), γ, m, s30

∞〉 and
〈w, β, m − |t|, s20

∞〉 are reachable from each other.
But by Lemma B.2, 〈w@r(t), α, m, s10

∞〉 and
〈w@r(t), γ, m, s30

∞〉 are reachable from each other.
Therefore,〈w@r(t), α, m, s10

∞〉 and〈w, β, m−|t|, s20
∞〉

are reachable from each other.

Supposeαs1
)))
→ γs3

t
; βs2 . By the construction

of graph(CY ), it must be the case that〈α,−1, 0, a, γ〉 ∈
TS and s3 = as1. Therefore, due to symmetry,
〈w@r()))t), α, m, s10

∞〉 and〈w@r(t), γ, m − 1, s30
∞〉 are

reachable from each other. By the induction hypoth-
esis, 〈w@r(t), γ, m − 1, s30

∞〉 and 〈w, β, m − 1 −
|t|, s20

∞〉 are reachable from each other. Therefore,
〈w@r()))t), α, m, s10

∞〉 and〈w, β, m − 1 − |t|, s20
∞〉 are

reachable from each other. The caseαs1
]]]
→ γs3

t
; βs2 is

similar. 2

Lemma 5.3 Suppose 〈w@r(t1), α, m, s10
∞〉 and

〈w@r(t2), β, m − |t1| + |t2|, s20
∞〉 are reachable

from each other inYS without moving the head below the
positionm − |t1| and without moving the head above the
positionm+ |s1|. Further suppose|t1|+ |s1| = |t2|+ |s2|.

Supposeαs1
t1
; γs3 in graph(CY ). Thenβs2

t2
; γs3 in

graph(CY ).

Proof: We prove the result by induction on the number of
YS transitions. Base case: for no move,t1 = t2, α = β,
ands1 = s2. So the result follows trivially.

Suppose 〈w@r(t1), α, m, s10
∞〉 reaches

〈w@r(t2), β, m − |t1| + |t2|, s20
∞〉 by

〈w@r(t1), α, m, as40
∞〉 ⊢YS

〈w@r()))t1), κ, m + 1, s40
∞〉 via 〈α, +1, a, 0, κ〉 ∈ TS

〈w@r()))t1), κ, m + 1, s40
∞〉 ⊢YS

〈w@r(t2), β, m − |t1| + |t2|, s20
∞〉

whereas4 = s1. Note that it is necessary thats4 exists
since the head does not move above the positionm + |s1|,
i.e., s1 6= ǫ. Note that |)))t1| = |t1| + 1. Therefore,
〈w@r()))t1), κ, m + 1, s40

∞〉 and 〈w@r(t2), β, (m + 1) −
|)))t1| + |t2|, s20

∞〉 are reachable from each other without
moving the head below the position(m + 1) − |)))t1| and
without moving the head above the position(m+1)+ |s4|.
Also, |)))t1| + |s4| = |t2| + |s2|. By the construction of

graph(CY ), κs4
)))
→ αs1 . Therefore,κs4

)))t1
; γs3 . Hence by

the induction hypothesis,βs2
t2
; γs3 . The case where the

next step is a〈α, +1, a, 1, κ〉 transition is similar.

Suppose 〈w@r(t1), α, m, s10
∞〉 reaches

〈w@r(t2), β, m − |t1| + |t2|, s20
∞〉 by

〈w@r()))t3), α, m, s10
∞〉 ⊢YS

〈w@r(t3), κ, m − 1, as10
∞〉 via 〈α,−1, 0, a, κ〉 ∈ TS

〈w@r(t3), κ, m − 1, as10
∞〉 ⊢YS

〈w@r(t2), β, m − |t1| + |t2|, s20
∞〉

where)))t3 = t1. Note that it is necessary thatt3 exists
since the head does not move below the positionm − |t1|,
i.e., t1 6= ǫ. Note that |t3| = |t1| − 1. Therefore,
〈w@r(t3), κ, m − 1, as10

∞〉 ⊢YS
and 〈w@r(t2), β, m −

|t1| + |t2|, s20
∞〉 are reachable from each other without

moving the head below the position(m−1)−|t3| and with-
out moving the head above the position(m − 1) + |as1|.
Also, |t3| + |as1| = |t2| + |s2|. By the construction of

graph(CY ), κas1
(((
→ αs1 . Therefore,κas1

(((
→ αs1

)))t3
;

γs3 , i.e., κas1
t3
; γs3 . Hence by the induction hypoth-

esis, βs2
t2
; γs3 . The case where the next step is a

〈α,−1, 1, a, κ〉 transition is similar.2

Lemma 6.3 SupposeS1 |= C and S2 |= C. ThenS1 ⊔
S2 |= C.

Proof: Let S = S1 ⊔ S2. Pick c ∈ C. We show that
S |= {c} by case analysis onc.

Supposec is α = β. We haveS1(α) = S1(β) and
S2(α) = S2(β). HenceS(α) = S1(α) ⊔ S2(α) =
S1(β) ⊔ S2(β) = S(β).

Supposec is α = β→γ. We haveS1(α) = S1(β→γ) =
S1(β)→S1(γ) andS2(α) = S2(β→γ) = S2(β)→S2(γ).
Therefore,

S(α) = S1(α) ⊔ S2(α)
= (S1(β)→S1(γ)) ⊔ (S2(β)→S2(γ))
= (S1(β) ⊔ S2(β))→(S1(γ) ⊔ S2(γ))
= S(β)→S(γ)
= S(β→γ)

2

Lemma 6.4 Let C be a set of constraints andΣ be an al-
phabet. LetC′ =

⋃

s∈Σ∗ Cs. SupposeS |= C′. Then for
anys ∈ Σ∗, {α 7→ S(αs)} |= C′.

Proof: Let S′ = {α 7→ S(αs)}. Supposeτ1 = τ2 ∈ C′.
Then (τs

1 = τs
2 ) ∈ C′. Therefore,S′(τ1) = S(τs

1 ) =
S(τs

2 ) = S′(τ2). HenceS′ |= C′. 2

Lemma 7.2 The following are equivalent:

(1) There existss1 and s2 such that there exists a path
reds1

ǫ
; blues2 in graph(CY ).



(2) There existsw1 andw2 such that〈w, red, m, w1〉 and
〈w, blue, m, w2〉 are reachable from each other inYS

without moving the head below the positionm.

(3) There existsw1, w2, and an ID W such that
〈w, red, m, w1〉 reaches W in Y without moving
the head below the positionm and 〈w, blue, m, w2〉
reachesW in Y without moving the head below the
positionm.

Proof: (1)⇔ (2) follows from Lemma 7.1 and Lemma 5.3.
We prove (2)⇔ (3).
(3)⇒ (2)

Suppose〈w, blue, m, w2〉 = W1 reachesW without mov-
ing the head below the positionm by W1 ⊢Y . . . ⊢Y

Wn ⊢Y W . ThenW reachesW1 in YS without moving
the head below the positionm by W ⊢YS

Wn ⊢YS
. . . ⊢YS

W1. Thus if 〈w, red, m, w1〉 reachesW in Y without mov-
ing the head below the positionm, 〈w, red, m, w1〉 reaches
W1 in YS , and by symmetry, vice versa.
(2)⇒ (3)

Suppose〈w, red, m, w1〉 reaches〈w, blue, m, w2〉 with-
out moving the head below the positionm by W1 ⊢YS

. . . ⊢YS
Wn whereW1 = 〈w, red, m, w1〉 and Wn =

〈w, blue, m, w2〉. We claim that there exists1 ≤ j ≤ n
such thatW1 reachesWj andWn reachesWj in Y without
moving the head below the positionm.

For i < n, we have eitherWi ⊢Y Wi+1 or Wi+1 ⊢Y

Wi. If Wi ⊢Y Wi+1 andWi ⊢Y Wi−1, then becauseY is
deterministic,Wi+1 = Wi−1. Therefore,W1 ⊢YS

. . . ⊢YS

Wi−1 ⊢YS
Wi+2 ⊢YS

. . . ⊢YS
Wn is a sequence of moves

fromW1 toWn not going below the positionm. Continuing
to eliminate suchWi−1 ⊢YS

Wi ⊢YS
Wi+1 ⊢YS

Wi+1

moves from the sequence leaves us with a sequenceW1 ⊢YS

. . . ⊢YS
Wj ⊢YS

. . . ⊢YS
Wn such thatW1 ⊢Y . . . ⊢Y Wj

andWn ⊢Y . . . ⊢Y Wn without moving the head below the
positionm.
2

B Additional Lemmas

These lemmas are used in the proofs in Appendix A.

Lemma B.1 Supposeα
ǫ

; β in graph(C). SupposeS |=
C. ThenS(α) = S(β).

Proof: We prove the result by induction on the structure
of matched paths. Base case: Ifα

ǫ
→ β is an edge, then

by construction(α = β) ∈ C, henceS(α) = S(β). For
self-match,S(α) = S(α).

Supposeα
ǫ
; γ

ǫ
; β. By the induction hypothesis,

S(α) = S(γ) andS(γ) = S(β). ThereforeS(α) = S(β).

Supposeα
(((
→ γ

ǫ
; γ′ )))

→ β. By the induction hypoth-
esis,S(γ) = S(γ′). By construction,(γ = α→κ) ∈ C
and(γ′ = β→κ′) ∈ C for some type variablesκ andκ′.
Therefore,

S(α)→S(κ) = S(γ) = S(γ′) = S(β)→S(κ′)

Therefore,S(α) = S(β). The caseα
[[[
→ γ

ǫ
; γ′ ]]]

→ β is
similar. 2

Lemma B.2 If αs1
ǫ

; βs2 in graph(CY ), then
〈w, α, m, s10

∞〉 and 〈w, β, m, s20
∞〉 are reachable from

each other inYS without moving the head below the posi-
tion m.

Proof: We prove the result by induction on the structure
of matched paths. Base case: there are no

ǫ
→ edges in

graph(CY ). Then the self-matched case, i.e.αs1
ǫ

; αs1 , is
trivial.

Supposeαs1
ǫ
; γs3

ǫ
; βs2 . By the induction hypoth-

esis, 〈w, α, m, s10
∞〉 and 〈w, γ, m, s30

∞〉 are reachable
from each other without moving the head below the position
m, and〈w, γ, m, s30

∞〉 and〈w, β, m, s20
∞〉 are reachable

from each other without moving the head below the posi-
tion m. Therefore〈w, α, m, s10

∞〉 and 〈w, β, m, s20
∞〉

are reachable from each other without moving the head be-
low the positionm.

Supposeαs1
(((
→ γs3

ǫ
; κs4

)))
→ βs2 . By the construction

of graph(CY ), it must be the case thats1 = as3 for some
a ∈ {0, 1} and that〈γ,−1, 0, a, α〉 ∈ TS. SinceTS is sym-
metric, 〈α, +1, a, 0, γ〉 ∈ TS . Therefore,〈w, α, m, s10

∞〉
and 〈w0, γ, m + 1, s30

∞〉 are reachable from each other.
By the induction hypothesis,〈w0, γ, m + 1, s30

∞〉 and
〈w0, κ, m+1, s40

∞〉 are reachable from each other without
moving the head below the positionm+1. By the construc-
tion of graph(CY ), it must be the case thats2 = as4 for
somea ∈ {0, 1} and that〈κ,−1, 0, a, β〉 ∈ TS . SinceTS is
symmetric,〈β, +1, a, 0, κ〉 ∈ TS. Therefore,〈w0, κ, m +
1, s40

∞〉 and 〈w, β, m, s20
∞〉 are reachable from each

other. Therefore〈w, α, m, s10
∞〉 and〈w, β, m, s20

∞〉 are
reachable from each other without moving the head below

the positionm. The caseαs1
[[[
→ γs3

ǫ
; κs4

]]]
→ βs2 is

similar. 2


