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Abstract.
This paper deals with the asymptotic stability of spatially homogeneous equilibrium

states for some reaction diffusion systems with homogeneous Neumann boundary conditions.
Our systems consist of two or three diffusion equations whose interaction is governed by
certain kinds of feedback effects. Especially we give some sufficient conditions for the global
attractivity of the equilibrium states.

§1. Introduction

The present paper is concerned with the study of asymptotic behavior of solutions for
some reaction-diffusion systems with feedback effects. Let Ω be a bounded domain in RN

with smooth boundary ∂Ω. We first consider the following initial boundary value problem
for (u(x, t), v(x, t)) (x ∈ Ω, t ≥ 0)

(P.1)


ut = d1∆u+ u(f(u)− v) in Ω× (0,∞),
vt = d2∆v + au− αv in Ω× (0,∞),
∂u/∂n = ∂v/∂n = 0 on ∂Ω× (0,∞),
u(·, 0) = u0, v(·, 0) = v0 in Ω,

where ∆ is the Laplace operator, a, d1, d2 and α are positive constants, ∂/∂n denotes the
outward normal derivative to ∂Ω and u0, v0 are given nonnegative functions. In the first
equation of (P.1), we are taking account of the feedback effect due to v, whose evolution
is controlled by u. Such kinds of problems appear in various fields like chemical reaction,
mathematical biology and biochemistry. For example, (P.1) arises as a simple model in nu-
clear reactor dynamics, where u represents the neutron density, v represents the temperature
distribution and f is given by f(u) = λ− u with λ > 0 (see Pao’s monograph[6]).

1 Supported by Waseda University Grant for Special Research Projects 93A-80.
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Our second problem consists of three reaction-diffusion equations which have more com-
plicate feedback mechanism:

(P.2)



ut = d1∆u+ u(g(u)− w) in Ω× (0,∞),
vt = d2∆v + bu− βv in Ω× (0,∞),
wt = d3∆w + cv − γw in Ω× (0,∞),
∂u/∂n = ∂v/∂n = ∂w/∂n = 0 on ∂Ω× (0,∞),
u(·, 0) = u0, v(·, 0) = v0, w(·, 0) = w0 in Ω,

where b, c, d1, d2, d3, β and γ are positive constants, g is a smooth function such as g(u) = µ−u
with µ > 0 and u0, v0, w0 are nonnegative functions. A similar system is studied as models
of Belousov-Zhabotinsky chemical reactions (see, e.g., Pao[6] and W.H.Ruan-Pao[10]).

In the ODE case where d1 = d2 = 0 in (P.1) or d1 = d2 = d3 = 0 in (P.2), its solutions
exhibit oscillatory behavior. In the PDE case, it is also expected that the feedback effects
cause the oscillation phenomena for solutions of (P.1) and (P.2). So we are interested in
the long-time behavior of the solutions when (P.1) or (P.2) has a positive steady state. The
main purpose of the present paper is to develop the stability theory of steady states in the
case where (P.1) or (P.2) has a unique, positive and spatially homogeneous equilibrium. For
(P.1), it will be shown that such a positive steady state is globally asymptotically stable.
For (P.2) we will also give a sufficient condition for the global asymptotic stability of the
positive steady state.

If d2 = 0, the stability theory for (P.1) has a close relation to that for a certain class of
reaction diffusion equations with Volterra integrals. Indeed, solving the second equation of
(P.1) we get

v(x, t) = e−αtv0(x) + a
∫ t

0
e−α(t−s)u(x, s)ds =: h(x, t) + (K ∗ u)(x, t),

where ∗ means the convolution. The substitution of this expression into the first equation
of (P.1) yields

(1.1) ut = d1∆u+ u(f(u)−K ∗ u− h(t)).

Similarly, if d2 = d3 = 0, then it is shown that three differential equations in (P.2) are
equivalent to (1.1) with f(u) = g(u),

(1.2) K(t) =

{
bc(e−βt − e−γt)/(γ − β) if γ ̸= β,
bcte−βt if γ = β,

and an appropriate function h such that h(t) → 0 exponentially as t → ∞. Asymtotic
stability properties for (1.1) have been investigated by Britton[1], Redlinger[8], S.Ruan-
Wu[9] Schiaffino[11] and Yamada[12, 13]. See also Yamada-Niikura[15], where the Hopf
bifurcation theory is discussed.

The contents of the present paper are as follows. In §2, we give some preliminary results
on reaction-diffusion systems. §3 is devoted to the study of the global attractivity of a
positive steady-state for (P.1). In §4 we give some conditions on local and global asymptotic
stability properties of a positive steady state for (P.2). The proof of the global stability

2



uses suitable Lyapunov functions, while the local theory is discussed with use of the spectral
analysis.

§2. Preliminary results

In this section we will collect some fundamental results such as the global existence,
uniqueness, regularity and positivity of solutions for (P.1) and (P.2).

Let p > N be fixed and let A be a closed linear operator defined by Au = −∆u with
dense domain D(A) = {u ∈ W 2,p(Ω); ∂u/∂n = 0 on ∂Ω }. For each r ≥ 0, one can define
the fractional power Ar of A in the standard manner; so that the following inclusion relation
holds true:

(2.1) D(Ar) ⊂ C1(Ω) if 2r > 1 + N
p

(see, e.g., Henry [3, Theorem 1.6.1]). Moreover, for each d > 0, it is well known that −dA
generates an analytic semigroup {e−tdA; t ≥ 0}, which satisfies

(2.2) ∥ Are−tdAu ∥p≤ Ct−r ∥ u ∥p for t > 0 and u ∈ Lp(Ω)

with some C > 0, where ∥ · ∥ denotes Lp(Ω)-norm.
Throughout this paper we put the following conditions on f, g, u0, v0 and w0:

(A.1) f and g are locally Lipschitz continuous functions satisfying

f(u) ≤ 0 and g(u) ≤ 0 for u ≥ m0

with a positive number m0.

(A.2) u0, v0 and w0 are nonnegative L∞(Ω)− functions such that u0 is not identically
zero.

We will give some global existence results for (P.1) and (P.2). Observe that (P.1) can be
rewritten in terms of A:

(2.3)


ut + d1Au = u(f(u)− v),
vt + d2Av = au− αv,
u(0) = u0, v(0) = v0.

The theory of evolution equations assures the existence of local solutions for (2.3) (see [3]).
The global existence result is stated as follows.

Proposition 2.1 There exists a unique solution {u, v} of (2.3) with the following properties:
(i) {u, v} ∈ C([0,∞);Lp(Ω)2) ∩ C1((0,∞);Lp(Ω)2) ∩ C((0,∞);D(A)2).
(ii) {u, v} satisfies

(2.4) 0 ≤ u(x, t) ≤ m1 := max{m0, ∥ u0 ∥∞},

(2.5) 0 ≤ v(x, t) ≤ m2 := max{am1/α, ∥ v0 ∥∞},

in Ω× [0,∞). Moreover, u(x, t) and v(x, t) are positive for x ∈ Ω̄ and t > 0.
(iii) For any δ > 0, u(·, t) and v(·, t) are uniformly continuous in t ∈ [δ,∞) with respect

to C1(Ω)−norm.
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Proof. In order to show (i) and the first half of (ii), it is sufficient to show the nonnega-
tivity and uniform boundedness of u and v on account of the local existence theory. Clearly,
(2.4) follows from the maximum principle. Therefore,

d2∆v − αv ≤ vt ≤ d2∆v − αv + am1;

so that one can prove (2.5) by the comparison argument. The positivity of u and v is a
consequence of the strong maximum principle (see Protter and Weinberger[7]). Finally, we
observe that Lemma 2.2 in [14] is still valid with ω = 0 because we have (2.2). Hence the
uniform continuity is shown with the aid of (2.1). Q.E.D.

We can also show an analogous global existence result for (P.2).

Proposition 2.2 There exists a unique solution {u, v, w} of (P.2) with the following prop-
erties:

(i) {u, v, w} ∈ C([0,∞);Lp(Ω)3) ∩ C1((0,∞);Lp(Ω)3) ∩ C((0,∞);D(A)3).
(ii) {u, v, w} satisfies

0 ≤ u(x, t) ≤ m1 := max{m0, ∥ u0 ∥∞},
0 ≤ v(x, t) ≤ m2 := max{bm1/β, ∥ v0 ∥∞},
0 ≤ w(x, t) ≤ m3 := max{cm2/γ, ∥ w0 ∥∞},

in Ω× [0,∞). Moreover, u(x, t), v(x, t) and w(x, t) are positive for x ∈ Ω̄ and t > 0.
(iii) For any δ > 0, u(·, t), v(·, t) and w(·, t) are uniformly continuous in t ∈ [δ,∞) with

respect to C1(Ω)−norm.

§3. Global stability theory for (P.1)

In this section we will develop the global asymptotic stability theory for (P.1) in the
case where (P.1) has a unique (positive) homogeneous equilibrium. We assume the following
condition.

(A.3) There exists a pair of positive constants {u∗, v∗} such that

f(u∗) = v∗, au∗ = αv∗ and (u− u∗)(f(u)− f(u∗)) ≤ −k(u− u∗)2 for all u ≥ 0

with some k > 0.

As an example, f(u) = λ− u with λ > 0 clearly satsifies (A.3).
It follows from (A.3) that (P.1) has a unique positive equilibrium {u∗, v∗}, which is a

spatially homogeneous steady-state. Although (P.1) also has a trivial equilibrium {0, 0}, we
will show that {u∗, v∗} is globally asymptotically stable in the following sense.

Theorem 3.1 Assume (A.3). Then every solution {u, v} of (P.1) satisfies

lim
t→∞

{u(x, t), v(x, t)} = {u∗, v∗} in C1(Ω)2.
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Remark 3.1. Suppose d2 = 0 in (P.1). As is stated in §1, (P.1) is equivalent to an
integro-differential equation of the form (1.1), which has been studied by many authors (see,
e.g., Redlinger[8] Schiaffino[11] and Yamada [12]). Especially, our Theorem 3.1 extends the
author’s previous result[12, Theorem 3.2 and Remark 3.1].

Proof. Since u(t) and v(t) are positive for t > 0, we may assume without loss of generality
that u0 > 0 and v0 > 0 in Ω̄. It is convenient to introduce the following functionals

E1(u) =
∫
Ω
{u(x)− u∗ − u∗ log

(
u(x)

u∗

)
}dx,

E2(v) =
1

2

∫
Ω
(v(x)− v∗)2dx.

Let {u, v} be the solution of (P.1). It follows from the first equation that

d

dt
E1(u(t)) =

∫
Ω

(
1− u∗

u

)
utdx = −u∗d1

∫
Ω

|∇u|2

u2
dx+

∫
Ω
(u− u∗)(f(u)− v)dx

(3.1) = −u∗d1

∫
Ω

|∇u|2

u2
dx+

∫
Ω
(u− u∗)(f(u)− f(u∗))dx−

∫
Ω
(u− u∗)(v − v∗)dx

≤ −u∗d1
m2

1

∥ ∇u ∥2 −k ∥ u− u∗ ∥2 −(u− u∗, v − v∗),

where ∥ · ∥ and (·, ·) denote L2(Ω)−norm and inner-product, respectively. We also get

d

dt
E2(v(t)) =

∫
Ω
(v − v∗)vtdx = −d2 ∥ ∇v ∥2 −α ∥ v − v∗ ∥2 +a(u− u∗, v − v∗).

Therefore,

(3.2)
d

dt
{aE1(u(t)) + E2(v(t))} + d∗ ∥ ∇u(t) ∥2 +d2 ∥ ∇v(t) ∥2

+ ak ∥ u(t)− u∗ ∥2 +α ∥ v(t)− v∗ ∥2≤ 0,

with d∗ := au∗d1/m
2
1. Integrating (3.2) from 0 to T leads to

aE1(u(T )) + E2(v(T )) + d∗
∫ T

0
∥ ∇u(s) ∥2 ds+ d2

∫ T

0
∥ ∇v(s) ∥2 ds

+ ak
∫ T

0
∥ u(s)− u∗ ∥2 ds+ α

∫ T

0
∥ v(s)− v∗ ∥2 ds

≤ aE1(u0) + E2(v0) < +∞,

which, in particular, implies that ∥ ∇u(t) ∥2, ∥ ∇v(t) ∥2, ∥ u(t)−u∗ ∥2 and ∥ v(t)− v∗ ∥2 are
integrable in (0,+∞). By (iii) of Proposition 2.1, these functions are uniformly continuous
in t ∈ [δ,∞) for any δ > 0. Therefore, we can conclude that

(3.3) lim
t→∞

∥ ∇u(t) ∥2= lim
t→∞

∥ ∇v(t) ∥2= lim
t→∞

∥ u(t)− u∗ ∥2= lim
t→∞

∥ v(t)− v∗ ∥2= 0.

By making use of the regularity results for parabolic equations, the assertion is derived from
(3.3) in the standard manner (see, e.g., [12]). Q.E.D.
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§4. Stability theory for (P.2)

We will establish stability results for (P.2) in the case where it has a unique positive
homogeneous equilibrium. Assume

(A.4) there exist positive numbers u∗, v∗ and w∗ such that{
g(u∗) = w∗, bu∗ = βv∗, cv∗ = γw∗ and
(u− u∗)(g(u)− g(u∗)) ≤ −k(u− u∗)2 for all u ≥ 0

with some k > 0.

A typical example satisfying (A.4) is g(u) = µ−u with µ > 0. In the same way as (A.3),
this assumption also implies the uniqueness of homogeneous steady states for (P.2). We will
begin with the study of the global asymptotic stability of {u∗, v∗, w∗}.

Theorem 4.1 In addition to (A.4), assume kβγ > bc. Then every solution {u, v, w} of
(P.2) satisfies

lim
t→∞

{u(·, t), v(·, t), w(·, t)} = {u∗, v∗, w∗} in C1(Ω)3.

Remark 4.1. When d2 = d3 = 0, we can apply the argument used in [12, §3] to study the
global assymptotic stability of {u∗, v∗, w∗}. Observe that (P.2) is equivalent to (1.1) with K
given by (1.2). Its Laplace transform K̂ is given by

K̂(λ) =
bc

(λ+ β)(λ+ γ)
for Re λ ≥ 0.

Therefore, repeating the proof of Theorem 3.2 in [12] we can show that u∗ becomes a global
attractor for (1.1) with homogeneous Neumann boundary condition if

(4.2) k(β + γ)(
√
β +

√
γ)2 > bc.

This condition is weaker than the assumption of Theorem 4.1. We do not know if the
assertion of this theorem holds true when (4.2) is satisfied.

Proof. To discuss the global stability, the same idea as in §3 is available. Let u, v and w
be the solution of (P.2). Using E1 and E2 we can derive as in the proof of (3.1)

(4.3)
d

dt
E1(u(t)) ≤ −u∗d1

m2
1

∥ ∇u ∥2 −k ∥ u− u∗ ∥2 −(u− u∗, w − w∗).

Moreover, it is easy to get

(4.4)
d

dt
E2(v(t)) = −d2 ∥ ∇v ∥2 −β ∥ v − v∗ ∥2 +b(u− u∗, v − v∗)

and

(4.5)
d

dt
E2(w(t)) = −d3 ∥ ∇w ∥2 −γ ∥ w − w∗ ∥2 +c(v − v∗, w − w∗).
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Let p and q be positive numbers to be determined lalter. It follows from (4.3),(4.4) and (4.5)
that

d

dt
{E1(u(t)) + pE2(v(t)) + qE2(w(t))}+ {d∗ ∥ ∇u(t) ∥2 +pd2 ∥ v(t) ∥2 +qd3 ∥ ∇w(t) ∥2}

(4.6) ≤ −k ∥ u(t)− u∗ ∥2 −pβ ∥ v(t)− v∗ ∥2 −qγ ∥ w(t)− w∗ ∥2

+ ∥ u(t)− u∗ ∥∥ w(t)− w∗ ∥ +pb ∥ u(t)− u∗ ∥∥ v(t)− v∗ ∥
+cq ∥ v(t)− v∗ ∥∥ w(t)− w∗ ∥

with d∗ = u∗d1/m
2
1. We now make use of the following elementary result.

Lemma 4.1 Let A,B and C be positive numbers. Then quadratic form X2 + Y 2 + Z2 −
2AXY − 2BY Z − 2CZX is positive definite if and only if A2 +B2 + C2 + 2ABC < 1.

We will use Lemma 4.2 with

X =
√
k ∥ u(t)− u∗ ∥, Y =

√
pβ ∥ v(t)− v∗ ∥, Z =

√
qγ ∥ w(t)− w∗ ∥,

A =
b
√
p

2
√
kβ

, B =
c
√
q

2
√
pβγ

, C =
1

2
√
qkγ

.

Therefore, if one can choose p > 0 and q > 0 such that

(4.7)
b2p

kβ
+

c2q

pβγ
+

1

kqγ
< 4− bc

kβγ
,

an application of Lemma 4.1 to (4.6) implies that

d

dt
{E1(u(t)) + pE2(v(t)) + qE2(w(t))}+ δ0{∥ ∇u(t) ∥2 + ∥ ∇v(t) ∥2 + ∥ ∇w(t) ∥2}

+δ1{∥ u(t)− u∗ ∥2 + ∥ v(t)− v∗ ∥2 + ∥ w(t)− w∗ ∥2} ≤ 0

with some δ0 > 0 and δ1 > 0. Hence the rest of the proof is almost the sama as that for
Theorem 3.1.

It remains to show the existence of p > 0 and q > 0 satisfying (4.7). As a function of p

and q, the minimum of the left-hand side of (4.7) is 3(bc/kβγ)
2
3 . Threfore, if

3

(
bc

kβγ

) 2
3

< 4− bc

kβγ
,

which is equivalent to bc < kβγ, then we can choose p and q satisfying (4.7). Thus (4.1)
follows if bc < kβγ. Q.E.D.

As a second step, we will study the (linearized ) asymptotic stability of {u∗, v∗, w∗}. The
corresponding linearized operator for (P.2) is given by

L =

 d1∆− δu∗ 0 −u∗

b d2∆− β 0
0 c d3∆− γ
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with δ = −g′(u∗)(≤ k by (A.4)). Let {λn;n = 0, 1, 2, . . .} be a set of eigenvalues for
−∆u = λu in Ω with ∂u/∂n = 0 on ∂Ω. It is easy to see that the spectrum σ(L) for L
consists of solutions µ for

(4.8) det

 µ+ d1λn + δu∗ 0 u∗

−b µ+ d2λn + β 0
0 −c µ+ d3λn + γ

 = 0

with n = 0, 1, 2, . . .. If σ(L) lies in the left half plane of C, the asymptotic stability of
{u∗, v∗, w∗} is shown with use of fractional power spaces of A (see Henry[3] or Kielhöfer[5]).
More precisely, making use of a recent result of Hoshino and Yamada [4, Theorem 3] we have

Theorem 4.2 Let p > N and assume (A.4). If

(4.9) (β + γ)(β + δu∗)(γ + δu∗) > bcu∗ with δ = −g′(u∗),

then there exists a positive number ε0 such that, whenever

∥ u0 − u∗ ∥p + ∥ v0 − v∗ ∥p + ∥ w0 − w∗ ∥p< ε0,

every solution {u, v, w} of (P.2) satisfies

lim
t→∞

{u(·, t), v(·, t), w(·, t)} = {u∗, v∗, w∗} in D(A)3;

especially, the above convergence property holds true in C1(Ω)3 by (2.1).

Proof. We will appeal to the Hurwitz criterion which assures that all solutions of an
algebraic equation lie in the left half plane in C. Since every λn is nonnegative, we can prove
after some calculations that all solutions for (4.8) lie in the left half plane if and only if (4.9)
is satisfied. Thus the asymptotic stability for {u∗, v∗, w∗} is established. Q.E.D.

Remark 4.2. We can prove that (4.9) is equivalent to

(4.10) bc < (β + γ)(
√
β +

√
γ)2δ

or

(4.11)


bc ≥ (β + γ)(

√
β +

√
γ)2δ and

bc− (β + γ)2 +
√
D

2(β + γ)δ2
< u∗ or

bc− (β + γ)2 −
√
D

2(β + γ)δ2
> u∗

with D = b2c2 − 2bc(β + γ)2δ + (β + γ)2(β − γ)2δ2. If (4.10) is satisfied, {u∗, v∗, w∗} is
asymptotically stable without any restrictions on u∗. Observe that (4.10) is quite silmilar to
the global stability condition stated in Remark 4.1 for the case d2 = d3 = 0.

Assume bc > (β+γ)(
√
β+

√
γ)2δ . If u∗ does not satisfy the condition in (4.11), in other

words,
bc− (β + γ)2 −

√
D

2(β + γ)δ2
< u∗ <

bc− (β + γ)2 +
√
D

2(β + γ)δ2
,

then {u∗, v∗, w∗} becomes unstable. In such a situation, we can expect the Hopf bifurcation.
Indeed, the Hopf bifurcation results are obtained by Fukunaga[2]. He has also shown the
orbitally asymptotic stability of Hopf bifurcating solutions.
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