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1 Problems

In this article we will discuss the existence of global solutions to the following system
appearing in population biology:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ut = d1Δ[(1 + αv + γu)u] + au(1 − u− cv) in Ω × (0,∞),

vt = d2Δ[(1 + βu+ δv)v] + bv(1 − du− v) in Ω × (0,∞),

Bu = Bv = 0 on ∂Ω × (0,∞),

u( · , 0) = u0 ≥ 0, v( · , 0) = v0 ≥ 0 in Ω,

(1.1)

where Ω is a bounded domain in RN (N ≥ 1) with smooth boundary ∂Ω; Bu =
u (Dirichlet boundary condition) or Bu = ∂u/∂ν with outward normal ν on ∂Ω (Neu-
mann boundary condition); α, β, γ, δ are nonnegative constants and d1, d2, a, b, c, d are
also positive constants. The system (1.1) is known as the Lotka-Volterra competi-
tion system with nonlinear diffusion effects. In (1.1), u and v, respectively, represent
the population densities of two competing species which are interacting and migrating
in the same habitat Ω. Such a population model was first proposed by Shigesada,
Kawasaki and Teramoto [20] in 1979 to study pattern formation phenomena between
two competing populations.

According to Okubo and Levin [16], the formulation of diffusion effect is based on
the assumption that individual species move under the influence of the following forces;
(i) a dispersive force associated with the random movements of individuals; (ii) an at-
tractive force, which induces directed movement of individual species toward favorable
environments; and (iii) population pressure due to interferences between individual
species. In (1.1), di (i = 1, 2) represent random dispersive force of movement of an
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individual and α, β, γ, δ describe mutual interferences between individuals due to the
population pressure. Especially, α and β are usually referred as cross-diffusion coeffi-
cients, while γ and δ are referred as self-diffusion coefficients. For detailed biological
background of the nonlinear diffusion terms, see the monograph of Okubo and Levin
[16].

Note that, in case Bu = u for (1.1), the boundary condition means that the habitat
Ω is surrounded by a hostile environment. In case Bu = ∂u/∂ν, the boundary condition
∂u/∂ν = 0 is usually called no-flux condition, which implies that there is no migration
across the boundary.

Many numerical simulations for (1.1) exhibit interesting pattern formation. So the
analysis of this system and related ones is very important from the mathematical view-
point as well as the ecological view-point. When local solvability is concerned, Amann
[1] proved that (1.1) has a unique local solution for any u0, v0 ∈ W 1

p (Ω) by using
the theory of quasilinear evolution equations. We can also apply the local existence
results in the monograph of Ladyženskaja, Solonnikov and Ural’ceva [8] if classical
solutions of (1.1) are concerned. In case N = 1, Kim [7] proved the existence of a
unique global solution of (1.1) for any nonnegative initial data. (See also the work
of Shim [21], where the uniform boundedness of solutions for (1.1) is shown in case
N = 1 by putting some restrictions on nonlinear diffusion coefficients.) After that, a
lot of mathematicians have attempted to show the global solvability of (1.1). For any
initial data and space dimension, Deuring [5] proved that, if both α and β are small
depending on the amplitude of initial data and γ = δ = 0, then (1.1) has a unique
global solution. However, the analysis is very hard in a higher dimensional case when
we put no restrictions on cross-diffusion coefficients α, β.

In case N = 2, Yagi [25, 26, 27] established the existence of global solutions of (1.1)
by assuming one of the following conditions:

(A.1) 8d1γ > d2β > 0 and 8d2δ > d1α > 0, or

(A.2) γ > 0 and β = δ = 0.

His global result reads as follows; if nonnegative functions u0, v0 satisfy u0.v0 ∈ H1+ε(Ω)
with some ε > 0, then (1.1) admits a unique nonnegative global solution u, v satisfying

u, v ∈ C((0,∞); H2(Ω)) ∩ C1((0,∞); L2(Ω)).

The above assumptions (A.1), (A.2) imply that self-diffusion is dominant over cross-
diffusion in a sense. Here it should be noted that (A.1) can be weakened in the following
form

(A.1)’ 64γδ > αβ or 64γδ = αβ > 0

to assure the global existence (see the work of Ichikawa and the author [6]). In these
works, positivity of self-diffusion coefficients has played a central role in getting suitable
a priori estimates of solutions of (1.1). Lou, Ni and Wu [14] have studied the case where
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self-diffusion coefficients in (1.1) may be absent. Using Amann’s local existence result
for N = 2, they have shown that, if β = 0 and p > 2, then (1.1) has a unique global
solution u, v ∈ C((0,∞); W 1

p (Ω)) for any nonnegative initial functions u0, v0 ∈W 1
p (Ω).

The purpose of the present article is to discuss the problem on the existence of
global solutions of (1.1) in case N ≥ 3 without any restrictions on the amplitude of
initial functions u0, v0. However, we have very few results to this problem for the fully
nonlinear diffusion system (1.1). In what follows, we will focus on the following system

(P)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ut = d1Δ[(1 + αv + γu)u] + au(1 − u− cv) in Ω × (0,∞),

vt = d2Δ[(1 + δv)v] + bv(1 − du− v) in Ω × (0,∞),
∂u

∂ν
=
∂v

∂ν
= 0 on ∂Ω × (0,∞),

u( · , 0) = u0 ≥ 0, v( · , 0) = v0 ≥ 0 in Ω,

which is slightly simpler that (1.1) because diffusion in the second equation of (P) does
not contain a cross-diffusion term. In the first equation we assume

α > 0 and γ > 0. (1.2)

Global existence results for (P) are stated in a different style according as δ = 0 or
δ > 0. Roughly speaking, if δ = 0, then (P) possesses a unique global solution for any
initial functions u0, v0 and any space dimension N ≥ 3; while, if δ > 0, we have to put
some restrictions on the space dimension or nonlinear diffusion coefficients to assure
the existence of a global solution of (P) for any initial functions u0, v0. We will give
global existence results and explain some ideas and methods to show how these results
can be proved.

The contents of the present paper are as follows. In §2 we will state local and global
existence results of solutions of (P). In §3, we will give a priori estimates of solutions of
(P), which are helpful to show that local solutions can be extended for all t ∈ [0,∞).
The ideas and methods of analysis to prove the global existence results will be briefly
stated in §4. Finally, some concluding remarks are given in §5.

We should note that most of the results in this paper are valid with some mod-
ification if zero Neumann boundary conditions in (P) are replaced by zero Dirichlet
boundary conditions.

2 Global existence results

We begin with local existence results for (1.1), which are valid for any space dimension.
The following theorem has been established by Amann [1].

Theorem 2.1. Assume that nonnegative initial data (u0, v0) satisfies u0, v0 ∈ W 1
p (Ω)

with p > N . Then (1.1) possesses a unique solution (u, v) satisfying

u, v ∈ C([0, T );W 1
p (Ω)) ∩C((0, T );W 2

p (Ω)) ∩ C1((0, T );Lp(Ω)),
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where T > 0 is a maximal existence time. Moreover if (u, v) satisfies

sup
0≤t<T

‖u(t)‖W 1
p (Ω) <∞ and sup

0≤t<T
‖v(t)‖W 1

p (Ω) <∞,

then T = ∞.

Theorem 2.1 is useful if we work in the framework of Lp(Ω) spaces. If classical
solutions of (1.1) are concerned, we have to use the following result (see [8]):

Theorem 2.2. Assume that nonnegative initial data (u0, v0) satisfies u0, v0 ∈ C2+λ(Ω).
Then (1.1) possesses a unique solution (u, v) ∈ C2+λ,(2+λ)/2(Ω × [0, T )), where T > 0
is a maximal existence time.

By virtue of Theorems 2.1 and 2.2, it is sufficient to show some suitable a priori
estimates of (u, v) in order to establish the global existence to (1.1).

In what follow, we will mainly study (P). For the sake of simplicity, we assume that
initial data (u0, v0) satisfies
(A)

u0 ≥ 0, v0 ≥ 0 in Ω, u0, v0 ∈ C2+λ(Ω) with λ > 0 and
∂u0

∂ν
=
∂v0
∂ν

on ∂Ω.

The first global result is concerned with the case where the diffusion term in the second
equation of (P) is linear; δ = 0. We have the following theorem due to Choi, Lui and
Yamada [3, 4].

Theorem 2.3. For δ = 0, assume that (u0, v0) satisfies (A). Then (P) possesses a
unique solution (u, v) such that

u, v ∈ C2+λ,(2+λ)/2(Ω × [0,∞)).

Theorem 2.3 implies that, if a self-diffusion coefficient is positive in the first equation
and diffusion is linear in the second equation in (P), then the global existence result
holds for any space dimension. The same result is proved by Wang [24] for (P) with
reaction terms replaced by slightly more general ones.

The second result is concerned with case δ > 0 in (P). One of the global existence
results is given by the following theorem proved in [4].

Theorem 2.4. Let δ > 0 and N ≤ 5. If (u0, v0) satisfies (A), then (P) possesses a
unique solution (u, v) satisfying

u, v ∈ C2+λ,(2+λ)/2(Ω × [0,∞)).

Remark 2.1. In [11], the same restriction N ≤ 5 is also imposed to derive the global
existence result.

Recently, the restriction on the space dimension in Theorem 2.4 has been weakened
by Tuô.c [23, Theorem 1.1.2] as follows.
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Theorem 2.5. Let δ > 0 and N ≤ 9. Then the same conclusion as Theorem 2.4 holds
true.

Both Theorems 2.4 and 2.5 have restrictions on the space dimension. Another global
existence result is also shown by Tuô.c [22].

Theorem 2.6. Let δ > 0 and N ≥ 1 and let (u0, v0) satisfy (A). Assume (i) d1α < 2d2δ
or (ii) d1α = 2d2δ and d1 ≤ d2. Then (P) admits a unique solution (u, v) satisfying
u, v ∈ C2+λ,(2+λ)/2(Ω × [0,∞)).

Theorem 2.6 is generalization of the work of Le and Nguyen [12], where some ad-
ditional conditions are imposed on nonlinear diffusion coefficients. Although there is
no restriction on the space dimension in Theorem 2.6, a self-diffusion coefficient in the
second equation must be sufficiently large compared to a cross-diffusion coefficient in
the first equation to assure the global existence.

Finally we should state a global existence result for (1.1) obtained by Le [10].

Theorem 2.7. Let δ > 0, γ > 0 and N ≥ 1 and let (u0, v0) satisfy (A). Assume
d1α < d2δ and d2β < d1γ. Then (P) admits a unique solution (u, v) satisfying u, v ∈
C2+λ,(2+λ)/2(Ω × [0,∞)).

3 A priori estimate

In this section we will give some a priori estimates for solutions of (P). We begin with
the following lemma.

Lemma 3.1. Let (u, v) be a solution of (P) in [0, T ]. Then

u ≥ 0 and m ≥ v ≥ 0 in QT ,

where QT = Ω × [0, T ] and m = max{1, ‖ v0 ‖∞} with ‖w‖∞ := supx∈Ω |w(x)|∞.

Proof. The first equation in (P) is expressed as

ut = d1(1 + αv + 2γu)Δu+ 2d1(α∇v + γ∇u) · ∇u+ {αd1Δv + a(1 − u− cv)}u (3.1)

and the second one is written as

vt = d2(1 + 2δv)Δv + 2δd2∇v · ∇v + b(1 − du− v)v. (3.2)

Then application of the maximum principle to (3.1) and (3.2) yields the nonnegativity
of u and v (see, e.g., [18]). Applying the maximum principle to (3.2) again one can also
show the boundedness of v.

Lemma 3.2. Let (u, v) be a solution of (P) in [0, T ]. Then

sup
0≤t≤T

‖ u(t) ‖L1(Ω)≤ ‖u0‖L1(Ω)e
aT and ‖ u ‖L2(QT )≤ ‖u0‖L1(Ω)e

aT .
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Proof. Integration of the first equation in (P) with respect to x gives

d

dt

∫
Ω
u dx = d1

∫
Ω

Δ[(1 + αv + γu)u]dx+ a

∫
Ω
(1 − u− cv)u dx

= d1

∫
∂Ω

∂

∂ν
[(1 + αv + γu)u]dσ + a

∫
Ω
(1 − u− cv)u dx

≤ a

∫
Ω
u dx− a

∫
Ω
u2 dx.

Hence Gronwall’s inequality yields

‖ u(t) ‖L1(Ω) +a
∫ t

0
‖ u(s) ‖2

L2(Ω) ds ≤‖ u0 ‖L1(Ω) +a
∫ t

0
‖ u(s) ‖L1(Ω) ds

≤‖ u0 ‖L1(Ω) e
at for 0 ≤ t ≤ T ;

whence the conclusion easily follows at once.

We are now ready to derive the following fundamental estimates for u.

Proposition 3.1. Let T > 0, q > 1 and let (u, v) be a solution of (P) in [0, T ]. If either

(i) δ = 0 and q > 1 or (ii) δ > 0 and
2(N + 1)
N − 2

> q > 1, then there exists a positive

constant CT satisfying

‖ u ‖Lq(QT )≤ CT and ‖ ∇u ‖L2(QT )≤ CT .

Proof. We will give the proof in case δ = 0. See [4] for the proof in case δ > 0,.
We multiply the first equation in (P) by uq−1 to get:

1
q

d

dt

∫
Ω
uq dx =

∫
Ω
uq−1ut dx

= d1

∫
Ω
uq−1∇[(1 + αv + 2γu)∇u] dx+ d1α

∫
Ω
uq−1∇[u∇v] dx

+a
∫

Ω
uq(1 − u− cv) dx

= −(q − 1)d1

∫
Ω
(1 + αv + 2γu)uq−2|∇u|2dx− (q − 1)d1α

∫
Ω
uq−1∇u · ∇v dx

+a
∫

Ω
uq(1 − u− cv) dx.

(3.3)

Set
I1 =

∫
Ω
(1 + αv + 2γu)uq−2|∇u|2 dx, I2 = −

∫
Ω
uq−1∇u · ∇v dx,

I3 =
∫

Ω
uq(1 − u− cv) dx.
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Since u and v are nonnegative by Lemma 3.1, it is easy to see

I1 ≥ 2γ
∫

Ω
uq−1|∇u|2 dx =

8γ
(q + 1)2

∫
Ω

∣∣∣∇(u(q+1)/2
)∣∣∣2 dx,

I3 ≤
∫

Ω
uq(1 − u) dx ≤ |Ω|,

where |Ω| denotes the volume of Ω. We also note

qI2 = −
∫

Ω
∇(uq) · ∇v dx =

∫
Ω
uqΔv dx.

Therefore, one can deduce the following inequality after integration of (3.3) with respect
to t:

‖ u(t) ‖q
Lq(Ω) +c0 ‖ ∇(u(q+1)/2) ‖2

L2(Qt)

≤‖ u0 ‖q
Lq(Ω) +aq|Ω| + (q − 1)d1α

∫
QT

uqΔv dxdt
(3.4)

for 0 ≤ t ≤ T with a positive constant c0. By Hölder’s inequality∣∣∣∣
∫

QT

uqΔv dxdt
∣∣∣∣ ≤‖ u ‖q

Lq+1(QT )
‖ Δv ‖Lq+1(QT ) .

We now invoke the maximal regularity theory for parabolic equations (see, e.g., Amann
[2]). It follows from the second equation in (P) that

‖ vt ‖Lq+1(QT ) + ‖ Δv ‖Lq+1(QT ) ≤M
(
‖ v0 ‖W 2

q+1(Ω) + ‖ bv(1 − du− v) ‖Lq+1(QT )

)
≤ C1

(
1+ ‖ u ‖Lq+1(QT )

)
(3.5)

with some positive numbers M and C1. Here we have used (A) and Lemma 3.1. Hence
we see from these inequalities∣∣∣∣

∫
QT

uqΔv dxdt
∣∣∣∣ ≤ C2

(
1+ ‖ u ‖q+1

Lq+1(QT )

)
(3.6)

with a positive constant C2 > 0. Substitution of (3.6) into (3.4) enables us to derive

sup
0≤t≤T

‖ u(t) ‖q
Lq + ‖ ∇(u(q+1)/2) ‖2

L2(QT )≤ C3

(
1+ ‖ u ‖q+1

Lq+1(QT )

)
(3.7)

with C3 > 0. We introduce a new function w = u(q+1)/2; then (3.7) leads to

ET := sup
0≤t≤T

‖ w(t) ‖2q/(q+1)

L2q/(q+1) + ‖ ∇w ‖2
L2(QT )≤ C3

(
1+ ‖ w ‖2

L2(QT )

)
. (3.8)
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Recall Lemma 3.2, which implies u ∈ L2(QT ); so that there exists a positive constant
C4 such that

‖ w ‖L4/(q+1)(QT )≤ C4.

Let q∗ be any number satisfying q∗ > max{2, 4/(q + 1)}. Using Hölder’s inequality we
see from the above estimate that

‖ w ‖2
L2(QT )≤‖ w ‖2(1−λ)

Lq∗(QT )
‖ w ‖2λ

L4/(q+1)(QT )≤ C2λ
4 ‖ w ‖2(1−λ)

Lq∗ (QT )
, (3.9)

where

λ =
(

1
2
− 1
q∗

)/(
q + 1

4
− 1
q∗

)
.

Here we also use Gagliardo-Nireberg’s inequality; for q∗ ∈ [ 2q
q+1 ,

2N
N−2 ]

‖ w ‖Lq∗ (Ω)≤M∗
(
‖ ∇w ‖θ

L2(Ω)‖ w ‖1−θ
L2q/(q+1)(Ω)

+ ‖ w ‖L1(Ω)

)
, (3.10)

with a positive constant M∗ and

θ =
(
q + 1
2q

− 1
q∗

)
/

(
1
N

+
1
2q

)
.

Setting w = w(t) in (3.10) and integrating the resulting expression with respect to t
one can prove

‖ w ‖q∗
Lq∗ (QT )

≤ C5

(∫ T

0
‖ ∇w(t) ‖q∗θ

L2(Ω)
· ‖ w(t) ‖q∗(1−θ)

L2q/(q+1)(Ω) dt+ 1
)

≤ C5

(
sup

0≤t≤T
‖w(t)‖q∗(1−θ)

L2q/(q+1)(Ω)

∫ T

0
‖∇w(t)‖q∗θ

L1(Ω)
dt+ 1

)
.

(3.11)

with C5 > 0. Choose q∗ such that q∗θ = 2; that is, q∗ = 2 + 4q/{(q + 1)N}. Recalling
the definition of ET in (3.8) we see from (3.11)

‖ w ‖q∗

Lq∗ (QT )
≤ C5

(
E

(N+2)/N
T + 1

)
. (3.12)

Then it follows from (3.8), (3.9) and (3.12) that

ET ≤ C3

(
1 + C2λ

4 ‖w‖2(1−λ)

Lq∗ (QT )

)
≤ C6

(
1 +Eμ

T

)
(3.13)

with a positive constant C6 and

μ =
2(1 − λ)(N + 2)

Nq∗
< 1.

Thus (3.13) implies

sup
0≤t≤T

‖u(t)‖q
Lq(Ω)

= sup
0≤t≤T

‖ w(t) ‖2q/(q+1)

L2q/(q+1)(Ω)
≤ ET ≤ C7

with some C7 > 0.
Finally, estimate for ‖∇u‖L2(QT ) comes from (3.7) by setting q = 1.

8



Remark 3.1. In case δ > 0, Proposition 3.1 has been extended for q <
4(N + 1)
N − 2

by

an elaborate work of Tuô. c [23, Lemma 2.2.5].

4 Proofs of Theorems

In this section we will give ideas of proofs for global existence results stated in §2.

I. Idea of proof of Theorem 2.3.

Let T be any positive number. We will briefly explain the procedure to derive the
Hölder continuity of ut,Δu, vt and Δv as well as u, v,∇u and ∇v.
(i) Hölder continuity of v and ∇v.

Recalling Proposition 3.1 we see from maximal regularity theory for the second
equation in (P) (see, e.g., (3.5)) that v ∈W 2,1

q (QT ), which together with the embedding
theorem ( see [8, Lemma 3,3, p.80]) assures the Hölder continuity of v and ∇v with
respect to (x, t) ∈ QT .

(ii) L∞ estimate of u.
The idea to show the above assertion is to rewrite (3.1) in the following divergence

form:

ut =
N∑

i=1

∂

∂xi

(
a(x, t)

∂u

∂xi

)
+

N∑
i=1

∂

∂xi
(ai(x, t)u) + b(x, t)u, (4.1)

where

a(x, t) = d1(1 + αv(x, t) + 2γu(x, t)), ai(x, t) = d1α
∂v

∂xi
(x, t)

and b(x, t) = a(1 − u(x, t) − cv(x, t)).

Since u can be regarded as a weak solution of (4.1), one can apply the maximum
principle in [8, p.181] to see L∞(QT ) boundedness of u

(iii) Hölder continuity of u.
By (i) and (ii), a, ai and b appearing in (4.1) are bounded functions. Therefore, it

follows from the regularity theory for a weak solution of (4.1) (see, e.g., [8, Theorem
10.1, p.204]) that u is Hölder continuous for (x, t) ∈ QT .

(iv) Hölder continuity of vt and Δv.
We go back to (3.2), where f = bv(1 − du − v) is Hölder continuous with respect

x, t by (i) and (iii). Hence the famous Schauder estimate implies the Hölder continuity
of vt and Δv for (x, t) ∈ QT .

(v) Hölder continuity of ut and Δu.
It is convenient to introduce a new function w1 = (1 + αv + γu)u, which satisfies,

by virtue of (3.1),
w1,t = d1(1 + αv + 2γu)Δw1 + h(x, t), (4.2)
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with h(x, t) = au(1 − u − cv)(1 + αv + γu) + αuvt. Note that 1 + αv + γu and h are
Hölder continuous with respect to (x, t) ∈ QT by (iii) and (iv). Application of Schauder
estimate to (4.2) implies w1 ∈ C2+θ,(2+θ)/2(QT ) with a positive constant θ > 0. This
fact also assures that u,∇u and Δu are Hölder continuous for (x, t) ∈ QT .

II. Outline of proofs of Theorems 2.4 and 2.5.

We will briefly state the outline of the proof of Theorem 2.4. From (P), v can be
regarded as a weak solution of

vt = ∇ · ((1 + 2δv)∇v) + bv(1 − du− v);

so that it follows from the Hölder continuity result [8, Theorem10.1, p.204] that v ∈
Cρ,ρ/2(QT ) with some ρ > 0. Let w2 = (1 + δv)v be a new function. Then it satisfies

w2,t = d2(1 + 2δv)Δw2 + g(x, t) (4.3)

with g = bv(1 + 2δv)(1 − du − v) ∈ Lq(QT ) for any 1 < q < 2(N + 1)/(N − 2)
by Proposition 3.1. Since the coefficient in (4.3) satisfies d2(1 + 2δv) ∈ Cρ,ρ/2(QT )
and g ∈ Lq(QT ), the parabolic regularity theory (see, e.g., [8, Theorem 9.1, p.341-342])
implies w2 ∈W 2,1

q (QT ) for q < 2(N+1)/(N−2). Hence the embedding result [8, Lemma
3.3, p. 80] gives ∇w2 ∈ L(N+2)q/(N−2−q)(QT ), which implies ∇v = ∇w2/(1 + 2δv) ∈
L(N+2)q/(N−2−q)(QT ) for q < 2(N + 1)/(N − 2). These facts verify the assumptions of
the maximum principle in [8, Theorem 7.1, p. 181] and enable us to apply this principle
to (4.1) if q satisfies

N + 2
2

< q <
2(N + 1)
N − 2

. (4.4)

Here we should note that it is possible to choose q satisfying (4.4) if and only if N =
2, 3, 4, 5. Application of the maximum principle to (4.1) yields u ∈ L∞(QT ).

For the rest of proof, see the arguments developed in [3, 4].

The idea of the proof of Theorem 2.5 is essentially the same as that of Theorem
2.4. In view of Remark 3.1, it is possible to use the following relations

N + 2
2

< q <
4(N + 1)
N − 2

in place of (4.4). Note that one can choose q satisfying these inequalities if N ≤ 9.

In the proofs of Theorems 2.3, 2.4 and 2.5, the standard maximum principle is not
applicable to show the boundedness of u. It is essential to get Lp(Ω)-estimates of u as
in Proposition 3.1; such Lp(Ω) estimates help us to derive various estimates of u and
v.

III. Idea of proof of Theorem 2.6.
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We will give another approach which uses the maximum principle to a new function
and does not need Lp(Ω)-estimates. This kind of approach has been proposed by D.
Le in [9] ( see also a series of works [10, 11, 12]).

Here we will follow the idea used by Tuô.c [22]; that is, in a sense, refinement of the
proof of Le and Nguyen [12]. The first step is to rewrite (P) in the following form⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ · [P (u, v)∇u +R(u)∇v] + au(1 − u− cv) in Ω × (0,∞),

vt = ∇ · [Q(u, v)∇v] + bv(1 − du− v) in Ω × (0,∞),

∂u

∂ν
=
∂v

∂ν
= 0 on ∂Ω × (0,∞),

u( · , 0) = u0 ≥ 0, v( · , 0) = v0 ≥ 0 in Ω,

(4.5)

where

P (u, v) = d1(1 + αv + 2γu), Q(u, v) = d2(1 + 2δv), R(u) = d1αu.

Set
f(u, v) =

P −Q

R
=
d∗ + a∗u− b∗v

u

with
d∗ =

d1 − d2

d1α
, a∗ =

2γ
α
, b∗ =

2d2δ − d1α

d1α
.

Let m be the positive number defined in Lemma 3.1. We denote Γ = {(u, v) ∈ R2; u ≥
0,m ≥ v ≥ 0} and ΓK = {(u, v) ∈ R2; u > K,m ≥ v ≥ 0} for any positive number K.
We choose a sufficiently large number K0 such that

d∗ + a∗u− b∗v > 0 and b∗[d∗(b∗ − 1) + a∗b∗u− b∗(b∗ − 1)v] > 0 if b∗ 	= 0

for 0 ≤ v ≤ m and u ≥ K0/2.
The next step is to define G(u, v) = ψ(u)g(u, v) for (u, v) ∈ Γ, where

g(u, v) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(b∗ − 1) log
(

ub∗

b∗[d∗(b∗ − 1) + a∗b∗u− b∗(b∗ − 1)v]

)
if b∗ 	= 0, 1,

v − d∗

u
+ a∗ log u if b∗ = 1,

v + d∗ log u+ a∗u if b∗ = 0,

(4.6)

and ψ is a smooth function such that 0 ≤ ψ(u) ≤ 1, ψ(u) = 1 for u ≥ K0 and ψ(u) = 0
for u ≤ K0/2. We should note that G is a smooth function satisfying

Gu(u, v) = f(u, v)Gv(u, v) ≥ 0 in ΓK0 and lim
u→∞G(u, v) = ∞.

We are ready to apply the maximum principle. The strategy is to introduce a new
function

w(x, t) = G(u(x, t), v(x, t)).
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Then it is possible to see that, for all (x, t) satisfying u(x, t) > K0,

wt = PΔw + h(x, t) + φ(x, t) (4.7)

with

h(x, t) = (2γGu − PGuu)|∇u|2 + 2(αGu − PGuv)∇u · ∇v + (2δGv − PGvv)|∇v|2,
φ(x, t) = au(1 − u− cv)Gu + bv(1 − du− v)Gv .

Under the assumptions of Theorem 2.6, one can show h(x, t) ≤ 0, φ(x, t) ≤ 0 for
any (x, t) whenever u(x, t) is sufficiently large. Therefore, the maximum principle
is applicable to (4.7); the contradiction argument enables us to conclude that w is
bounded. This fact also implies that u is bounded.

The rest of proof is essentially the same as Theorem 2.4.

IV. Idea of proof of Theorem 2.7.

The idea to prove Theorem 2.7 is quite similar to that of Theorem 2.6.
We will follow the arguments of Le [10]. Rewrite (1.1) in the following form{

ut = ∇ · [P (u, v)∇u +R(u)∇v] + au(1 − u− cv) in Ω × (0,∞),

vt = ∇ · [Q(u, v)∇v + S(v)∇u] + bv(1 − du− v) in Ω × (0,∞),

with zero Neumann boundary conditions and initial conditions. Here

P (u, v) = d1(1 + αv + 2γu), Q(u, v) = d2(1 + βu+ 2δv),

R(u) = d1αu, S(v) = d2βv.

Let (u, v) be a solution of (1.1) on Ω × [0, T ]. Set

Γ∗ = {(u(x, t), v(x, t)) ∈ R2; (x, t) ∈ Ω × [0, T ]}.
As in [10], assume that there exists a C2 function H(u, v), which is defined in a neigh-
borhood Γ∗

0 of Γ∗, with the following conditions.

(H.0) There exists a constant K0 such that

(HuF +HvG)(H −K)+ ≤ 0 for all (u, v) ∈ Γ∗
0 and K ≥ K0

where F (u, v) = au(1 − u− cv), G(u, v) = bv(1 − du− v) and w+ = max{w, 0}.
(H.1) There exists a positive constant λ1 such that

{Hu(P∇u+R∇v) +Hv(Q∇v + S∇u)} · ∇H ≥ λ1|∇H|2,
(P∇u+R∇v) · ∇Hu + (Q∇v + S∇u) · ∇Hv ≥ 0

for (u, v) ∈ Γ∗ ∩ {(u, v) ∈ R2; H(u, v) ≥ K0}. Here ∇ denote the gradient with
respect to x-variable.
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(H.2) H(u, v) → ∞ if (u, v) → ∞.

Under these assumptions, it can be shown that∫
Ω
(H(u(x, t), v(x, t)) −K)2+ dx+ λ1

∫ t

0
ds

∫
Ω
|∇xH(u(x, s), v(x, s))|2dx

≤
∫

Ω
(H(u0(x), v0(x)) −K)2+ dx

for any K ≥ K0. Therefore, if we take a sufficiently large number K ≥ K0 satisfying
K ≥ maxx∈Ω{H(u0(x), v0(x))}, then we see from the above inequality

H(u(x, t), v(x, t)) ≤ K for u(x, t) ∈ Ω × (0, T ).

This estimate, together with (H.2), implies the boundedness of (u(x, t), v(x, t)) for
(x, t) ∈ Ω × (0, T ).

The essential point in the proof of Theorem 2.7 is to choose H(u, v) satisfying (H.0),
(H.1) and (H.3). The assumptions on diffusion coefficients are sufficient conditions for
such H(u, v) to exist. For details, see the work of Le [10].

5 Concluding Remarks

A. In theorems 2.4, 2.5 and 2.6, we have imposed restrictions on the space dimension or
diffusion coefficients for the global existence of solutions for (P) in case δ > 0. It is an
open problem to establish the global existence result for (P) without any restrictions.

B. Let N ≥ 3. In each proof of Theorems 2.3-2.6, the positivity of self diffusion
coefficient γ plays a crucial role. Although the global result is valid in case N = 2 (see
[14]), it is a difficult problem to show the global existence of solutions to (P) in case
N ≥ 3 and γ = 0 even if δ = 0 in the second equation. Consider the following related
problem; ⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ut = d1Δ[(1 + αv)u] + au(1 − uρ1 − cv) in Ω × (0,∞),

vt = d2Δv + bv(1 − duρ2 − v) in Ω × (0,∞),

∂u

∂ν
=
∂v

∂ν
= 0 on ∂Ω × (0,∞),

u( · , 0) = u0 ≥ 0, v( · , 0) = v0 ≥ 0 in Ω,

(5.1)

where d1, d2, a, b, c, d, α, ρ1 , ρ2 are positive constants. This system were studied in [17],
[19] and [28]. In particular, Redlinger [19] and the author [28] have shown that (5.1)
possesses a unique global solution (u, v) if ρ1 > ρ2. The last condition excludes our
problem (P). So it will be interesting if we can show that (P) admits a global solution
in case γ = 0.
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C. Theorems in §2 give no information on the asymptotic behavior of solutions of (P)
as t→ ∞. There are only a few works on the dynamical theory associated with (P). If
the space dimension N is one and some assumptions are imposed on coefficients of (P),
Shim [21] has shown the uniform boundedness of solutions to (P) and their convergence
to a constant steady state as t → ∞. When N is two, global existence results of Yagi
[26, 27] and Lou-Ni-Wu [14] have been extended by Le [9]. He has established the
uniform boundedness of solutions of (P) and shown the existence of a global attractor.
See also [10, 12], where the uniform boundedness of solutions with respect to some
Hölder norms is proved. The study of dynamical theory for (P) is a very important
open problem.

As for the stationary problem associated with (P), see, e.g., a survey article by Ni
[15] in case of zero Neumann boundary conditions and one by the author [29] in case
of zero Dirichlet boundary conditions.
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